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Abstract— SINR duality is shown in a multi-input single-
output (MISO) interference channel (IFC) and its dual SIMO
with linear transmit (Tx) beamformers (BF). While uplink (U L)
downlink (DL) duality for the SINR balancing (max min SINR)
beamforming problem under the sum power constraint is well-
established between the Broadcast channel (BC) and its (easier to
solve) UL Multiple Access (MAC) dual channel, such duality does
not at first seem relevant for the IFC. We show that SINR duality
under the sum power constraint nevertheless holds in the MISO
IFC leading to BF design through similar considerations as the
BC-MAC case. We next impose further per-Tx power constraints
meaningful for the IFC structure and show continued existence
of SINR duality in the MISO IFC and the corresponding UL
SIMO dual channel, but this time with a different UL noise. The
beamformers, Tx powers and noise variances are found through
an iterative algorithm.

I. I NTRODUCTION

In modern cellular systems a frequency reuse factor of 1 is
used to increase the spectral efficiency. The throughput of such
systems are seriously affected by the inter-cell interference that
is commonly identified as the major bottleneck of modern
wireless communication systems. This has led the major
standardization bodies to include interference management
strategies in modern wireless communication systems.
In the scientific community the problem of inter-cell inter-
ference is mathematically described as a interference channel
where K pairs of users want to communicate between each
other without exchanging information with the non intended
receivers.

In this paper we focus on UL-DL duality in a Multiple
Input Single Output (MISO) interference channel and how to
use this framework to solve the beamformer design problem.
UL-DL duality is a well-established tool for the study of
the traditional Broadcast (BC) channel [1], for example it
is used recently [2] [3] to solve the BC beamforming and
power allocation problem. Using this duality, the BF designed
in the virtual (dual) uplink mode can be used in the ac-
tual downlink problem to achieve the same SINR values by
choosing appropriate downlink power allocations. Initially we
consider the power minimization problem in the IFC imposing
a set of quality of service (QoS) constraints then we describe
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the SINR balancing problem for an IFC with general power
constraints. To solve these problem we extend the Uplink
(UL) Downlink (DL) duality to the MISO IFC. The power
minimization problem has been extensively studied for the
BC case in [3] and [4]. There is one fundamental difference
between linear BF design and power allocation problems in
BC and IFC, namely there are individual power constraints in
the latter as opposed to a total power constraint in the former.
Minimizing total Tx power in the IFC still makes sense for
example in green wireless communication systems.

We initially focus on the duality regime in the MISO-SIMO
IFC in order to identify if any structure similar to UL-DL
duality of the BC exists in this case. Zero-forcing duality and
the more specific interference alignment duality are known to
hold in theK-user IFC [5] [6]. In this work, we show that UL-
DL SINR duality holds for the MISO IFC. We also show that
interestingly, the mechanics of this duality are quite similar
to the UL-DL duality in the BC setting. This observation
allows beamformer design in the MISO IFC using the same
techniques as the ones well-known in the BC channel.

II. GENERAL IFC SIGNAL MODEL

g̃
1

g̃K

1

M1

1

MK

...

h̃KK

h̃11

...

MS1

MSK

a) MISO DL b) SIMO UL

g
1

gK

1

M1

1

MK

...

hKK

h11

...

MS1

MSK

hK1

h1K
h̃K1

h̃1K

BSK

BS1 BS1

BSK

Fig. 1: System Model
Fig. 1 depicts aK-user MISO IFC withK transmitter-

receiver pairs. Thek-th Base Station (BS) is equipped withMk

transmitter antennas andk-th mobile station (MS) is a single
antenna node. Thek-th transmitter generates interference at
all l 6= k receivers. Assuming the communication channel to
be frequency-flat, the received signalyk at thek-th receiver,
can be represented as

yk = hkkxk +

K
∑

l=1
l 6=k

hklxl + nk (1)

where hkl ∈ C1×Ml represents the channel vector between
the l-th transmitter andk-th receiver,xk is theCMk×1 trans-



mit signal vector of thek-th transmitter andnk represents
(temporally white) AWGN with zero mean and varianceσ2

k.
Each entry of the channel matrix is a complex random variable
drawn from a continuous distribution. It is assumed that each
transmitter has complete knowledge of all channel vectors.

We denote byg
k
, the CMk×1 precoding matrix of the

k-th transmitter. Thusxk = g
k
sk, where sk represents the

independent symbol for thek-th user pair. We assumesk to
have a temporally white Gaussian distribution with zero mean
and unit variance. In the SIMO UL channel thek-th BS applies
a receiver̃fk to suppress interference and retrieve its desired
symbol. The output of such a receive filter is then given by

r̃k = f̃kh̃kks̃k +

K
∑

l=1
l 6=k

f̃kh̃kls̃l + f̃kñk

where we denoted with(̃.) all the quantities that appear in the
UL in order to differentiate with the same quantities in the
DL.

III. UL-DL DUALITY IN MISO/SIMO INTERFERENCE

CHANNEL UNDER SUM POWER CONSTRAINT

In this section we will derive UL-DL duality for a MISO
IFC under a total power constraint. To simplify the following
analysis henceforth we assume that each receiver is charac-
terized by the same noise variance, soσ2

k = σ2, ∀k and the
beamforming vectorsgk, ∀k are unit norm. The received signal
for the MISO DL IFC at thek-th mobile station is written in
(1) and the corresponding SINR is defined as:

SINRDL
k =

pkgH
k hH

kkhkkgk
∑

l 6=k plgH
l hH

klhklgl + σ2
(2)

wherepk is the TX power at the BS for the stream intended
to the k-th user. Imposing a set of DL SINR constraints at
each mobile station:SINRDL

k = γk it is possible to rewrite
equation (2) in matrix notation:

Φp + σ = D−1p (3)
where the two matricesΦ and D are defined in (4) and (5),
p = [p1, . . . , pK ]T andσ = σ21 are two vectors that contain
all the TX powers and and the noise variances respectively.1
is a column vector of dimensionsK×1 that contains all ones.

[Φ]ij =

{

gH
j hH

ij hijgj , j 6= i
0, j = i

(4)

D = diag{ γ1

gH
1

hH
11

h11g1

, . . . ,
γK

gH
K

hH
KK

hKKg
K

}. (5)

We can determine the TX power solving (3) w.r.t.p obtaining:
p = (D−1 − Φ)−1

σ (6)
Now we analyze the SINR in the SIMO UL IFC. Due to
channel reciprocity we have that̃hkl = hH

lk
∀k, l and the

receiver filter in the UL is the reciprocal of the transmitter
filter of the DL f̃k = gH

k
, ∀k. The SINR for the UL channel

can be written as:

SINRUL
k =

qkgH
k hH

kkhkkgk

gH
k (

∑

l 6=k qlh
H
lkhlk + σ2I)gk

(7)

whereqk represent the Tx power from thek-th MS. Imposing
a set of SINR constraints also in the UL:SINRUL

k = γk it

is possible to rewrite that constraints as:
Φ̃q + σ = D−1q (8)

whereD is defined as in (5),q = [q1, . . . , qK ]T and

[Φ̃]ij =

{

gH
i hH

jihjigi, j 6= i
0, j = i

(9)

the power vector can be found as:
q = (D−1 − Φ̃)−1

σ (10)
Comparing the definition in (4) and (9), we can see that
Φ̃ = Φ

T . This implies that there exists a duality relationship
between the DL MISO and UL SIMO interference channels.

It is also interesting to note that there is a strong parallel
between the equations reported above to show the duality in
the MISO interference channel and the ones used to prove
duality in a BC-MAC in [2]. Observing that it is possible to
extend the results obtained for the UL-DL duality in the BC-
MAC to the IFC under a sum power constraint.

A set of SINRsγ1, . . . , γK is feasible whenever there exists
a positive power allocation such that (3) for the DL ((8) for
the UL) is fulfilled. In [2] the following is proved for the
BC-MAC duality but it is also valid for the IFC:

Targetsγ1, . . . , γK are jointly feasible in UL and DL if and
only if the spectral radiusρ of the weighted coupling matrix
satisfiesρ(DΦ) < 1.

Becauseρ(DΦ) = ρ(DΦ
T ) target SINRs are feasible in

the UL if and only if the same targets are feasible in the DL.
The power allocation vectors that satisfy that constraintscan
be found using (6), for the DL, and (10), for the UL.

In addition the total required UL powerqtot =
∑

i qi is the
same as the DL powerptot =

∑

i pi, this can be simply shown
as follows:

∑

i qi = 1T q = σ1T (D−1 − Φ
T )−T 1

= σ1T (D−1 − Φ)−11 =
∑

i pi

(11)

According to the relationship (11) it is possible to state that
both UL and DL have the same SINR feasible region under
the same sum-power constraint, i.e., target SINRs are feasible
in the DL if and only if the same targets are feasible in the
UL.
Using the results obtained before it is possible to extend some
beamforming design techniques that use the BC-MAC duality
to the beamforming design for a MISO IFC.

IV. UL-DL DUALITY IN MISO/SIMO INTERFERENCE

CHANNEL UNDER PERUSERPOWER CONSTRAINT

In the MISO interference channel if the problem of BF
design is formulated under the sum power constraint we
have shown that there exist an UL-DL duality in this kind
of channels that can be used to solve the problem. Even
though the sum power constraint is analytically attractivesuch
constraint is not enough in a practical interference channel. In
reality each user is subject to a per user power constraint that
the transmit power can not violate. For this reason in this
section we will introduce an alternative BF design problem
that still minimizes the total Tx power but imposing also per
user power constraints. Here we will introduce a different UL-
DL relation for the MISO IFC based on Lagrangian duality



[7] that was previously introduced for the BC channel in [4].
During the definition of the final version of this paper the
authors came across an independent work [8], where a similar
problem has been studied but the possibility of having per-user
power constraints has not been taken into account.

For the rest of the paper we assume that the SINR con-
straints are such that there exist at least a feasible solution to
the problem. The problem now becomes:

min
g1,...,g

K

∑K

k=1 gH
k gk

s.t. gH
k gk ≤ Pk; k = 1, . . . , K

SINRDL
k =

gH
k

hH
kkhkkg

k
∑

l 6=k gH
l

hH
klhklgl

+σ2
k

≥γk; k = 1, . . . , K

(12)

wherePk represents the maximum Tx power for userk. The
Lagrangian of the optimization problem reported above is:

L(λi, µi, g
i
)=

K
∑

i=1

gH
i gi +

K
∑

i=1

µi[g
H
i gi − Pi]

+

K
∑

i=1

λi[−
1

γi

gH
i hH

ii hiigi +
∑

l6=i

gH
l hH

il hilgl + σ
2
i ]

(13)

whereλk represents the Lagrange multiplier of thek-th SINR
constraint andµk is the Lagrange multiplier associated to the
Tx power constraint at userk.

The Lagrange dual of original DL problem (12) can be
stated as follows:

max
λ1,...,λK ,µ1,...,µK ,

∑K

k=1 λkσ2
k −

∑K

k=1 µkPk

s.t.− λk

γk
hH

kkhkk +
∑

l6=k

λlh
H
lkhlk+(1+µk)I �0; k=1, . . . , K

λk ≥ 0; k = 1, . . . , K
µk ≥ 0; k = 1, . . . , K

(14)
Because strong duality holds between the original problem

(12) and its dual (14) the optimal solution of the dual problem
is also optimal for the original one. The proof that the
duality gap is zero between the two optimization problems
is essentially based on converting the non convex original
problem into a convex problem like in [4].

Proof: We first observe that a phase rotation to the op-
timal beamforming vectors,{gkejφk}K

k=1, does not influence
the SINRs values. Therefore we can choose the phase rotation
such thathkkgk is real. The SINR constraints in (12) can be
rewritten as:

(1 +
1

γk

)gH
k hH

kkhkkgk ≥

K
∑

i=1

gH
i hH

kihkigi + σ
2
k

(1 +
1

γk

)|hkkgk|
2 ≥ ‖HkG σk‖

2 (15)

where the compound channel matrix for thek-th user is
defined asHk = [hk1, . . . , hkK ] and the block diagonal matrix
G contains thek-th beamformer in thek-th diagonal block.
Due to the phase rotation introduced before we take the square
root of both terms in the inequation above and we can rewrite
the original problem (12) as:

min
g1,...,g

K

∑K

k=1 gH
k gk

s.t. gH
k gk ≤ Pk; k = 1, . . . , K

√

1 + 1
γk

hkkgk ≥ ‖HkG σk‖; k = 1, . . . , K.

(16)

The modified SINR constraint becomes a second-order cone
programming constraint that is convex. The modified optimiza-
tion problem (16) now is a convex problem and is equivalent
to problem (12).

The Lagrange dual of the DL beamforming problem (12)
can be rewritten as an equivalent UL optimization problem for
the Rx filter:

g̃k = (
∑

l6=k

λlh
H
lkhlk + ηkI)−1hH

kk (17)

in which the Tx powerλk and the noise powerηk = 1 + µk

are to be optimized. In the UL problem, in (18), each user
transmits with powerλk, ∀k, and the value of the dual UL
noise at the receiver is represented byηk, ∀k:

max
λ1,...,λK ,µ1,...,µK ,

∑K

k=1 λkσ2
k −

∑K

k=1 µkPk

SINRUL
k =

λkg̃H

k
hH

kkhkkg̃
k

g̃H
k

(
∑

l 6=k λlhH

lkhlk+ηkI )g̃
k

≤γk; k = 1, . . . , K

λk ≥ 0; k = 1, . . . , K
µk ≥ 0; k = 1, . . . , K

(18)
At the optimum the SINR constraints in the UL and the

DL problems must be satisfied with equality. Using this
relationship it is possible to derive the DL BF from the UL
receiver filter. Because a scaling factor in the receiver filter at
the BS does not affect the SINR it is possible to show that
the optimal DL BFs are given by:

gk =
√

pkg̃k (19)
wherepk is such that the SINRs in the DL are satisfied with
equality so:

p = (D−1 − Φ)−1
σ (20)

where matricesD andΦ are defined in (5) and (4) respectively.

V. DESIGN ALGORITHM

In this section we report two numerical algorithms to solve
the problem of optimal downlink beamformer design with per
user power constraints. The first algorithm, Table 1, is an

Algorithm 1 Beamformer Design via UL-DL duality

Initialize: i = 0, λ
(0)
k = 1, ∀k = 1, . . . , K, µ

(0)
k = 1, ∀k =

1, . . . , K
repeat

i = i + 1
For k = 1, . . . , K find the UL receiver filter as

g̃(i)

k
=(

K
∑

l6=k

λ
(i−1)

l hH

lkhlk + η
(i−1)

k I)−1hH

kk

and determineλ(i)
k as:

λ
(i)
k = γk

g̃(i)H

k
(
∑

l6=k
λ

(i−1)

l hH
lkhlk + η

(i−1)

k I)g̃(i)

k

g̃(i)H

k
hH

kkhkkg̃(i)

k

Determine the optimal DL BFg(i)
k using (19)

Update the matrixM (i) = diag{µ(i)
1 , . . . , µ

(i)
K } using the

subgradient projection method with step sizeε(i)

M (i) =[M (i−1)+ε
(i)Q(i)] (21)

where
Q(i) = diag{g(i)H

1 g(i)

1 , . . . , g(i)H

K
g(i)

K
} − diag{P1, . . . , PK}

until convergence

iterative algorithm that solves the dual UL problem (18). The
second algorithm that we propose solves the Lagrange dual
problem (14) using the the off-the-shelf optimization package
[9].



VI. M AX -M IN SINR IN THE MISO IFC WITH GENERIC

POWERCONSTRAINTS

In this section we consider a MISO IFC where each receiver
has a fixed target SINRγi, ∀i = 1, . . . , K and each TX
has a general power constraint to satisfy. In order to satisfy
simultaneously all the SINR thresholds we need to determine
the power allocation vector and the TX beamformers to max-
imize the minimum of the weighted SINRs. The optimization
problem reads:

max
g1,...,g

K
,p

min
k=1,...,K

SINRk

γk

s.t. cT
l p ≤ Pl, ∀l = 1, . . . , K

(22)

where vectorcT
l = [cl1, . . . , clK ] represent a general power

constraint for userl (e.g. a per user power constraint becomes
cT
l = eT

l ) andp = [p1, . . . , pK ]T . This problem, under a sum
power constraint, was already discussed in [10].The optimal
solution of this problem leads to a situation where all the
weighted SINRs are equal, for this reason this problem is also
called SINR Balancing. In addition we can also state that at the
optimum only one power constraint is satisfied with equality.
This is clear at two extremal SNR points. In very low SNR
regime the optimal transmission strategy for each user is to
maximize the useful signal part, hence matched filters (MF)
to the direct link channel is used at each TX. In this case
the user with the worse direct link channel transmits with full
power. A similar reasoning can be applied to the high SNR
regime where zero-forcing (ZF) transmitters are optimal. In
this case the user with the worse direct channel will TX at
full power. We conjecture that this reasoning can be extended
to all SNR points.

In this problem it is possible to show that different optimal
points may exist. Consider the system where all the users can
ZF the interference to the non intended receivers. In this case
the users that are not constrained in TX power can increase
their power from the level that equate all the SINRs to their
maximum TX power because this will not affect the other
SINR values. Now since the TX power can vary also the BF
of the correspondent user can vary. In the SISO case the power
distribution that solves the SINR balancing problem is unique,
with one user transmitting at full power, but in the MISO
case the variability of the solution increases and hence several
optimal points may exist. This reasoning can be also extended
from the MISO to the MIMO case.

The optimization problem (22) consider in this section is
very similar to the SINR balancing problem solved in [3],
where now among all the power constraints only one is
active. Hence the global optimum can be efficiently found by
alternating minimization: fixing the BF vectors we solve w.r.t.
the power allocation then assuming fixed the powers we solve
for the BFs. Not all details are reported here due to lack of
space.

Before introducing the two steps procedure we rewrite
problem (22) in an equivalent form adding an additional
constrain on the BF that modifies also the power constraints:

max
g1,...,g

K
,p

min
k=1,...,K

SINRk

γk

s.t. gH
k hH

kkhkkgk = 1, ∀k = 1, . . . , K

xT
l p ≤ 1, ∀l = 1, . . . , K

(23)

where[xl]k = wlkgH
k gk andwlk = clk/Pl.

A. Power allocation optimization
The optimum of problem (23) and the corresponding power

allocation vector can be found solving an eigenvalue problem.
As explained before, at the optimum all the weighted SINRs
are equal. Denoting withτ the optimal value, using the matrix
notation introduced in section III we can write:

1

τ
p = DΦp + Dσ (24)

where nowD = diag{γ1, . . . , γK}. Assuming now that the
j−th power constraint is the only one satisfied with equality
and multiplying both sides of the previous equation byxT

j we
get:

1

τ
= xT

j DΦp + xT
j Dσ (25)

Introducing the compound matrix:

∆ =

[

DΦ Dσ

xT
j DΦ xT

j Dσ

]

(26)

and the extended vectorp = [p 1]T , using the results from
the nonnegative matrix framework [11] the solution of the
power optimization problem (23), where only thej−th power
constraint is satisfied with equality is given by:τ = 1

λmax(∆)
and the power vector is the corresponding positive eigenvector
with the (K + 1)−th entry normalized to one. This approach
that allows to extend the known result from SIR balancing
SINR balancing is calledBordering Method, it was introduced
by [11] and then used in [3]. A different approach is to
consider a rank one modification of the matrixDΦ that leads
to the same solution. In particular the fact the thej−th power
constraint is active:xT

l p = 1 allows us to write the following:
1

τ
p = (DΦ + DσxT

j )p. (27)

Also in this case the solution of the problem is given by the
positive eigenvalueτ = 1

λmax(DΦ+DσxT
j

)
and the associated

positive eigenvector is the optimal power vector. At this point
a question arises: Which power constraint is the only one
satisfied with equality? It is possible to show that the only
feasible constraint is given byx = argmaxxl

λmax(B), where
B can be the rank 1 modified matrix or matrix in (26).

B. Beamformer Optimization
Before discussing how to find the optimal BF vectors it is

important to introduce also for this problem an equivalent dual
UL problem. Fixing thej−th power constraintxj in the DL
problem to be active it is possible to define a dual UL SINR
of the form:

SINRUL
k

γk

=

qk

γk
g̃H

k hH
kkhkkg̃k

g̃H
k (

∑

l6=k
qlhH

lkhlk + wjkI)g̃k

; k = 1, . . . , K (28)

with this observation it is possible to obtain a dual UL SINR
balancing problem where now the dual power constraint is:
σ

T q = xT
j P. Normalizing the noise vector asn = σ

xT
j P

the UL power allocation vector can be found using the same
method of the DL problem in the previous section. For fixed
BF vectors the solution of the UL SINR balancing problem is
τUL = 1

λmax(DΦT +DxjnT )
, and the dual power vector is the

corresponding positive eigenvector.
Once we fix the original DL powersp we can optimize

w.r.t. the BF vectors. The optimization problem now becomes:



min{g
k
} λmax(B), whereB = DΦ + DσxT

s , where we have
imposed that thes−th power constraint is active. This problem
can be solved extending the solution proposed in [10] to our
case. In particular now the problem reads as:

min
{g

k
}

qT Bp

s.t. gH
k hH

kkhkkgk = 1, ∀k = 1, . . . , K

xT
s p = 1

(29)

where q is the correspondent optimal UL power vector.
Because we want to solve a cost function that is quadratic
in the optimization variables under quadratic constraintsthe
expression of the BF that solves the problem above is given
a maximum generalized eigenvector solution. In particularthe
optimal BF vector is given by:

gk =
g̃k

√

g̃H
k hH

kkhkkg̃k

(30)

whereg̃kvmax(hH
kkhkk,

∑

l 6=k hH
lkhlkql + wskI). For the fact

that we are working with rank one channel this solution can
be expressed as an MMSE like expression:

g̃k = [
∑

l6=k

hH
lkhlkql + wskI ]−1hH

kk (31)

Finally the only problem left is related to define which
power constraint is satisfied with equality in this phase of the
optimization procedure. What we propose here is to solve, for
fixed DL powers, w.r.t. the BF vectors trying all the constraint
one at time and check which one leads to the minimum value
of λmax(B), and that satisfy the remaining power constraints
with inequality. The SINR balancing problem and the power
minimization in section IV are very closely related to each
other. In particular the SINR balancing problem can tell us
if the SINR constraints imposed in the power minimization
problem are feasible or not. In case of positive answer, hence
τ ≥ 1, there is room to minimize the total Tx power. Otherwise
a feasible solution does not exist.

VII. N UMERICAL RESULTS

In this section we present some numerical results in which
we study the convergence behaviour of the proposed iterative
algorithm for the power minimization problem. In particular
we present the Normalized Root Mean Square Error (NRMSE)
between the Euclidean norm of the beamformer found using
the iterative algorithm and the Euclidean norm of the beam-
former obtained using the interior point method. In Fig. 2 is
plotted the NRMSE, defined by the following expression

NRMSE =

√

1
N

∑N

n=1

∑K

k=1(‖g(i)
k (n)‖2 − ‖g∗

k(n)‖2)2
√

1
N

∑N

n=1

∑K

k=1(‖g∗
k(n)‖2)2

where‖g(i)
k (n)‖2 represents the Euclidean norm of the DL BF

determined using the iterative algorithm at iteration(i) for the
n-th Monte Carlo run andg∗k(n) is the DL BF obtained using
the interior point method. The considered system is given by
interference channel withK = 3 users withM = 3 Tx
antennas each. The target SINR areγk = 10, ∀k, and the
noise variance is equal toσ2 = −20dB.

VIII. C ONCLUSIONS

In this paper we have shown that the concept of uplink-
downlink duality holds in the IFC in the form of a MISO-
SIMO SINR duality. In particular the dual of an IFC is still
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Fig. 2: NRMSE forK = 3, M = 3

an IFC, the advantage of duality is that the beamformer design
problem is simplified in the dual UL SIMO IFC because it now
corresponds to a receiver design problem. We also show that
the underlying mechanics of this duality regime are similar
to the UL-DL duality in the BC setting. This observation
allows beamformer design in the MISO IFC using the same
techniques as the ones well-known in the BC channel.

In addition we have shown that introducing the more
realistic per-user power constraint in the interference channel it
is still possible to define a dual UL problem where another set
of optimization variables appears. These quantities now play
the role of dual noise variances that need to be optimized.
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