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Juliette FLORIN

Abstract

In many industries, including aerospace and defense, waveform analy-
sis is commonly conducted to compute the resonance of physical objects,
with the Finite Element Method (FEM) being the standard approach. The
Finite Difference Method (FDM) is seldom used, and this preference is of-
ten stated without formal justification in the literature. In this work, the ac-
curacy, feasibility, and time of simulation of FEM and FDM are compared
by simulating the vibration of a guitar string. Python simulations for both
methods are implemented, and their results are compared against analytical
solutions and experimental data. Additionally, FDM is applied to analyze
the sound of a cycling bell to assess its reliability compared to a real cycling
bell. Final results show that both FEM and FDM yield similar error mar-
gins and accurately predict the system’s behavior. Moreover, the errors from
FEM and FDM follow the same periodicity with a phase shift when varying
the assumed analytical tension and without a phase shift when changing the
time interval. However, FEM converges faster with increasing mesh com-
plexity, whereas FDM demonstrates quicker computational performance and
achieves stable solutions even with bigger time intervals. Despite this FDM
is limited to simpler configurations and often demands extensive mathemat-
ical formulation, which can become cumbersome for intricate shapes. For
example, modeling a hemispherical object using FDM results in significant
simulation times and big calculations. In conclusion, while FDM may offer
faster convergence and computation time in certain cases, FEM remains the
preferred method in industrial contexts due to its flexibility, scalability, and
ease of implementation for complex geometries.

Index Terms

finite difference method, finite element method, resonance, acoustics,
wave propagation, fundamental frequency, harmonics, D’ Alembert equation,
natural frequencies, vibration modes, Fourier transform, Euler-Bernoulli beam
equation, hemisphere simulation, string resonance, longitudinal wave, damped
oscillator, physical modelling synthesis
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1 Introduction

Accurate numerical modeling of sound-producing structures is fundamental in
musical acoustics, audio engineering, virtual instrument synthesis, and many other
domains. Among the available computational methods, the Finite Element Method
(FEM) is commonly employed for simulating the vibrational behavior of complex
structures, such as musical instruments [1]. However, its effectiveness compared
to alternative approaches, such as the Finite Difference Method (FDM), remains
underexplored.

1.1 Objective

This study aims to compare the performance and accuracy of the FDM and the
FEM in simulating audio waveforms for various physical phenomena. Specifically
in the domain of predicting the resonant frequencies, mode shapes, and acoustic
response of physical objects. The goal is to generate and analyze the sound wave-
forms produced by two chosen objects: a guitar string and a simple cycling bell.
The project will investigate how the physical properties of these objects influence
the behavior of both models and the resulting audio simulations.

The results of this research will contribute to a deeper understanding of com-
putational acoustics, which is used for theoretical and practical applications in mu-
sical instrument modeling, acoustic design, and digital sound synthesis. Moreover,
it will assess the trade-off between FDM and FEM when choosing what method to
use.

1.2 Context and Motivation

A wave is an oscillatory phenomenon (a quantity that varies over time) prop-
agating through space. In acoustics, it refers to vibrations of matter, meaning a
mechanical motion oscillating in a continuous medium, whether fluid or solid. Ex-
amples of waves include the vibration of a string, waves on the surface of water,
sound propagating through air, etc. Each object, for instance, a hemispherical shell
representing a cycling bell or a string of a guitar, when experiencing mechanical
vibration, produces frequencies that correspond to specific resonances.

Studying these vibrations requires solving partial differential equations that
describe different vibration types, such as longitudinal, transverse, flexural, and
torsional. For simpler systems like strings or beams, these equations include the
second-order D’ Alembert equation and the fourth-order Euler-Bernoulli beam equa-
tion. The vibrational behavior of hemispherical and string structures depends on
natural frequencies, vibration modes, geometry, and material properties. Under-
standing these properties is crucial for engineering and scientific applications, with
various methods available for analysis.

In the industry today, FEM is mainly used [2]. In many reports, it is also
mentioned to be easier to compute and more efficient than the FDM []1] [3]]. The



statements comparing the two are made without any references. In the context of
acoustic waves and computing the waveform from a vibrating object, we would
like to provide insight on both methods.

1.3 Models and Theory

At least two methods exist that can be used to model a physical phenomenon.
Other methods are mainly derived cases from these general ones. On the one hand,
there is the FEM used to model complex objects without little simplifications. On
the other hand, the FDM has the same purpose but is also implemented when a solu-
tion to an equation is only reachable through approximations. Those two methods
used in modeling physical phenomena should give the same answer as the theory.
However, they are numerical methods; thus, the results will convey an error, no
matter the model.

1.4 Finite Element Method (FEM)

The FEM is a numerical technique for solving differential equations, partic-
ularly useful for complex geometries and variable material properties [4]. The
process involves transforming the strong form of the governing equations into a
weak form, followed by discretization into finite elements. This results in the need
to compute global system matrices, such as the mass and stiffness matrices.

In FEM, division into small elements is done to approximate the solution us-
ing interpolation functions (shape functions) within each element. The unknowns,
typically nodal displacements or field variables, are determined by assembling the
contributions from individual elements into a global system of equations. We can
see in the figure |1 an example of how to cut down a string into small elements.
Each element has given length, weight, and properties, and must represent a small
portion of the general object described.

Figure 1: FEM representation example where the problem is split into multiple
(numbered) elements

1.5 Finite Difference Method (FDM)

Sometimes referred to as the Euler Method, the FDM is not widely adopted in
the industry but remains highly effective when applied to well-understood prob-
lems. FDM is a numerical technique for solving differential equations by directly



approximating derivatives at discrete points within the computational domain. Un-
like the FEM, FDM does not require a weak formulation but instead discretizes the
strong form of the governing equations.

This method approximates derivatives using finite difference approximations,
including forward, backward, and central differences. These approximations trans-
form the differential equations into algebraic equations, linking function values at
discrete grid points. We can see in the figure [2| how small nodes can represent a
string.

L L L L L ®
5 6

N

N

w
N

Figure 2: FDM representation example where the problem is split into multiple
(numbered) nodes

2 Pressure to sound

Once we have the amplitude in time of a given model, we can compute the
waveform at a distance, given the pressure felt at that distance in time. In an acous-
tic simulation, the pressure generated by a source can be calculated using various
physical parameters. If SI units are used for all quantities, the resulting acoustic
pressure is expressed in Pascals (Pa). However, to create a digital audio file, it is
necessary to convert this acoustic pressure into amplitude and to quantize it and
normalize it within the range [—1, 1].

2.1 Acoustic pressure model

The acoustic pressure p(t) generated at a distance R by a point source at posi-
tion x is given in the equation|[I]

poco Our(x,t,)
t) = ———W % 1
p(t) 47 ot M

where:

* p(r,t) is the acoustic pressure in Pascals Pa

* po is the air density in kg m =3

* ¢y is the speed of sound in air in ms—!

* up(x,t,) is the transverse displacement of the string in m with x being the
position of the point source and ¢, the time when the displacement happened

. %“Tf is the transverse velocity at the distance R from the point source in

IIlS_1



Let us note:

1

[p(t)] = kg m 3 -ms ! -ms!=Pa 2)

The distance R, in m, appears when calculating %. In this project, the

position of the calculated pressure is fixed at 1 m from one given point of the
source. For each point z of the source, the corresponding R is calculated with the
Pythagorean theorem. Figure [3]illustrates R in the case of a string.

Pressure at this point

RO (1 m)

Source
X-position

Figure 3: Representation of R during pressure calculation of a string

As the distance increases, the transverse velocity will decay by 1/R. Thus with
Ougr(z,tr) _ 1 Ou(z,t—R/co)
ot R ot

the calculated pressure is:

_ poco Ou(z,t — R/co)
p(t)r = InR ot 3)

Finally, to generate the pressure in time of a source, we add all the pressure gener-
ated at a given time by each point of a source. Each point of the source generates a
given p(t) depending on its calculated R as mentioned in equation

2.2 Conversion of acoustic pressure to audio amplitude

Several steps must be followed to convert the calculated acoustic pressure into
an amplitude compatible with a digital audio recording. The first step is to normal-
ize the acoustic pressure p(t) by a reference pressure pmax, to avoid saturation in
the audio file. The normalization formula is:

Aty = 29 @




where Py, is the maximum pressure in the simulation, and A(t) is the normalized
amplitude within the range [—1, 1].

Once the pressure is normalized, the amplitudes can be adapted to match digital
audio formats. The goal is to map to the digital audio format. For example, for
a 16-bit PCM audio file, the normalized amplitude A(t) can be converted to an
amplitude within the range [—32768, 32767] as follows:

Amplitude 16-bit = | A(¢) - 32767 (5)

Using Python, we can directly write the audio file in WAV format. Following
these steps, the acoustic pressure calculated in a simulation can be converted into
an appropriate audio amplitude, creating a digital audio file compatible with com-
mon standards (such as 16-bit PCM). This conversion ensures that the results from
acoustic simulations can be easily analyzed or used in real-world audio applica-
tions.

3 The guitar string without damping and without modu-
lus of elasticity

We are looking for the acoustic waves created when playing a guitar string
without the flexion or the damping part of the equation [5].

3.1 Model

Consider a string as seen in figure[dstretched along the horizontal axis between
two fixed nodes, A and B. To visualize the tension 7" of the string, imagine the
string is attached at point A and pulled by a mass m via a pulley at point B. The
tension 7" is given by: T" = mg where g is 9.81 N kg is the acceleration due to
gravity. When the string is at rest in equilibrium, the forces of tension in both
directions cancel each other out (1" and —7"). The length of the string between its
two fixed nodes is denoted as a product of A and B. The linear mass density string
(mass per unit length) is represented by .

A -T B

i—

P
()

Figure 4: Example string for a mass of 1kg, the tension is 7' = 9.81N.

Damping is not considered, as it does not affect the natural frequencies of the
waveform. The modulus of elasticity is also neglected in the case of a nylon string,



which means flexion is not included in the model. This simplification is valid
for nylon due to its low stiffness, but not for metal strings, where the modulus of
elasticity significantly contributes to flexural effects and must be accounted for [3]]

3.2 Theory

The wave equation for transverse vibrations of the string, derived by D’ Alembert,
is given by:
O?y(z,t) T 0*y(z,t)
o2 Ox?

(6)
where:

* y(x,t) represents the transverse displacement of the string at position x and
time ¢

* T is the tension of the string (in N)
o 1 is the linear mass density of the string (in kgm™!)

* 1 is the spatial coordinate along the length of the string (in m)

This equation [6]describes the string’s motion under the influence of tension and its
mass distribution.

The speed ¢ (in ms™!) of a transverse wave on the string is related to the
tension 7" and the linear mass density p by the following equation:

c=4[|— 7

This relationship shows that the wave speed increases with the tension and de-
creases with the mass per unit length of the string. The wave propagates faster
for a string with higher tension, while a string with higher mass density will slow
down the wave.

3.3 Analytical solution

The equation describing the transverse vibrations of a stretched string is the
wave equation:
0%y(z,t 0%y(x,t
yat) _ 20%(.) "
ot? 0x?

where y(z, t) is the transverse displacement of the string at position x and time ¢.
For a vibrating string fixed at both ends (i.e. y(0,¢) = 0 and y(L,t) = 0), we

seek a solution in the form of standing waves. Thus, we assume a solution of the
form:




y(a,t) = f(x)g(t) ©
where f () is a spatial function that depends on the position z along the string, and
g(t) is a temporal function that depends on time ¢. Substituting y(z,t) = f(z)g(t)
into the wave equation, we get:

f@)g"(t) = f"(2)9(t) (10)
Dividing both sides of this equation by f(z)g(t) gives:

" "
g(t) f(z)
Since the left-hand side depends only on ¢ and the right-hand side depends only on
x, both sides must be equal to a constant, which we will call —w?, where w is the
angular frequency. This gives us two separate equations:

g"(t) +w?g(t) =0 (12)
1" w2
1'(2) + 5 f(@) = 0 (13)
The general (real-valued) solution of equation [T2]and [I3]are respectively:
g(t) = Acos(wt) + Bsin(wt) (14)
f(z) = C cos (%x) + Dsin (%x) (15)

The boundary conditions are that the string is fixed at both ends:

f(0)=0 and f(L)=0 (16)

We apply these conditions to the solution for f(z). This gives us that the quantized

values for w are:
nmwc

wn:T where n=1,2,3,... 17)

We also have that at time 0, there is no speed:

g(0)=0 (18)
With the boundary conditions, we get the result for g(t), according to the equation

M4

g(t) = Acos(wt) (19)
The general solution for the displacement of the string is thus an infinite sum of the

vibrating modes:

y(x,t) = i [A,, cos(wpt)] sin (n—;aﬁ) (20)

n=1

where the coefficients A,, are determined by the initial displacement.



Modes of vibration The angular frequency is related to the frequency and gives
us all the superposing modes in the final waveform. This tells us what the funda-
mental frequency and the harmonics will be [6] [7].

wn = 27 ) = % 1)

The fundamental wavelength of vibration, the basic mode, corresponds to the string
having two vibration nodes located at the fixed point. The length of the string
corresponds to half the wavelength. Hence, the fundamental frequency of vibration
is given by:

flzﬁ ; (22)

where:
* [ is the length of the string (in m)

The harmonics of this fundamental will be n f; with n an integer. The harmonics
depend on where the string is plugged. D’ Alembert’s wave equation for transverse
vibrations of a plucked string describes the string’s motion under tension. The
fundamental frequency of vibration is determined by the tension of the string, the
linear mass density, and the length of the string. This theory is widely used to
understand the behavior of musical strings.
3.4 Parameters for a nylon string B3 (247 Hz)

The parameters for the nylon string chosen are [8]] [9]] [10]:

* L=0.65m

* 11 =0.000582kgm~!

* T'=60N

Using the wave speed formula (equation [/ for a string and the fundamental fre-
quency calculation (equation , we calculate the wave speed to 321 m s~ 'and the
fundamental frequency to 247 Hz

3.5 Finite Difference Method

We start by using FDM.



3.5.1 Theory

In this method, derivatives and second derivatives are replaced by their esti-
mates:

ou  u(x+ 0z, t) —u(z,t)

— 2
oz O ’ 3)
ou _u(z,t+6;) —u(z,1)

= 5 ) (24)
2 _ —
0%u - u(z + 0z, t) — 2u(z, t) + u(r — oy, t)’ (25)
0x? 62

2 _ _
0“u - u(z,t + 0¢) — 2u(z, t) + u(z, t 6t)' 26)
ot? 62

Here, d,, and ¢, are tiny intervals in space and time, respectively. We discretize the
space in length = and time ¢, and rewrite D’ Alembert’s equation:
u(t + 0, ) — 2u(t, z) + u(t — o, )
of
qu(t,x + 6z) — 2u(t,x) + u(t,z — ;)

—c 5 =0 27)

25

2
52- In equation , we get:

By setting v =
u(t+0p, ) = y(u(t,z —6z) +ut,z+0;)) +2(1 —y)u(t,z) —u(t — 6, ) (28)

We divide the string of length L into N — 1 segments of length §, = ﬁ and the

observation time A into K intervals of duration §; = ﬁ. We study vibrations at
the corresponding node and instants:

th=(k—=1)0, xn=Mn—=1)0 Uk =u(Tn,t).

For a guitar string, the initial deformation is due to the plucking of the string at
a position x,. This can be expressed as:

h- =, if0 <z <z,
u(z,0) = h A (29)
g ife, <z <L,

where h is the amplitude of the pluck, L is the length of the string, and z,, is the
position of the pluck. The initial velocity is zero everywhere:

ou
E(m,()) =0, Vzel0,L] (30)

In discrete notation, the initial conditions become:

h- 2, if0<z; <z

U;,0 = Lp,x. . (31)
h-L_x;7 ife, <xz; <L

Ui 1 = Ui 0, Vi € [0, N] (32)



For a guitar string fixed at both ends, the boundary conditions are for all t:
u(0,t) =u(L,t) =0 (33)
In discrete notation, this becomes:

up; =un; =0, Vjel0,K] (34)

3.5.2 Computation and result

Figure [5|represents the string changing over time after being plucked. Figure 6]
shows the pressure felt at 1m of the string over time. This will be used to create the
waveform. Figure[7|represents the Fast Fourier Transform (FFT) of the waveform
of the sound of a plucked guitar string. The spectrum observed contains a large
quantity of harmonics. Noticeably, the relative amplitudes of these harmonics de-
pend on where the string is plucked. This phenomenon can be explained by the
physics of standing waves and the resulting interaction between the fundamental
frequency and its harmonics. For example, if you pluck the string at half its length
(i.e. at its midpoint), the even harmonics are absent. This relationship can be un-
derstood by considering the Fourier series representation of the wave in equation
20} The position where the string is plucked determines which harmonics are most
effectively excited, as different positions correspond to different initial conditions
for the sinusoidal components of the wave. In half the distance, the sinusoid is null
for the even harmonics.

String height vs position for different times

—— Time: 0.000 s
Time: 0.032 s
—— Time: 0.064 s
—— Time: 0.097 s
—— Time: 0.129 s
—— Time: 0.161 s
Time: 0.193 s
—— Time: 0.226 s
Time: 0.258 s
—— Time: 0.290 s
—— Time: 0.322 s
Time: 0.355 s

0.0003

0.0002

0.0001

—— Time: 0.419 s
—— Time: 0.451 s
—— Time: 0.484 s
Time: 0.516 5
—— Time: 0.548 s
Time: 0.580 s

0.0000

Height (m)

~0.0001

—— Time: 0.613 s
—— Time: 0.645°5
Time: 0.677 s
~0.0002 —— Time: 0.709 s
— Time: 0.742s
—— Time: 0.774s
—— Time: 0.806 s
~0.0003 Time: 0.838 s |
0.0 01 02 03 04 05 (= Time: 0.871s
Position (m) Time: 0.903 s

—— Time: 0.935 s
—— Time: 0.967 s

Figure 5: Shape in time of a nylon string B3 (247 Hz) plucked at 0.18 m for one
second with 81 nodes (N = 80)
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Pressure over time at 1 m

Pressure (Pa)

-0.25
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[ 20000 40000 60000 80000 100000
Time (s)

Figure 6: Pressure in time for a nylon string B3 (247 Hz) for one second with 81
nodes
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Figure 7: FFT of the signal of the guitar

3.6 Finite Element Method
The weak form of the wave equation is given as [4] [12]):

MU(t)+ KU(t) =0 (35)

where:

e M: Global mass matrix (from inertia term),

11



* K: Global stiffness matrix
 U(t): Vector of nodal displacements,

« U(t): Vector of nodal accelerations.

The goal is to compute U™, the displacement at the next time step, given the
current displacements (U™, ) and displacements at the previous time step (U™ 1).

To discretize the wave equation over time, we approximate the second deriva-
tive U (¢) using the central difference scheme:

Un+1 —2U™ + Un—l

U~ INE (36)
Substitute this into the weak form:
%(U”“ —2U"+ U™ Y+ KU" =0 (37)
Simplify for U1
Untl =oun — U™t — APMTIKU (38)
with:

e 2U™: The current displacement contributes the most to the next time step.
» —U"~!: The inertia (past displacement) opposes changes.

o —At?M~'KU™: The stiffness and mass interaction modifies the displace-
ment over time.

Now that we have U1 depending on previous U we can compute M and K. To do
that we fist need to compute their local matrix. To compute the local mass matrix
(Mjoeqr) and local stiffness matrix (Kjocq) for a single finite element in a 1D string
using the FEM, follow these steps:

For a 1D element with linear shape functions, we define:

No(z) = x;;e (39)

€T — X
M) = =5

where:
* . and x4 are the positions of the two nodes of the element,
* Ax = Tey1 — T is the length of the element.

The mass matrix Mjgcy 1S derived from the term:

Te+1
[ NN (o) ds (40)
Te
For a two-node linear element (i, j = 1, 2), the result is:
Az [2 1
Mlocal = pT [1 2:| (41)
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* The diagonal terms (2) represent the inertia contribution of each node.
* The off-diagonal terms (1) represent the coupling between the two nodes.

The stiffness matrix Kjocy is derived from the terms in equation 4] (11

e Teit  9N; ON
T2 42
/xe or ozr (42)
For linear elements, the derivatives of the shape functions are constant:
0N, 1 ONy 1
—_— =, —=—— 43
Ox Ax Ox Ax “3)
Substitute these into the integral:
T 11 -1
Kioca = ?x [_1 1 :| (44)

* The diagonals with the value 1 represent the stiffness contribution at each
node.

* The off-diagonal terms with the value —1 represent the coupling between the
two nodes.

The global mass matrix (M) and global stiffness matrix (K) are assembled by
summing the contributions from all elements. Each local matrix is added to the
global matrix by mapping its nodes (degrees of freedom) to the global indices. For
a string that is fixed at both ends (u(0,t) = u(L,t) = 0), the boundary conditions
are applied as follows:

* Modify the global mass matrix (M) and stiffness matrix (K) such that the
rows and columns corresponding to the boundary nodes are set to zero.

* Set the diagonal entries for the boundary nodes to 1, ensuring their displace-
ments remain zero.

When implementing the global matrices in Python we can write it:
M[0,:] =0, M[-1,:]=0, M][0,0]=1, M[-1,-1]=1
KI[0,:]=0, K[-1,:]=0, KJ[0,0]=1, K[-1,—-1]=1

This enforces the fixed displacement at the boundaries while keeping the system
consistent. We now put this in a Python code and simulate it.

Now that we have the recursion terms, M and K, the algorithm used in the
code will be:

1. Assemble the global mass and stiffness matrices:

* M: coming from the weak form of the inertia term.
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* K: coming from the weak form of the elastic term.
These are computed for all elements and assembled into the global system.

2. Boundary conditions: Apply boundary conditions to M and K, such as fix-
ing the ends of the string (displacement = 0).

3. Iterative update: Use the update formula:
Urtt —oum — Ut — APMTIKU (45)
Compute U™+ at every time step, starting with initial conditions:

+ UY: Initial displacement (e.g., triangular shape from the pluck),

« U': First step, often approximated as U' = U,

4 Comparing FEM and FDM guitar string

With the implementation of both the FEM and the FDM in Python, the objec-
tive is to conduct a comparative analysis of the two approaches using various per-
formance metrics. By systematically varying different parameters for each model,
as detailed in the following sections, the waveform was computed for both FEM
and FDM. Additionally, the expected theoretical frequencies (fundamental and har-
monics) were calculated to be used as a reference. Using Audacity, each fundamen-
tal frequency and its harmonics were recovered. It was achieved using a rectangular
FFT of 4096 in size. For all the FFT in this paper a rectangular window was chosen
with a size of 4096. The different types of windows like the Bartlett window, Ham-
ming window, rectangular window, Hann window, Blackman window, Blackman-
Harris window, Welch window, and different Gaussian windows, were tried, and
the rectangular window gave the best resolution of amplitude and frequency. The
size of the window was then chosen according to the sampling rate. The goal was
to keep the same window size along all the paper; thus, the window size was big
enough to minimize the FFT error but small enough to show the frequencies when
testing the impact of time interval. The relative error of the frequencies for each
method was then computed and plotted across different scenarios, allowing for an
evaluation of the accuracy and reliability of FEM and FDM in approximating the
expected results.

4.1 Variation of applied tension

The tension is directly related to the frequency and the speed through an an-
alytic formula as seen in equation This is true for the fundamental frequency
but also for the harmonics as they are related to the fundamental by n f; (named
analytic frequencies in the following). To compare both methods, we are setting
all the parameters and looking at the effect of a changing tension on the error of
the measured frequencies compared to the analytical frequencies.
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* Length of the string: L = 0.655 m

* Position of plucking: half its length, 0.3275m

* Number of nodes the string is split into: N = 80
* Time interval: At =1 x 107° s

+ Number of time points: Ny = 1 x 10°

* Total simulation time: 7' = 1s

+ Amplitude of plucking: A =3 x 107* m

» Linear mass density: ;1 = 4.30 x 10~ *kgm~!

40 waveforms were computed for 40 different tension values between 42 N and
61.5 N every 0.5 step. The values were taken to ensure the different frequencies
stayed in the range of a plucked guitar. The resolution is 2.5 Hz, and we plucked the
guitar string at half its length at 0.3275 m. Playing at that location: we only have
odd harmonic. Once we measured through Audacity the frequencies, we calculated
the relative error compared to the analytical solution calculated previously.

The zero-mean error centered around zero (Fig[8] Fig[9] and Fig[T0) was then
plotted. A periodicity of the error is visible for both methods. Both models follow
the same error variation with a phase shift as if they complemented each other. The
periodicity of this error is very particular. The plots with the means are visible in

Figures L1} [12] and

0,02

0,01

0,00 7
-0,01
0o as 50 55 60

Tension

Zero-Mean Error

== FDM == FEM

Figure 8: Zero-mean error between the measured and analytical fundamental fre-
quency according to tension /N
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Figure 9: Zero-mean error of third harmonic frequency according to tension [V

Zero-Mean Error

Tension

= FDM == FEM

Figure 10: Zero-mean error of fifth harmonic frequency according to tension /N

In Figure [§] the fundamental frequency f; has a tension periodicity of 9.5 N
corresponding to 25 Hz. Examining the higher harmonics (Fig[9] Fig[I0) we get:

* 3f1: Periodicity 3.10 N or 8 Hz.
* 5f1: Periodicity 1.9 N or 5 Hz.

By computing the periodicity ratios:

9.5 9.5
=2o317, =2 =19 46
3 - (46)
25 25
83 Z=5 47
3 - 47)

We observe a clear relationship between the harmonic order and the periodicity of
the error. The periodicity of the error is the harmonic order times the periodicity of
error of the fundamental.

These periodicity errors may arise due to the discretization in time. Since we
sample the frequency domain at discrete intervals, numerical artifacts manifest at
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harmonic positions. This behavior suggests that the discretization process influ-
ences the periodic detection of frequency variations in a structured manner. More-
over, the error margin is probably not only created by the simulation but also by
the FFT that discretizes the signal in the frequency domain. The way the FFT is
done impacts the result, but since the same FFT was done on each waveform, the
tendency of the error of the simulation to be periodic should follow the same trend.

AN AN
7 "

-0,02

Relative Error

45 50 55 60

Tension

== FDM == FEM

Figure 11: Error of fundamental frequency according to tension

0,015

VAVAVAVAVAVA

-0,005

Relative Error

-0,010

0,015

Tension

== FDM == FEM

Figure 12: Error of third harmonic frequency according to tension
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Figure 13: Error of fifth harmonic frequency according to tension

4.2 Variation of the time interval

In numerical simulations, the choice of time step precision significantly im-
pacts the accuracy of results. During one second, we decreased the time interval
and analyse how that affected the error. The parameters are fixed to:

* Tension: 42.86 N

* Length: 0.655 m

* Position of plucking: 0.18m

* Number of nodes the string is split into: 80
* Linear mass density: 4.30 x 10~* kgm ™!

A comparison of time-step values reveals that both methods have a minimum time-
step to converge.

» FDM converges when the time-step is below 2.27 x 1075 s
» FEM converges when the time-step is below 1.52 x 1075 s

This discrepancy suggests that FEM requires a higher level of time precision than
FDM to achieve comparable accuracy. The divergence of FEM at lower precision
indicates its sensitivity to time discretization, emphasizing the need for finer reso-
lution in FEM-based simulations. For non-NaN values, the data step of 6.7 x 10™4
was repeated 40 times, and the string was plucked at a location of 0.18 m. The
plucking position was changed from the previous experience to see if the peri-
odicity was due to the location. We thus have all the odds and even harmonics.
Moreover, only the first three frequencies were measured.
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Figure 14: Zero-mean error of the fundamental frequency compared to analytical
when changing the time step
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Figure 15: Zero-mean error of the second harmonic compared to analytical when
changing the time step
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Figure 16: Zero-mean error of the third harmonic compared to analytical when
changing the time step

In the zero-mean error frequency plots (Fig[I14] Fig|[15] Figl[16), once again, it
can be seen that both FEM and FDM exhibit the same evolution in error precision.
However, the smaller the time interval, the more points we have in time, and the
larger the error becomes. On the first array, the data does not seem to follow the
expected curve of decreasing error with increased precision of the time measure-
ment. This phenomenon is actually due to the way the FFT is done. The window
size (i.e. number of points) remained the same even as the sampling frequency,
directly linked to the time interval, increased. As a result, the error in the FFT
measurement also increased. Figure [T7]represents the evolution of the fundamen-
tals’ error precision as the sampling frequency increases. The curves represent the
evolution of the fundamentals’ error precision due to the FFT, the measurement in
the FEM, and the measurement in the FDM. All three curves follow the same trend.
This explains the previous results. The FFT influences the peak of the error; with
fixed window size, the error max increases as the interval decreases. Finally, in
the FFT, it is necessary to use a larger window size when increasing the sampling
frequency, corresponding to reducing the time interval to reduce the error and not
increase its peak.
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Figure 17: Fundamental error FFT frequency interval compared to Amplitude of
errors when changing the time step

Moreover, comparing in a broader perspective, figure [L8] [I9] and [20] show the
error with its mean. The error margin of the FFT is still visible. In the plot, both
FEM and FDM follow the same error variations at the same rate. However, FDM
converges for bigger time intervals than FEM (as explained in part [4.2)), and the
error max is smaller for FDM for the fundamental and second harmonic.
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8,00E-06 1,00E-05 1,20E-05 1,40E-05

Time differential precision during one second

== DM == FEM Positive error margin == Negative error margin

Figure 18: Error of the fundamental frequency compared to analytical when chang-
ing the time step
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Figure 19: Error of the second harmonic compared to analytical when changing
the time step
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Figure 20: Error of the third harmonic compared to analytical when changing the
time step

4.3 Variation in the number of nodes

When doing FEM or FDM, you have several nodes you can create; for FEM,
you can have a minimum of 1 element (2 nodes), and for FDM, you can also have
at least 2 nodes. However, one element or two nodes would not create any sound
in our case since both extreme nodes are fixed. Thus, we can cut the guitar string
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from three nodes to as many as we wish. Here, we see how the number of nodes
affects the error. The fixed parameters are:

* Tension: 42.86 N

* Length: 0.655 m

+ time Interval: 1.0 x 107° s

* Position of plucked: 0.18m

 Number of points in time: 1.0 x 10°

* time of wave simulated: 1.0 s

+ Amplitude: 3.0 x 10~* m

1

+ Linear mass density: 4.30 x 1074 kgm™

The guitar string is plucked, and all the harmonics are present.

0.4

03

02

Fositive Relative Error

01

W\

20 40 60 80

Mumber of points the guitaris cut into

== FDM == FEM

Figure 21: Positive relative error of the fundamental frequency compared to ana-
lytical according to the number of nodes
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Figure 22: Positive relative error of the second harmonic compared to analytical
according to the number of nodes
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Figure 23: Positive relative error of the third harmonic compared to analytical
according to the number of nodes
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Figure 24: Positive relative error of the fourth harmonic compared to analytical
according to the number of nodes
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Figure 25: Positive relative error of the fifth harmonic compared to analytical ac-
cording to the number of nodes

Figures[21] 22] 23] 24]and 23] show the relative error of the measured frequency

according to the number of nodes we cut the string into. When the error is equal
to one (Fig[24), no frequency is detected. The fundamental FEM converges faster
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than FDM for the fundamental (Fig[21)) and the second harmonic (Fig[22). How-
ever, after 40 nodes, the error is equivalent, and they both converge to the same
error for most harmonics (Fig21] Fig[22] Fig[23]and Fig[23). The fourth harmonic
(Fig[24) was hard to detect because it had a small amplitude, but some convergence
was still detectable after 40 nodes were simulated. Finally, FDM converges faster
in terms of the number of nodes representing an object than FEM.

4.4 Analyzing the effects of modified parameters on the time of simu-
lation

Two simulation codes, based on the FEM and the FDM, were developed in
Python. Both codes were executed on the same computer, and the simulation times
were recorded for each run corresponding to the experimental cases previously de-
scribed. It should be emphasized that these performance results (Fig[26] Fig[27]
Fig[28) are inherently dependent on the specific computing environment as well
as the implementation details of the Python code. Consequently, the findings pre-
sented here should not be considered universally representative but rather indicative
within the context of the conditions under which the analysis was conducted.

300

200

100

Time of simulation (s)

45 50 55 60

Tension (M)

w= FDM == FEM

Figure 26: Time of FEM and FDM simulations of a string according to tension
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Figure 27: Time of FEM and FDM simulations according to the time interval cho-
sen in the discretizations
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Figure 28: Time of FEM and FDM simulations of a string according to the number

of cuts

Figure [26] underlines how an evolution in the tension affects the simulation
time. The FEM curve is approximately following a horizontal line. Thus, the
tension (Fig[26), so the frequency, does not influence the time. However, we can
see that the FDM line has a small positive slope compared to FEM. However, FDM
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is still faster than FEM in these conditions. Following this trend, FDM would be
slower than FEM after a certain frequency.

Figure[27]illustrates the influence of a change of the time interval on the time of
a simulation. Nevertheless, the smaller the time interval the slower the simulation
since it means there are more data to calculate. FDM, compared to FEM, is quicker
for the given time interval.

Figure 28|illustrates the impact of varying the number of nodes composing the
string on simulation time for both the FEM and the FDM. As the number of nodes
increases, FEM demonstrates significantly shorter simulation times compared to
FDM. This discrepancy can be attributed to differences in code implementation:
the FDM approach relies on an explicit Python loop that iterates over all nodes,
while the FEM implementation utilizes matrix operations applied directly to the
entire set of elements. As a result, FEM is expected to offer greater computational
efficiency. It is important to note that this analysis reflects the specific coding
strategies employed and may vary under different implementations.

5 To compare to reality: guitar with damping and without
the modulus of elasticity

The D’ Alembert equation for transverse vibrations of a string with fluid damp-
ing is given by [13]] [10]:
0%u 0%u ou
— - 1T — — =0 48
Mo ~ a2 T 5
where:

* u(x,t): Transverse displacement of the string at position x and time ¢

*c= \/% : Wave velocity in m s~!, dependent on the tension 7" in N and the

linear mass density 1 in kg m =1
* o Fluid damping coefficient kgs~!

This equation includes a damping term U%, which represents the resistance due
to friction. We discretize the string in space and time:

* The spatial domain [0, L] is divided into N nodes with spacing Az = %

* The temporal domain [0, 7] is divided into K points with spacing At = .
Using finite differences, we approximate:

2
0“u Un+1,k — 2un,k + Up—1k

— 4
0x2 Az? ’ “49)
@ ~ Un,k+1 — 2Un,k + un,k—lj (50)
ot? At?

ou Up k+1 — Un,k—1

—_— ’ . 51

ot 2At S
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Substituting these into the D’ Alembert equation yields:

Un, k+1 — 2un,k + Un, k—1 _Tun—i-l,k - 2un,k + Un—1,k +Uun,k+1 — Up k-1

0=n A2 A2 29AL

(52)
Rearranging terms, and starting with the equation:

1 o T
Up k-1 'uAt2 + oAl ) T Az (Un41,k + Un—1k)
1 T
1 o
|+ =—= 53
To isolate u,, 41, divide through by uﬁ + 543

ag7 (Uni 1+ un—14) + ugp — 255) Unk + tunp—1 (—pizp + 257)

Up k41 = 1
HaE T 3ar
(54)
We can define the coefficients to have a easier notation:
T2At?
= 55
V= A (55)
oAt
a=p+ 5 (56)
At
0= —p+ JT (57)

The equation becomes:

Y (n i1 + 1) + (22 — 2755) o + 1 (Okn)

Unp k+1 = 1
A
(58)
Thus, the final equation is:
Y 2(p—~ 4
Un k4+1 = a (un—l,k + un—l—l,k) + <a)un,k + aun,k—l (59)

The boundary conditions are the same as in the case without sampling seen in
equation [34] The initial conditions are also the same as previously in equations [31]
and[32

5.1 Comparison to Reality

This study compares our FDM simulation results to real-world conditions (Fig[29).
The following physical parameters characterize the experimental setup, which we
will use as the basis for our simulations:
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* Fundamental frequency: f = 246.9Hz (corresponding to the musical note
B3), determined using a FFT with a window size of 4096.

* String dimensions:

— Length: L = 65.5 cm = 0.655m
— Diameter: d = 0.69 mm = 6.9 x 10~*m

e Linear mass density: 1 = 1150 x (%)277 =43 x 10 %kgm™! = 4.30 x
10 %kgm™!

* Playing position: The string is plucked at 0.180m.
e Theoretical tension: 7' = 45.02 N

These parameters will be the reference for validating our numerical simulations
against experimental data (Fig[29) (8] [9].

Figure 29: Real guitar of string length 0.655 m played on the fifth string at 0.18 m

The simulation was performed under the following conditions:
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To determine the appropriate values for our simulation for string time step (At) in

Number of nodes: 80 nodes

Playing position: 22" point, 0.18 m
Initial Amplitude: 3.0 x 10~*m
Simulation duration: 3 s

Time step: At = 9.65 x 10~ %

Damping ¢ = 0.0013kgs~! (Chosen to match the time of damping of the

real guitar)

the simulation, we analyzed the error introduced by the different parameters:

* AtT = 45.02 N, the frequency error is +2% as shown in Figure[T1}

o At At = 9.653 x 1079 s, the frequency error is -1.2% as shown in Figure
a8l

Thus, knowing the error generated by FDM at that tension, a time differential
is chosen to balance the error created by the FDM in the numerical simulation

(Fig[33).
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Figure 30: Simulation result of this particular string

31



020 030 040 050 060 070 080 03 100 110 120 130 140 150 160 170 1,80 190 200 210 220 230 240 250 260 270 280 290 300

‘Simulation_real_guitard_NB0_n022_y00.0003_Tau3_L0.655_T45.02_sigma0.0013_mu0.00043001727543255387

Figure 31: Damping looked at on Audacity, the upper waveform is the simulation
and the bottom one is the real signal
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Figure 32: FFT through Audacity of the real signal, peak at 252 Hz
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Figure 33: FFT through Audacity on the simulated waveform, peak at 244 H z

Figure [30| shows the string simulated in time. Figure 31| shows the real and
simulated signal damping. And finally, figure [32] and figure [33] show the FFT
on both the real and the simulated waveform. First, the damping is well repre-
sented, as shown in figure[31] Then, in the frequency domain, the simulated signal
(Fig[33) closely matches the real signal (Fig[32)), demonstrating the accuracy of the
numerical model. However, it is essential to note that perceptually, the simulated
sound still exhibits noticeable differences from the real instrument. Specifically,
the simulation accurately represents the vibrating string (Fig[30). The same fre-
quencies, are seen through the simulation and the experimental data. Finally, even
if the spectrum has the same frequencies the simulation does not account for the
reflections from surrounding surfaces or the effects of the guitar body, which sig-
nificantly contribute to the instrument’s characteristic timbre. The timbre is not
represented in the simulation. However, if the goal is solely to identify the string
type, the simulation can still achieve this.

5.2 Important note on the simulation

When performing an FFT, it is crucial to clearly define the sampling rate and
the sampling window, as errors can arise from these parameters. The accuracy of
the FFT is inherently limited by the resolution of the discrete data and the chosen
windowing function (section ). Moreover, achieving higher numerical precision
in the simulation does not necessarily translate to increased accuracy in practi-
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cal measurements. In reality, experimental data acquisition is subject to various
sources of uncertainty, including instrument limitations and environmental noise.
Additionally, the FFT introduces a loss of precision due to spectral leakage and
finite resolution. Therefore, while an exact numerical approach may be beneficial
for theoretical analysis, it is essential to acknowledge the inherent limitations of
real-world measurements.

6 The cycling bell with damping and modulus of elasticity

6.1 Model

Figure 34: The model of cycling bell

The bell is modeled as the shell of a hemisphere with radius R, positioned
relative to its center in spherical coordinates (r, 6, @) as shown in the figure. We
have a fixed point at the top. Assuming the shell of the bell is very thin (thickness
h < R), for every point on the shell, it is possible to write: r ~ R.

6.2 Theory

As mentioned previously, we did not consider the flexion in the d’Alembert
equation. It was a negligible term. However, that term is helpful for the cycling
bell as it is mainly made of metal [14]. The fundamental equation of dynamics
with damping with elasticity is expressed as follows:

4 ou 0%u
DV u+oa+phw—0 (60)
where:

+ D = 5B the bending rigidity in Nm
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* h: thickness in m
* p: density in kg m ™3
+ E: Young’s modulus in N m ™2

e v: Poisson’s ratio

V*4: the biharmonic operator (double Laplacian)

* o: damping in Ns~! m—2

6.3 Analytical resolution

We seek solutions of the form:

u(f, ¢, t) = (9, p)e"

Substituting into the equation gives:

Or equivalently:

where:
= wQ@ — i
“ 7D D

We can write:
(V= kL) = (VP + E2) (V2 = k2)

The solution can be split into two components:
u(@, SO) = U+(0, SO) +u— (07 QD)
With:

(V? + k2 )ur (0, )
(Vg - ko%)u—(97 (,0)

0
0

In the spherical coordinate system, the Laplacian is expressed as:

V2u:Au:16< 28u>+ 1 9 (sin96u>+

r2 Or " or r2sin 6 00 o0
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r2(sin 0)2 dp?

(61)

(62)

(63)

(64)

(65)

(66)

(67)
(68)

(69)



Since the shell is very thin, we can assume that r is constant and equal to . Thus,
the waves described by equation (22) propagate mainly along the bell’s surface,
with variations in 6 and ¢: u = u(0, ¢, t)

1 0 ou 1 ou 0%u
53 50 <s1n 989) ey <cos 9% + 81n9892> (70)
1 ou  0*u
= T—2 <COt 0% + 802> (71)

Having » = R = constant, the Laplacian becomes:

1 ou  0%u 1 0%
== 0— 4+ —+——5— 72
Vu 7 (cot 50 + 502 + G d)? 8g02> (72)
We seek the solutions by separating variables:
u(0,0) =w(0)-h(p) (73)
We write:
(V2+E2)w(0) - h(p)=0 (74)
Taking:
. 810 . 2 82'111 1 . 2 p21.2 82 1
<S1n(9COS 9% + (S1n9) 662> m =+ (Sln@) R kw a o) h( ) (75)

In the equation|75] the term on the right-hand side depends only on ¢, and the term
on the left-hand side depends only on #. This implies that each term must equal a
constant A\. We thus obtain:

{ (sin@cos 00%% + (sin)* 9° g’a‘z) wi + (sin0)* R2k2 = X 76)

2hy 1

‘We can rewrite it:

{(sin 0)> 0 555 + sin 0 cos 0055 ((Sin 0)? R2k2 — /\) cwy = a7
)\h+ + 82(97902 =0

Or:

214 212 A . _

9?5 4 cot 09 (R k oy ) wy (0) =0 -
We would also get:

2 W_ 21.2 _

02 + ot 0055 + (~R2KZ — 20 ) cw- (6) =0 )

)\h7+ﬁ20
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Let us specify the ranges of the variables in question:

€ [0; m2[ (+2km) (80)
T
fe [0; 5} 81)

The solutions to the second equality in[/8|and [79]are exponential functions with:

+ivp (82)
h—(p) = ho_e™V % (83)

From a physical standpoint, the functions hy and h_ are 27 periodic. This means
that /) must be an integer, thus, v/ = me N. By setting: Q% = R%k2 we can
now solve the equation [84]below (for both w, and w_).

0w (0) ow (0) 9
902 + cot 6 50 +(j:Q -

= 9)2> w () =0 (84)

We can change the variable to find solutions to the equation By setting x =
cos 6 with 6 respecting its interval [§1] we can show that the equation can be rewrit-
ten with z € [0; 1] as:

2

1— 22

ow ()
0z O

+ (i92 - ) w(z)=0  (85)

The equation [85]is called the “associated Legendre equation”. We can rewrite the
equation [85] by seeking a solution, with m an integer, in the form of:

I3

w(z) = (1-2%)2p() (86)

In this case, the equation is rewritten with x € [0; 1] as:

—2x(m+l)M+(iQQ—m(m+l))p(:E):0 (87)

&°p ()
(1 B $2) ox

0z?

We seek the solution p (x) in the form of a convergent power series on z € [0; 1]:

p) =) ana" (88)
n>0
B
%Ef) = 2;0 Gy (n+ 1) 2" (89)
82
23 S anra n+2) (n 1) (90)
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Substituting equation and [89]into equation[87] we get:

0=> an2(n+2)(n+1)z" = > ania(n+2)(n+1)z""?
n>0 n>0
_Za”"‘l (n+1)(m+ 1)z +Zan (:I:QQ—m(m—l—l)) " (91)
n>0 n>0

This simplifies to:

O—Zan+2 n+2)(n+1 Zan J(n—1)x

n>0 n>2

—Zan m+1)x"+2an(:&92—m(m+l))x" (92)
n>1 n>0

This gives us that for n > 0, the coefficients of z™ are:

an+2(n+2)(n+1)—an-(n(n+m)+m(m—|—1):FQ2) (93)

By substituting the derivatives of p(z) into the equationand by thinking through
recurrence, we can prove that to have all the coefficients at zero, we must have:

n?+n2m+1)+m(m+1)FO?
n+2)(n+1)

ap+2 = Q (94)

6.3.1 First case

To avoid divergence of the series (even when x = 1), it is required that all
the coefficients are zero from a certain rank onward. This means that the suitable
values of () must satisfy for some ng:

Qz:l:\/n%—i—no(Qm—&—l)—i-m(m—i-l) (95)

We can also see that there is a complex solution:

Q= +iy/nd +ng (2m +1) +m(m+ 1) 96)

It should be noted that the recurrence relation between the coefficients of the power
series is of order 2. This means that for all the coefficients to be zero from a
certain rank onward, all coefficients must have the same parity as ng. By setting
k = ng + m, in equation [96and equation 03] €2 can be either:

Q=+Vk(k+1) 97)

Q=+ivk(k—+1) (98)
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6.3.2 Second case

We seek convergence for all x < 1. D’Alembert’s rule says convergence for
all x < 1. Butat x = 1 we need to use: Raabe-Duhamel test for x = 1

az(k—i-l) 2—m 1
SASAL Nt [y IO S -
oy ‘ 3 +O<k> (99)

Thus, to avoid divergence, we will have convergence if m = 0; however, when
that is the case, w(z) = p(z) (equation [86). With the condition at the limit, the
top is fixed p(1) = 0. Figure 35| shows the value of p(1) according to different 2
for m = 0. It highlights all the 2 where p(1) = 0. It has been verified that all
the values of €2 where the plot passed by zero are the cases where there is a finite
sum; thus, €2 follows the first case seen before where all the terms are null after a
rank ng. In conclusion, the only case where that condition is verified is when all
the terms are null after a certain rank.

25
00 |
E
25
50
s
100
5 % ® £ £ 1050

Figure 35: p(1) according to Q2 inm = 0

Taking the equations[97)and 98] the frequency solutions are either way, because
4 _ 4 _ 4.
i* =1s0Q* = (Rky)™

hR! R
wQ”D —inD K2 (k+1)°=0 (100)

This means:

2
o o D
=ity — k2 (k + 1) 101
o= |ing % <2ph> + o (4 1) (101)

. . —o¢ . ; .
Finally we have an attenuation term e2*' and a harmonic term e2"/+* with:

1 g 2 D 2
= —/— | — k2 (k+1 102
fi= o (QPh) bk (k4 1) (102)

We calculate two characteristic coefficients of the material and the geometry of the
shell:
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* The attenuation coefficient v = 2,%}1

e The stiffness coefficient o« = %

phR

Next, we choose two integers mg and ng that determine the vibration mode. For
each pair (mg,ng) chosen, we determine the coefficient kg = ng + mg which
allows the calculation of the vibration frequency:

1
fro = gy % + kg (ko +1)? (103)

The vibration mode is written as follows:
(0, 0,1) = Umg o) (0 0) €300 €2 it (104)

The elongations are written for the chosen mg and ng as:

U(mg,n0) = W(mg,no) (0) * hang () (105)
With:
himo () = hoe'™¥ (106)
W(mg,no) (0) = (sin 0)% - Png (cos @) (107)
D () = ao + a1zt + agr® + ... Apox"™® (108)

To calculate the coefficients of py, (z), we first calculate:

Qo = ko (ko + 1) (109)

If ng is even, all coefficients a,, with odd n are zero. If ng is odd, all coefficients
a,, with even n are zero. Next, for n varying from 0 to ng, we calculate:

n? +n (2mo + 1) + mg (mg + 1) — Q2
n+2)(n+1)

We start with ag for the even coefficients and with aq for the odd coefficients. Due
to the recurrence relation between the coefficients, we notice that all even coeffi-
cients are proportional to ag and all odd coefficients are proportional to a;. Thus,
the coefficients can be adjusted based on the boundary conditions. Parameters for
numerical application:

(110)

(n+42 = Gn

o = 10kgm~2
R = 0.05m
h =0.001m
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Table 1: Material properties: density, Young’s modulus F, and Poisson’s ratio v

Material Density (kgm™?) | E (GPa) v
Steel 7850 210 0.24-0.30
Aluminum 2700 62 0.24-0.33
Copper 8920 128 0.33
Brass 8470 80-100 0.37

6.3.3 Numerical test

Using Matlab, we could compute the sound the bell would do in theory by
superposing all the harmonics with the proper amplitudes (Fig[36).

X Son_Timbre_... ~ -
Silencer Solo
Effets

o}
O

Figure 36: Time signal of the audio file generated viewed on Audacity

6.4 Comparing analytical to reality

Important information Before comparing our mathematical model to reality,
we can see the numerical frequency is related to the damping term:

fom = (2 "D k2 (k+1)° (1)
M or 2ph phR*

In the equation[IT1|showing the frequencies of a bell there is a damping term. Yet
there are no known explicit damping terms for the cycling bell. Figure [37] shows
the effect of the term damping on the frequency in the logarithmic scale. The light
orange and light blue lines coincide with the orange and blue lines. They represent
linear regression, and both slop terms are negligible compared to the initialization
terms. In consequence, the damping term has little effect on the frequency.
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== Fundamental -2,01E-11*x+ 3438 == First Harmonic -1,01E-05* + G878
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Figure 37: Damping effect on the fundamental frequency and first harmonic in
logarithmic scale with linear regression

Fixing the damping at 10kg m? s~ allows us to match the damping speed of
a real-life cycling bell that was tested knowing that it will not effect the analysis
comparing the experimental and the calculated frequencies. Figure 38| shoes a big
aluminum bell used in the experiment.

)

Figure 38: Aluminium bell

The parameters of the bell (Fig[38) are:

+ Damping coefficient (fixed arbitrarily): o = 10kgm 2 s~*
* Density: p = 2.70 x 10°kg m—>

* Radius: R = 4.00 x 10~%m

* Thickness: h = 8.00 x 10~*m

* Young’s modulus: F = 6.20 x 10! N - m~2

e Poisson’s ratio: v = 3.00 x 10~}
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Table 2: Comparison of fundamental and harmonic frequencies (f,,) between Mat-
lab simulations, experimental data, and mathematical calculations for aluminum.

Cycling Bell f1 Hz) | fo (Hz) | f3 (Hz) | f4 (Hz)
Model (Matlab) 689 1385 2305 3462
Reality 688 1742 3080 3502
Analytical analysis 692 1385 2308 3462

Table |2 shows the different frequencies calculated through different methods.
The analytical analysis of the physical properties of the bell is one method. Another
one is measuring frequencies through Audacity of the experimental data. Finally,
the frequencies were measured through Audacity after simulating the analytical
result through Matlab (summing all the vibration modes of equation [T04). The
code of Matlab directly corresponds to the mathematical frequency; thus, it should
give the same result for the frequencies. However, there are a few Hertz differences
for the fundamental frequency and the third harmonic. Thus, the FFT applied to
the Matlab simulation greatly influences the results. The window is still at 4096;
we are losing information and precision. Furthermore, the same FFT is applied to
experimental data. In consequence, there is the same error margin. We also find
almost the same frequency result as in the analytical case.

Moreover, a few Hertz of difference is not detectable for an average human ear;
this shows that the analytical result can fully be used to model the bell. The same
experience was conducted with a supposedly brass bell. However, the resulting
frequencies from the experimental data and the analytical resolution were very
different (more than 1000 Hz difference). Knowing that the model was correct
showed that the cycling bell was not made of brass. After verifying the texture and
the weight, the bell did not seem to have brass. This model could be used to check
the material of a given object.

6.5 Finite Difference Method

We have analyzed the theory and how it reflects reality but we have not yet
tested the FDM to simulate numerically the frequency heard. We study the bell
without damping. Thus, a bell obeys the plate equation (equation (112).

9?2 D
8—;2‘ - —p—hv‘lfu (112)

where:
+ V*: biharmonic operator (double Laplacian).
Boundary conditions are defined as follows:

* At the point § = 0, vibration is always zero:

VitV u(0,p,t) =0 (113)
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* Along the great circle § = 7, vibration is free along 6:
0
Vit Vo a—;‘(o, 0. ) =0 (114)

In spherical coordinates, the Laplacian is expressed as:

1.9 ( ,0u 1 0 (. ,0u 1 0%
au=t 2 (r 87‘) T (sm989> t oo (19

Since the shell is very thin, we can consider 7 as constant and equal to 2. Thus, the
waves described by equation[TT2]primarily propagate along the surface of the bell,
with variations in 0 and ¢: u = u(0, ¢, t). The Laplacian (equation |1 15]) becomes:

1 ou  0%u 1 0%

For the double Laplacian, we can factor byﬁ in the same way and have 9 terms:

0 Ou\ —cotf du 5 0%u
cot 0 2 (cot@ 80) = m% + (cot 0) 202 (117)
o (0? ok
cot6 = (891;> :cowa—afj (118)
0 1 9 t0)* 0 to  o°
cot0 5 < 212‘) _ _pleot0) Ou s 19)
(sinf)” O (sinf)” Oy (sinf)” 000
0? ou 2cotf Ou -1 9% O3u
W <Cot6 89) = 4(81119)2 % + 27(81119)2 @ + cot 9% (120)
0% [0%u Otu
26 <892> = 201 (121
0? 1 0% 2 (cot0)*\ 8u
962 292 ) — 1 T4 2
(sinf)” O (sin®) (sinf)” ) Op
—4cotf O3u 1 otu
+ 122
(sinf)? 000p%  (sin)? 0p*06? (122
1 02 ou cotf O3u
—s t — | = —— 123
(sin §)? 9> <CO 39) (sin 0)? 000> (123
1 0% (0% 1 0*u
- =)= —— 124
(sin §)? 9> <802> (sin §)? Op206* (1249
1 02 < 1 82u> 1 9t (125)
(sin)? 9p? \ (sin0)? 0p? )  (sinf)* dp?

We thus obtain with equation [T17]to[125]the following term:
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V4u—@+ 1 84u+< 2 > otu . cotf u
00t (sin0)* 9 \(sinf)?) 0¢%00> " (sinf)? 900,
O3u 2 -2 0%u
2coth — t 6 — | =5
+2co o + ((co )+ (sin9)2> 502
2 (cot 0) 2u cotd Ou
+ +2 5+ - 126
((sin 0)* (sin 0)? > dp®  (sin0)? 90 (120
This means:
Otu 0*u 0*u
Viu= =+ +
00T (sin60p)" T (sin00p)” 067
3 3 2 _ 2
—2c0tc976u +2cot082 7((:080) 22 a—z
90 (sin 00p)? 00 (sin ) o0
2 2
+9 1—1—(00829) 0°u - cot92@ (127)
(sin6) (sin80yp) (sin ) 00
Even:
0*u O3u (cos0)? — 2\ 0%u cotf Ou
dy = 2c0tf Su 4 [L0089) ) Tu oty ou
Viu=gen T2 9 T T sme?Z ) 982 T (sne)2 00
n otu 49 1+ (cosf)? 0%u
(sin 9p)* (sin 6)? (sin B9¢p)?
4 3
TP A P S (128)
(sin 80p)~ 00 00 (sin 00yp)

Remember that for (6, ¢):
p € [0;2n] (4+2km)

o<fo)
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We can cut in small pieces and get u(6, ) = u(n, k), this approximates the terms
of equation [128]:

g&mkﬂz59@m+1¢y—mn—Lm) (129)

2

‘E;;(n, k) = 5;2@(% 1,k) — 2u(n, k) + u(n — 1,k)) (130)

2

g;‘(n, k) = 512 (u(n, b+ 1) — 2u(n, k) + u(n, k — 1) (131)

r r

03 3

o3 (mk) = o (u(n +2,8) — uln — 2.k)
—2@@&4%ﬂ—%n—Lk») (132)

4

;ﬁ@%ﬂwdé(Mn+lk}+wn—2jﬁ—4wn+Lk)
—-4u(n——1,k)4—6u(n,k)) (133)

4

2 Z(n,k‘) o (S;l(u(n,k+2)+u(n,k—2) —4u(n,k+1)
—4Mmk—1y+&mam) (134)

Pu o 1

—u(n+1,k—1)—|—2u(n,k:—1)—u(n—1,k:—1))

(135)

u 1
Qﬁ&9>miﬂ:2&ﬂ%<“"+Lk+U‘2Mn+hk%+mn+Lk—D

—u(n—l,k‘—l—l)—|—2u(n—1,k)—u(n—1,k—1))
(136)

0*u o1
(W) (n,k):W(U(n+l,k+l)—2u(n,k+1)+u(n_17k+1)

—2(u(n+ 1,k) — 2u(n, k) + u(n — 1, k))
+um+Lk—D—2mmk—U+uM—Lk—D)

137)
However, to consider the time, we need to add the damping term:
0%u D ou
he— = —— Vi —0— 138
Mo = R T (138)

We also know that:
9%u 1
ﬁ(n, k,t) = 52 (u(n,k,t+1) —2u(n, k,t) + u(n, k,t — 1)) (139)
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So using equation |139|in (112 we get:

ph o D _,
LSS N=-—"11V
(5752 + 2(5t> u(n, k,t+1) Rl u(n, k,t)

ph

ot?

For the condition at the limits equation and [TT4] we get:
YVt Yo u(0,0,t) =0

ph o _
+2 5t2u(n, k,t)+ < + 2&) u(n, k,t —1) (140)

SVt Vo 28(5.01) =0

The first implemented code in Python was the FDM for the bell for the equa-
tion [I41] that does not give audible frequencies. We assumed that the mechanical
vibrations in the material obey D’ Alembert’s wave equation. This is not an unrea-
sonable assumption since it is known to hold for waves in fluids, i.e., longitudinal
waves.

1 0%u
2o
The time of the simulation could go up to four hours. The simulation time of
the code for the equation developed previously would be even greater. In
Matlab, the calculations are time-consuming for equation [IT2] and require very
small steps to converge. The steps were so small that, because of the lack of time,
no conclusion could be made. To conclude, in Python, further implementation is
required. A draft was started, but computation time is still concerning. All in all, it
was demonstrated that equation|112|is a reliable model.

Au =0 (141)

7 Conclusion

7.1 General conclusion

When comparing FEM and FDM relative errors in frequency measurement
when changing the tension, the time interval or the number of nodes, there was
a relationship between the periodicity of the error and the degree of the harmonic.
This relationship is probably due to the discretizations done in each method. More-
over, in the case of the tension change, between the periodicity of the error in FEM
and FDM at a given harmonic or at the fundamental, a phase shift of /2 is visible.
In the two other cases of changing the time interval or the number of nodes, both
FEM and FDM have the same phase.

The error associated with frequency measurements is negligible in most prac-
tical applications. The models discussed are primarily intended for comparison
with real-world conditions, where measurement instruments impose inherent lim-
itations. For example, the fundamental frequency of a waveform is typically cap-
tured using a standard microphone with a sampling rate of 44100 Hz. This sam-
pling rate directly influences the resolution of the FFT, thereby constraining the
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accuracy of the extracted frequency. Similarly, when simulating a waveform, the
choice of sampling rate introduces a corresponding measurement uncertainty. As
demonstrated in this study, the discrepancy between frequencies obtained through
the FFT, whether from simulated or experimental data and those derived analyti-
cally, is limited to a few hertz. Notably, despite this deviation from the theoretical
solution, the measurement error observed in simulations remains representative of
real-world behavior, as similar margins of error are consistently observed in exper-
imental contexts.

Computation time depends significantly on the implementation. However, for
this study, the computational time for both methods is approximately equivalent.
While the FDM is generally faster, the FEM tends to be more efficient when han-
dling a higher number of nodes. Additionally, FDM converges for larger time
intervals compared to FEM, indicating that FDM reaches a stable solution ”more
quickly” than FEM.

From a mathematical and implementation perspective, FDM is more straight-
forward but requires knowledge of the object’s shape, necessitating recalculations
for different geometries. In contrast, while FEM is conceptually more complex
to understand and implement, once the initial derivations are established, the ob-
ject type and boundary conditions are incorporated into the stiffness (K) and mass
(M) matrices. This allows for a more generalized approach, where a single FEM
algorithm can be adapted for different objects simply by modifying these matrices.

Furthermore, given the availability of open-source FEM software, it is evident
that in an industrial context, FEM would be more cost-effective and flexible. De-
veloping a single general FEM algorithm and adapting it by modifying the K and
M matrices would be more efficient for large-scale applications requiring frequent
modifications. Conversely, FDM remains the more practical choice for smaller and
more specialized applications due to its relative simplicity and ease of implemen-
tation. However, as experience with the bell, coding FDM can quickly become a
hassle because of the long equations.

7.2 Additional possible work

Further implementation and investigation are recommended. A formal com-
parison of the algorithmic complexity of FEM and FDM would provide clearer
insights into computational efficiency. Implementing FEM for the bell model us-
ing Python or an open-source FEM simulator would yield practical information
regarding implementation challenges [2]. Additionally, examining the frequencies
of guitar strings by incorporating the modulus of elasticity could demonstrate its
negligible impact on frequency results. Finally, exploring alternative numerical
methods such as the Boundary Element Method (BEM) would highlight the exis-
tence of methods beyond FEM and FDM.
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