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ABSTRACT
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Sorbonne University (ED130) - EDITE de Paris

DocTor oF PHirLosorHy

HARNESSING MULTIMODALITY: DIFFUSION BASED GENERATIVE MODELING
AND INFORMATION ESTIMATION

BY MusTtarHA BouNouAa

Machine learning has profoundly reshaped both business and daily life over the past decade,
primarily due to the availability of vast datasets that power foundation models such as large
language models. However, data is inherently multimodal, mirroring how humans perceive
the world through their five senses. This pervasive nature of multimodality has driven
breakthroughs in applications ranging from text-to-image synthesis and video generation
to vision-language models and has influenced fields such as automotive technology, neuro-
science, and biology. Nevertheless, multimodality poses several challenges, including the
heterogeneity of data types, complex inter-modal interactions, and issues of observability
that may lead to unpaired data, thereby constraining their effective utilization. In addressing
these challenges, this thesis first proposes a novel generative modeling approach designed
to approximate complex multimodal data distribution. By leveraging score-based diffusion
models, we propose a method capable of capturing the rich structures of multimodal data.
Once the multimodal data is accurately modeled, the focus shifts to interpreting the inter-
modal interactions. Accordingly, this thesis develops estimators for information-theoretic
measures, including mutual information in dual-modal settings, as well as total correla-
tion, dual total correlation, and O-information for arbitrary numbers of modalities. Finally,
recognizing that paired multimodal data is not always available, the thesis introduces an
original method for constructing paired couplings in dual-modal cases without pre-existing
paired samples. This method leverages diffusion models alongside reinforcement learning
to achieve minimum entropy coupling, thereby maximizing mutual information between
modalities. The proposed contributions achieved state-of-the-art performance on several
benchmarks and unlocked new capabilities in multimodal learning, with tangible impact in
automotive applications where enhanced sensor integration improved system robustness.
These findings underscore the practical importance of the proposed methods in real-world

contexts, paving the way for further advancements in multimodal machine learning.
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Notation

Pairwise Case

« Random Variables: We consider two random variables, X and Y, defined over the

data spaces X and ), respectively.

« Realizations: Their realizations are denoted as x and y.

Multiple Variables
+ Definition: When dealing with more than two variables, we define:

- X = [X!,...,X™], representing m random variables.
— Their realizations are denoted as [x',. .., x™].
- Each variable X' has a corresponding data space X fori =1,...,m.

« Modality-Specific Data Space: The data space associated with modality m (m =
1,..., M) is denoted by X™.

Probability Densities
+ pand g denote probability density functions.
« p(x) represents the probability density of x under p.
« Conditional and Joint Densities:

— We refer to the joint density as p(x', x?) and the conditional density as p(x! | x?).

— When necessary (in some parts of the thesis, such as Chapter 4 and Chapter 6),
we use superscripts on p to specify the type of density. For example, pX¥ denotes

the conditional probability density of X given Y =y.

poel



Diffusion Process
« X, represents the random variable at time ¢, with realization x;.
« pi(x;) denotes the probability density induced by the diffusion process at time ¢.
+ Learned Score Network:

— The learned score network associated with a probability density is denoted as s,

where 6 are the neural network parameters.

— When necessary, we use a superscript to indicate the associated density. For
example, the learned score network associated with the conditional probability

X|Y

density p™'Y is denoted as P (x,y,t). In some cases, we simplify this notation

to sXIY (x,y,1).
« Neural Network Parameters:

— 0 and ¢ represent parameters of the neural networks optimized during training.

— XXii —



Chapter 1

Introduction

1.1 What is a modality ?

A modality is the particular way in which something exists, is experienced, or is

done. - Oxford Advanced Learner’s Dictionary

Although the term “modality” is often used in everyday language, its implications in
computational systems are both deep and nuanced. The concept traces its origins from
human perception and our capacity to gather information through various senses such as
sight, hearing, smell and touch (Baltrusaitis, Ahuja, and Morency, 2018; Liang, Zadeh, and
Morency, 2022). In the machine learning domain, a modality is defined more rigorously
as a specific mechanism to encoding and conveying information (Guo, Wang, and Wang,
2019), with some scholars extending this definition in a task-specific manner (Parcalabescu,
Trost, and Frank, 2021). Throughout this thesis, we will consider as modality any channel
or source through which information is conveyed. This conceptualization is grounded in
the classical notion of a communication channel, as formulated by Shannon (1948) and
elaborated by Cover, Thomas, et al. (1991). Analogous to how a communication channel
transmits information from a sender to a receiver, each modality (e.g., text, image, audio)
operates as a distinct conduit with its own structure and content. Multimodality designates
the case where several modalities are considered together to address a specific task. Several
properties make multimodal learning a compelling area of study. As noted by (Liang, Zadeh,

and Morency, 2022), modalities in a multimodal context possess several key properties:

« Heterogeneity: Different modalities exhibit distinct structures and representations
such as pixel intensities in images versus the linguistic patterns of text—reflecting

their unique information characteristics.



« Redundancy: Modalities often contain overlapping or redundant information, which

can be harnessed for tasks such as cross-modal translation.

« Synergy: The joint processing of modalities can yield synergistic insights that are

inaccessible when considering any single modality in isolation.

1.2 Multimodal Machine Learning

Machine learning originated from the ambition of replicating human brain behavior, with
early artificial neural networks explicitly designed to emulate the functioning of biological
neurons (McCulloch and Pitts, 1943). Turing (1950) posed the foundational question of
whether machines can think, laying the groundwork for the development of algorithms

capable of simulating learning and problem-solving.

The advancement of computational resources, the development of increasingly sophis-
ticated neural network architectures, improvements in training methodologies, and the
growing availability of large-scale datasets have collectively driven significant progress in
the field of deep learning (LeCun, Bengio, and Hinton, 2015). Pioneering models such as
AlexNet (Krizhevsky, Sutskever, and Hinton, 2012) and, subsequently, ResNet (He et al.,
2016) have fundamentally transformed image classification tasks. Moreover, the introduction
of Transformer architectures (Vaswani et al., 2017) has led to substantial breakthroughs in
Natural Language Processing (NLP). Further advances include the emergence of diffusion
models for high-fidelity image generation (Ho, Jain, and Abbeel, 2020), the development of
large language models such as GPT (Brown et al., 2020) for conversational agents, and the

deployment of AlphaFold (Jumper et al., 2021) for accurate protein structure prediction.

However, in striving toward the ultimate goal of emulating the human brain’s reasoning
capabilities, a critical need emerges: the integration of multiple data modalities. The human
brain is inherently multimodal (Stein and Meredith, 1993), simultaneously processing visual,
auditory, tactile, and other sensory inputs to achieve complex reasoning. Humans naturally
synthesize information from diverse sensory channels in everyday activities, for instance,
using visual supports to facilitate language learning or relying on both perceptual and

acoustic signals when riding a bicycle or driving a car.

Inspired by these biological insights, Deep learning has evolved significantly over the
past few decades. The early algorithms were predominantly focused on a single modality
such as text or images. However, as researchers aimed to emulate the brain’s integrative
and holistic processing, novel architectures were developed to jointly process and align

information from diverse data sources. Modern deep learning models are explicitly designed
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to align and fuse features from different modalities. These advances have enabled a wide
range of applications, including text-to-image generation (Rombach et al., 2022), visual
question answering (Anderson et al., 2018), audio-visual scene understanding (Jaegle et al.,
2021), and multimodal robotics (Akkaya et al., 2019). More recently, the development of
conversational agents capable of processing and reasoning across diverse modalities has
been exemplified by the emergence of multimodal large language models (LLMs) such as
ChatGPT-4 (Achiam et al., 2023) and LLaMA-2 (Touvron et al., 2023).

Multimodal learning arguably represents the closest computational parallel to the brain’s
integrative processing of information. By leveraging the inherent redundancy across dif-
ferent modalities, these models assimilate information more efficiently. Furthermore, by
capturing the interactions and dependencies among modalities, multimodal systems can
extract synergistic signals that further enhance performance. With increasing data volumes,
more complex tasks, and growing computational power, multimodal learning is gaining
traction and holds great promise for developing better machine learning models. However,
even the most powerful multimodal applications may fall short of their potential if the
unique characteristics of each modality and their underlying interactions are not sufficiently
captured. A clear understanding of the data distribution within each modality and the nature

of their inter-modal interactions is essential to fully exploit multimodality.

.,
S
>
Brain regions Automotive: Multimodal Sensors

Figure 1.1: Multimodal systems

1.3 Modeling and Interpreting Multimodality

Modeling multimodal data presents significant challenges, primarily due to the inherent
heterogeneity and the presence of complex, latent patterns across modalities. Generative
modeling offers a powerful framework for capturing the underlying distributions of multi-
modal data and for synthesizing new, coherent samples that effectively integrate information

from multiple modalities.



Synergy

Redundancy

Figure 1.2: Venn diagram modeling how information is organized across several modalities.

The rationale behind employing generative modeling lies in its ability to learn and
represent the underlying structure of the data. Once this structure is captured, it becomes
possible to generate new samples that reflect the joint multimodal distribution. Moreover,
generative models enable the exploration of diverse generation pathways, such as translating
from images to speech or from speech to text. These cross-modal translations pave the way
for a range of compelling applications, including text-to-image synthesis, image captioning,
and video-to-audio generation. Crucially, the success of such translations depends on

accurately capturing the inter-modal interactions embedded within multimodal data.

By accurately modeling the joint distribution, generative models not only produce real-
istic samples but also reveal the interactions between modalities (see § 1.3). Understanding
and quantifying these interactions is of critical importance. Certain generative model-
ing techniques function as explicit density estimators, thereby enabling the estimation of
information-theoretic measures that provide deeper insights into multimodality. This capa-
bility is particularly valuable in the analysis of complex systems, where each modality may
correspond to the output of a distinct component. Quantifying these interactions contributes
to a deeper understanding of the overall structure of a system. For example, the human
brain (see § 1.2) can be conceptualized as a multimodal system, wherein distinct neural
regions function as specialized modalities. It is therefore crucial to understand how these
entities interact and coordinate to capture the underlying dynamics of complex cognitive
processes. Similarly, in the automotive domain, data from multiple vehicle sensors, provides
essential insights for system design and optimization. In this context, generative models
serve not only as tools for data synthesis but also as analytical instruments for probing the

underlying dynamics of complex multimodal systems.

Moreover, while effective multimodal modeling frequently assumes the availability of
paired and aligned data, many real-world applications are characterized by unpaired data
scenarios. For instance, in RNA sequencing, the destructive nature of the measurement
process inherently leads to unpaired observations (Kester and Oudenaarden, 2018). De-
veloping methods for constructing reliable pairings from unpaired data thus represents a

critical research challenge. A practical strategy involves seeking pairings that fulfill specific
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Figure 1.3: Ink gracefully diffuses throughout a glass of water. Source DALL-E 3

interaction criteria such as constructing a multimodal distribution that maximizes the shared

information between modalities.

1.4 Multimodality and Diffusion models

In physics, diffusion refers to the stochastic spread of particles from high concentration
regions to low concentration due to random motion. From a thermodynamic perspective,
this process is governed by entropy, a measure of disorder in a system. As diffusion occurs,
the system evolves towards a state of maximal entropy, as seen in phenomena such as heat
dissipation or the spreading of ink in water (Callen, 1991) (see Figure 1.3). This natural
tendency of isolated systems to transition toward greater disorder is formalized by the second
law of thermodynamics, which states that the total entropy of an isolated system can never

decrease over time (Crooks, 1999).

Diffusion models are a powerful class of generative models inspired by thermodynamic
diffusion processes. These models define a forward process in which structured data is
progressively corrupted through the sequential addition of noise. This process incrementally
increases the entropy of the data until all original information is effectively lost, mirroring
how physical systems naturally evolve toward thermodynamic equilibrium. A key distin-
guishing feature of diffusion models is their ability to model the reverse process, allowing
reconstruction of data from noise (Sohl-Dickstein et al., 2015; Ho, Jain, and Abbeel, 2020;
Song et al., 2021). Although the second law of thermodynamics stipulates that entropy in
an isolated system cannot decrease, the reverse process in diffusion models does not occur
in isolation; thus, the second law does not directly apply. Instead, the reverse process is
guided by external information, encapsulated in a learned score function that represents the
gradient of the log density of the data (score function) (see Figure 1.4). Diffusion models offer
several advantages over alternative generative models. The gradual reverse process helps

capture a wide range of variations and ensures broad mode coverage, effectively exploring
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Figure 1.4: Diffusion models smoothly perturb data by adding noise, then reverse this process to generate
new data from noise using the score function. Source: ((Yang et al., 2023), Figure 2).

the entire distribution. In addition, diffusion models are explicit density estimators. These
models are trained using a variational bound, which provides greater stability by optimizing
a well-defined probability distribution. Due to their continuous and probabilistic nature,
diffusion models are particularly well suited for handling multimodal distributions. They
have demonstrated efficiency across various data modalities and have also been successfully
applied in conditional settings, highlighting their ability to capture intra-modal relation-
ships. In multimodal settings, diffusion models are a strong candidate for modeling complex

multimodal distributions.

1.5 Outline and Contributions of the Thesis

In this thesis, we tackle various challenges associated with multimodality and explore strate-
gies for leveraging it in a principled and effective manner. First, we propose a multimodal
generative model specifically designed to handle multimodal data and address the inherent
challenges in such settings. We demonstrate that diffusion models are particularly well
suited for modeling these complex scenarios. Next, we show that, beyond their application
in generative modeling, diffusion-based multimodal generative models can also be used to
quantify the interactions between modalities. Initially, we focus on pairwise interactions,
estimating mutual information, and then extend this approach to larger-scale multimodal
systems, where we quantify multivariate information. This extension enables a deeper
analysis of complex multimodal systems. Finally, we question the assumption that paired
modalities are always available, as observability issues may lead to unpaired data. To address
this, we introduce a method for constructing multimodal joint distributions starting from
unpaired modalities, based on the principle of information maximization. The thesis is

organized as follows:

« Chapter 2 describes the fundamental concepts to provide a background for the rest of

the thesis. It presents a brief introduction to generative modeling methods in machine
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learning, with a focus on Diffusion models.

« Chapter 3 presents the first contribution of the thesis, where we address the challenge
of multimodal generative modeling, a domain traditionally dominated by multimodal
VAEs. We begin by analyzing this family of models and examining their limitations,
which often lead to suboptimal performance and trade-offs. Motivated by these limita-
tions and inspired by the success of diffusion models, we propose a new method, MLD,
a novel approach that utilizes a set of independently trained, unimodal deterministic
autoencoders. The latent variables from each autoencoder are concatenated into a
common latent space, which is then fed into a masked diffusion model for generative
modeling. Additionally, we propose a new multi-time training method to learn the
conditional score network for multimodal diffusion. Our approach is designed to
overcome the limitations of prior work, achieving state-of-the-art performance in
extensive experimental comparisons. We then demonstrate how MLD can be applied
in the automotive domain, presenting a paradigm to enhance sensor robustness in
automotive systems. As a use case, we apply MLD to improve automotive night vision
by integrating information from automotive sensors, such as LiDar and RaDar, to

enhance the camera modality.

« Chapter 4 introduces a new method for estimating MI between random variables. We
show that the KL divergence can be expressed as the difference of score functions,
utilizing the Fokker—Planck equation. This proof leads to the same expression as
in our original paper (Franzese, Bounoua, and Michiardi, 2024), where Girsanov
Theorem (Dksendal, 2003) was applied within a different mathematical framework.
The KL estimator is then used to construct an entropy estimator as a byproduct. We
propose a general framework for measuring MI, offering two approaches: one using
conditional diffusion processes and the other employing joint diffusion processes to
simultaneously model two random variables. Our experimental results show that our
method outperforms existing alternatives, especially for challenging distributions.
Furthermore, our method passes MI self-consistency tests, such as data processing and
additivity under independence, which are problematic for current methods. Finally,
we demonstrate how pre-trained text-to-image models can be used to compute MI
between input modalities, aiding the analysis of the generative properties of these

models.

« In Chapter 5, we focus on studying multimodal systems described by multivariate
information. Since such systems may involve more than two random variables, mu-
tual information alone is a limited tool. A key concept here is information synergy

and redundancy, which are crucial for understanding higher-order dependencies be-
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tween variables. One of the most prominent and versatile measures for capturing
multivariate interactions is O-information, which quantifies the synergy-redundancy
balance in these systems. In this chapter, we introduce SC2I, a method for computing
O-information without restrictive assumptions about the number of modalities, lever-
aging a unified model. Our experiments validate this approach on synthetic data and

demonstrate its effectiveness in a real-world use case.

« Chapter 6 investigates the case where multimodal data are unpaired, presenting
a significant challenge in learning a joint distribution. A prominent approach to
address the modality coupling problem is MEC, which aims to minimize the joint
entropy while satisfying constraints on the marginals. While MEC has mainly been
studied for discrete distributions, we extend it to continuous distributions and present
a relaxed version. We then introduce a novel method, DDMEC, to solve the MEC
problem using diffusion models that approximate and minimize the joint entropy. Our
approach employs a cooperative scheme within a reinforcement learning framework,
while ensuring that the relaxed marginal constraints are satisfied. We empirically
demonstrate that DDMEC is a general method, easily applied to challenging tasks
such as unsupervised single-cell multi-omics data alignment and unpaired image

translation, outperforming alternatives.

Chapter 7 summarizes the contributions presented in this thesis, discusses their impact,

and concludes with an outlook on potential future research directions.

Publications The works in this thesis were done in collaboration with colleagues, and have

been mainly peer-reviewed by program committees in top-tier conferences and journals.

« Chapter 3 is based on the following publications:

— Mustapha Bounoua, Giulio Franzese, and Pietro Michiardi (2023). “Masked Multi-
time Diffusion for Multi-modal Generative Modeling”. In: Neural Information
Processing Systems (NeurIPS) 2023 Workshop on Diffusion Models. New Orleans,
US

— Mustapha Bounoua, Giulio Franzese, and Pietro Michiardi (2024a). “Multi-modal
latent diffusion”. In: Entropy 26.4, p. 320

— Mustapha Bounoua et al. (2024). “Enhancing Sensor Robustness in Automotive

Systems: A Multimodal Generative Approach”. In: SIA-Vision 2024. Paris, France

« Chapter 4 is based on the following publications while revisiting the mathematical

framework and providing an alternative proof:
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— Giulio Franzese, Mustapha Bounoua, and Pietro Michiardi (2024). “MINDE:
Mutual Information Neural Diffusion Estimation”. In: ICLR 2024, The Twelfth

International Conference on Learning Representations. Vienna, Austria

« Chapter 5 is based on the following publications:

— Mustapha Bounoua, Giulio Franzese, and Pietro Michiardi (2024b). “SQI: Score-
based O-INFORMATION Estimation”. In: ICML 2024, 41st International Conference

on Machine Learning. IEEE. Vienna, Austria

« Chapter 6 is based on the following publications:

— Mustapha Bounoua, Giulio Franzese, and Pietro Michiardi (2025). “Learning to
Match Unpaired Data with Minimum Entropy Coupling”. In: ICML 2025, 42nd

International Conference on Machine Learning. Vancouver, Canada






Chapter 2

Background

In this chapter, we establish the foundational groundwork for the thesis by providing succinct
introductions to the key concepts of generative modeling and multimodality, which form

the basis for the discussions presented in the subsequent chapters.

2.1 Generative Modeling

2.1.1 What is a generative model ?

To define generative modeling, we build upon well-established definitions provided in semi-
nal works such as (Goodfellow, Bengio, and Courville, 2016) (Deep Learning), (Murphy, 2012)
(Machine Learning: A Probabilistic Perspective), and (Bishop, 2006) (Pattern Recognition
and Machine Learning). These sources agree on a central feature of generative models which
is : The ability to capture the underlying probability distribution of the data which enables

the generation of new, plausible samples.

Definition 1. The objective of generative modeling is to infer the underlying data distribution
Pdata(X) from a given dataset. To accomplish this, we construct a parametric model py(x), with
parameters 0, such that

pg(X) ~ pdata(x)- (2-1)

This model not only enables the evaluation of the probability associated with any data point,
but also facilitates the generation of new samples by drawing from py(x).

Given a distance metric D(p, q) that quantifies the discrepancy between py(x) and

Pdata(X), the optimal parameter 8* can be obtained by minimizing the following optimization
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problem:
0" = arg mein D (pdata(x)a Do (X)) (2'2)

Popular instances of such divergence measures include the family of f-divergences
(Csiszar, 1967), among which the Kullback-Leibler divergence (KL) divergence is widely
used. The KL between two probability distributions py.(x) and ¢(x) is defined as:

)

pdata(x>

q(x)

(2.3)

KL (paata || ) = / Pdata(X) log dx = Exppa(x) {108;

Using KL divergence in the optimization problem Eq. (2.2), we obtain:

Ddata (X)
pe(x)

arg rnein o piea () {log ] = arg rnein Epia(x) 108 Daata(x) — logpo(x)]  (2.4)

= argmin By, () [— log pa(x)] + const. (2.5)

The term Exp,...(x) 108 Ddata (%) is considered constant with respect to the model parameters
0. This recovers the Maximum Likelihood Estimation (MLE) training widely adopted in

machine learning.

2.1.2 Families of generative models

A fundamental requirement for any valid probability distribution py(x) is that it satisfies

two properties for all values of 6:

1. Non-negativity: py(x) > 0 for all x.

2. Normalization: [ py(x)dx = 1.

Ensuring the non-negativity is relatively easy to satisfy. The normalization constraint is
more challenging and is often computationally intractable, especially for complex models
over high-dimensional data such as images, audio, or text. This difficulty in normalization
has driven the development of several distinct families of generative models, each addressing
the issue in different ways. Generative models can be broadly categorized into two classes
(Wu, Gao, and Zha, 2021):

« Implicit Density Models: These models do not yield an explicit likelihood function;
instead, they model only the generative process. For instance, in Generative Adver-
sarial Networks (GANs) (Goodfellow et al., 2014), the generator is trained to produce

samples evaluated using a discriminator to ensure faithfulness to data.
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« Explicit Density Models: These models provide an explicit likelihood function
that can be evaluated and optimized—typically via maximum likelihood estimation.
It is possible to enforce normalization exactly by designing model architectures in
special ways or by approximation. Examples include Energy based Models (EBMs)
(Ackley, Hinton, and Sejnowski, 1985), autoregressive models (Bengio and Bengio,
1999), Variational Autoencoders (VAEs) (Kingma and Welling, 2013), Normalizing
Flows (NFs) (Rezende and Mohamed, 2015) and Score based Diffusion Models (DMs)
(Song et al., 2021; Ho, Jain, and Abbeel, 2020).

In the next section of this chapter, we provide a short overview on these methods while
putting the focus on DMs and VAEs.

2.1.3 Multimodal generative models

Definition 2. A multimodal generative model extends the concept of generative modeling to
the case where the data come from multiple modalities, denoted as X', X2, ..., XM Such a
model defines a joint probability distribution over these modalities:

po(x!, X% xM) & puaa(x, X3, xM). (2.6)

In the case of latent-variable models, this joint distribution is often factorized via a

shared latent variable z, which captures the common structure among modalities:

M

p(xt, .. xM) = /p(z) Hp(xi | z) dz. (2.7)

=1

Alternatively, one may model the joint distribution directly without introducing an

explicit latent variable.

Sampling from multimodal generative models is inherently more flexible than in the
unimodal setting due to the multiple ways in which the joint distribution can be factorized

into marginals and conditionals. Specifically, for any partitioning of the modalities into two

disjoint subsets Ay, Ay C {1,..., M} such that A; U Ay = {1,..., M} and A; N Ay = 0),
the joint distribution can be expressed as:

P!, xM) = p(x™) plx | xM), (28)

where p(x“1) represents the marginal distribution over a subset of modalities A;, and
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p(x42 | x1) models the conditional dependence between the remaining modalities.

When focusing on latent-variable-based generative models, (Shi et al., 2019) introduces

the following desirable properties of multimodal generative models:

+ Coherent Joint Generation: The model should be able to generate all modalities

simultaneously x!,...,xM ~ py(x!,...,xM), while ensuring that the generated
modalities are semantically consistent and faithful to the training distribution, where
they are naturally paired. In line with the properties of multimodal data, this ensures

that the redundant information between the modalities is preserved.

« Coherent Cross-Generation: Cross-modal generation can be viewed as sampling
from the conditional distribution x? ~ p(x42? | x4t = %41), where access is granted
to an observed set of modalities X! ~ paaa(x1). This approach ensures that the

inherent connectivity between modalities is preserved.

« Synergy: the generative capabilities are enhanced when additional modalities are
observed, leveraging additional complementary information due to the interaction

between modalities.

+ Latent Factorization: the model should implicitly leverage the disentanglement of
information into shared features common to all modalities from private features that

are specific to individual modalities.

2.2 Taxonomy of generative models

In this section, we present a structured overview of generative models, which are a class
of machine learning models designed to generate new data samples that resemble a given

dataset.

2.2.1 Generative Adversarial Networks

GANs (Goodfellow et al., 2014) are a class of implicit generative models that learn to generate
samples from a target data distribution py,.(x) by optimizing an adversarial game between
two neural networks: a generator and a discriminator.

« The generator Gy is a deterministic function that maps a latent variable z ~ p(z),
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typically drawn from a simple prior (e.g., standard normal), to the data space:

x = Gy(z) (2.9)

« The discriminator D, is trained to distinguish between real data samples X ~ Pata(X)

and generated samples Gy(z) ~ py(x).

The original GAN framework formulates a minimax objective:

main max Expx) [108 Dy (%)] + Egnp(z) [log(1 — Dd)(Gg(Z)))]/ (2.10)

(1) (2)

Here: (1) encourages the discriminator to assign high probability to real data, and (2)

penalizes the discriminator when it fails to identify generated samples as fake.

GANSs are trained by alternately updating the discriminator ¢ to improve its classification
accuracy and the generator 6 to fool the discriminator by generating more realistic samples.
At convergence, the generator ideally produces data indistinguishable from real samples.
Despite their empirical success especially in image domains, GANs suffer from training
instabilities and issues like mode collapse. Several variants like WGANs (Arjovsky, Chintala,
and Bottou, 2017), LSGANs(Mao et al., 2017), and StyleGAN (Karras, Laine, and Aila, 2019)

have been proposed to improve training dynamics and sample diversity.

2.2.2 Energy based Models

Since exact normalization is generally intractable, we rely on approximation methods.
Energy-based models (EBMs) are one family of generative models that perform approximate
normalization using techniques such as Monte Carlo sampling. EBMs define a probability

density over the data using an energy function. The model is expressed as:

exp ( - Ee(x>)
Zy ’

po(x) = (2.11)

where Ejy(x) is the energy function, which assigns lower energy to more plausible data, and

Zy is the partition function that ensures proper normalization:

Zy = /exp < - E@(X))dx. (2.12)
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The model is trained by maximizing the expected log-likelihood of the data:
0" = argmax Exp.(x) [logpg(x)] = argmax Ex p,.(x) [ — E@(X)] —log Zy. (2.13)
0 0

Because log 7y is intractable to compute exactly, its gradient are typically approximated
using methods like MCMC or contrastive divergence. For data generation, samples from
pe(x) are drawn using Markov chain Monte Carlo (MCMC) techniques. This approach
leverages the differences in energy between samples, thereby bypassing the need to compute

the partition function 7, directly when generating new data.

2.2.3 Auto-regressive models

Autoregressive models are based on the chain rule of probability, which states that any high-
dimensional probability distribution can be factorized into a product of one-dimensional
conditional distributions. Exploiting this idea, autoregressive models define the data distri-

bution as:
d

po(x) = [ po(x: | %), (2.14)

i=1
where d is the dimensionality of x, x; denotes the i-th element of x, and x_; represents the

set {le X9, ... ,Xifl}.

Each conditional distribution py (Xi | X<i) is chosen to be a normalized parametric dis-
tribution, often implemented using a deep neural network. This autoregressive factorization

guarantees that py(x) is exactly normalized:

d
/pg(x) dx = /Hpg(xi | x<i) dx = 1. (2.15)

i=1
These models are typically trained using maximum likelihood estimation (MLE):

0" = argmax Exp,.. x) [logpg(x)] . (2.16)
0

For data generation, autoregressive models employ ancestral sampling. Starting with
x; drawn from py(x;), each subsequent element x; is sampled from py (Xi | x1,... ,Xi_l),

ensuring that the entire sample x = (X1, Xo, . . ., X4) is generated sequentially.

Note that this factorization requires a predetermined ordering of the data dimensions.
While this is natural for sequential data (e.g., text), it can be less straightforward in other

domains.
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2.2.4 Normalizing Flows

NFs are generative models that enable exact likelihood computation through invertible
transformations. Let z € R? be a continuous latent variable following a tractable prior
distribution 7(z), which allows for efficient density evaluation and fast sampling (Gaussian
distribution). NFs parameterize a smooth, invertible function fj : R? — R . Then, the

observed data x is obtained by transforming the latent variable:

x = fp(z) (2.17)

The transformation induces a new distribution py(x), derived from the prior 7(z) via

the change of variables formula:

pulx) = e ') et () @19

—1
of,
ox

When the determinant of the Jacobian ‘det (

exact evaluation of the data likelihood.

) ‘ is tractable, normalizing flows allow

The objective is to maximize the log-likelihood of the observed data:

—1
det <8;i( ) ‘ (2.19)

To generate new samples data x ~ py(x), one first sample from the prior distribution

log pg(x) = log (£, (x)) + log

samples z ~ 7(z) then use the parameterized function x = f5(z).

However, parameterizing an invertible function with a tractable Jacobian determinant is
non-trivial in deep neural networks. Therefore, normalizing flows rely on specific archi-
tectures such as coupling layers and autoregressive flows to ensure both invertibility and
efficient computation. Notable flow-based models include NICE (Dinh, Krueger, and Bengio,
2014), RealNVP (Dinh, Sohl-Dickstein, and Bengio, 2016), Glow (Kingma and Dhariwal,
2018), and Masked Autoregressive Flows (Papamakarios, Pavlakou, and Murray, 2017).

2.2.5 Variational Autoencoders

VAEs are probabilistic generative models that introduce a latent variable z to facilitate the

representation of the modeling of pg,. (x). It consists of several components:
« A prior p(z), which allows fast and efficient sampling.
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« The encoder ¢,(z | x), which maps input data x to a latent space z.

« The decoder py(x | z), which reconstructs data from the latent representation.

Then the learned generative model can be modeled as:
pol) = [ pl@) mlx| 2) da (2:20)

The VAE framework is grounded in variational inference, aiming to approximate the
true posterior distribution p(z|x) with a simpler, parameterized distribution g4(z|x). The
objective is to maximize the Evidence Lower Bound (ELBO), which can be obtained using

the Jensen inequality and is used to train a VAE:

log po(x) 2 Eq, ajx) [log po(x|2)] — KL (g5(2[x) || p(2)) (2.21)

0 @

Here: (1) is the reconstruction term, ensuring the decoder reconstructs x accurately from
z, and (2) is the regularization term, penalizing the divergence between the approximate

posterior and the prior distribution p(z).

The reparameterization trick is employed to enable backpropagation through the stochas-

tic sampling process:
z = py(x) +04(x) -6, €~ N(0,I) (2.22)

This formulation allows for efficient training of VAEs using stochastic gradient descent.
For a comprehensive discussion on VAEs, refer to (Kingma and Welling, 2013). To generate
new samples data x ~ py(x), one first samples from the prior distribution z ~ p(z) then

use the decoder to generate samples x ~ py(x|z = Z).

2.2.6 Score based Diffusion Models

Score-based diffusion models (Sohl-Dickstein et al., 2015; Ho, Jain, and Abbeel, 2020; Song
et al., 2021) represent a family of explicit generative models that model data generation as a
gradual denoising process. The core idea is to define a forward process that progressively
perturbs data until it reaches a simple prior (e.g., a standard Gaussian), and a reverse
process that recovers the original data from the noise. We first present the continuous-time
formulation, which provides a unifying framework, then show how discrete-time models

such as Denoising Diffusion Probabilistic Models (DDPM) and Denoising Diffusion Implicit
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Models (DDIM) arise as special cases.

Continuous-Time Formulation

Let Xg ~ Pgata(X) denote a realization of the random variable X, from the data distribution.
The forward process is defined by an It6 Stochastic Differential Equation (SDE) (Song et al.,
2021):

dX; = f(X¢,t)dt + g(t)dW,, te€[0,T] (2.23)

where f(X;, 1) is the drift coefficient, ¢() is the diffusion coefficient, and W, is a standard
Wiener process (Song et al., 2021). This SDE progressively transforms the data distribution
P0(X) = Pyata(X) into a known prior distribution pr(x) (typically a Gaussian N (0,1)) by

time T'.

The evolution of the probability density p;(x) over time is governed by the Fokker-Planck
equation (Risken, 1996):

Op(x)

o =~ Vo L (xtp(x)]+ L2 Api), (2.24)

2

where V denotes the gradient and Ay denotes the Laplacian.

The forward process defines transition kernels po;(x;|xo) that describe the conditional
distribution of the realization x; of the random variable X; given the initial sample x,. For
many diffusion processes of interest, these transition kernels have closed-form Gaussian
expressions:

pot(X¢[%0) = N<Xt; e(Xo), Xt), (2.25)

where 11;(x0) and X; depend on the specific forms of f(x;,t) and g(t).

The Reverse Process and Score-Based Modeling

To generate data from py(x), we simulate a reverse-time SDE, which has the following
form (Anderson, 1982):

dX; = [f(Xi,t) = g(t)* Vi, log pe(xi)] At + g(t) AWy, ¢ € [T,0],  (2.26)

where V,, log p;(x;) is the score function evaluated at a realization x,, and dW, is a

Wiener process running backwards in time.

In practice, the true score function is unknown and must be approximated with a neural
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network sy(x¢,t), trained via score matching (Song et al., 2021):

1

T
‘CSM(9> = 5/ EXtNPt(Xt) [)‘(t) ||vxt logpt(xt) - SG(Xta t)HQ} dtv (2'27)
0

where (%) is a positive weighting function.

However, since V log p:(x;) is intractable, denoising score matching can be used. It can
be shown that Eq. (2.27) is equivalent, up to a constant, to the denoising score matching

objective (Song et al., 2021):

1 T
Lo =3 [ B s [0 ¥ o) — sl . (229

2 x¢~pot (X¢]|x0)

This approach is particularly effective because it allows training without requiring

explicit density evaluation, leveraging only the score function.

Indeed, the generated data distribution py(x) is close (in the KL sense) to the true density,
as described by (Song et al., 2021; Franzese et al., 2023):

KL (po(x) || po(x)) < /0 Exyropexe) [9°(8) [V, Jog pr(xe) — s9(x¢, 8)[|7] dt + KL (pr(x) || p(x)),
(2.29)

where the first term corresponds to the score matching objective Eq. (2.27) with A(t) = ¢*(¢).
We now introduce two specializations of SDEs used in score-based generative modeling.

Variance preserving SDE (VPSDE) (Song et al., 2021):

dX; = —%5(15))(75 dt + +/5(t) AW, (2.30)

where [3(t) is a noise schedule that typically increases from 0 to a large value. For this SDE,

the transition kernel is:
Pot(xe|x0) =N <Xt; xoe~ 3 Jo ) ds | (1 — el B(S)ds>> '

The VPSDE maintains an approximately constant signal-to-noise ratio throughout the

diffusion process.

Variance exploding SDE (VESDE) (Song et al., 2021):
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where o(t) is an increasing function of time. The transition kernel for this SDE is:
pot(x¢%0) = N (x5 X0, 2 (1)I).

The VESDE allows the variance to grow unbounded, which is beneficial for modeling data

with a high dynamic range.

Both SDEs can be reversed using the same reverse-time formulation and trained via
the same score-matching loss. The primary differences lie in the choice of the marginal
distribution p;(x;), the noise scaling behavior, and their sampling characteristics. Recent
studies have investigated optimal noise schedule designs (Nichol and Dhariwal, 2021; Kingma
et al., 2021), showing that well-tuned schedules can significantly enhance both training

stability and sample quality.

Sampling Techniques

The reverse SDE can be simulated using numerical solvers such as the Euler-Maruyama
method (Song et al., 2021):

Xi—ar = X¢ — [f(xe, ) — g7 (t)so(xe, )| AL + g(t)VAte, €~ N(0,T). (2.32)

Alternatively, generation can be performed using the corresponding probability flow
Ordinary Differential Equation (ODE):

dX 1

= [(Xit) = Sg*()so(xe, 1), (2.33)
dt 2

which enables deterministic sampling without injecting noise during the generation process.

Predictor-Corrector Sampling (Song et al., 2021) alternates between two steps: a
deterministic predictor step (via ODE solver) and a stochastic corrector step (via Langevin
dynamics). This hybrid approach often achieves better sample quality than pure ODE or

SDE-based sampling, at the cost of additional computation.

The Langevin dynamics step performs MCMC sampling to better approximate the true
distribution p;(x;), helping to compensate for errors introduced by the learned score function.
Recent works have proposed enhanced sampling techniques, such as momentum-based
samplers (Dockhorn, Vahdat, and Kreis, 2022), dynamic programming methods (Watson
et al., 2021), and adaptive computational schemes (Tang et al., 2024).
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Discrete-Time Formulations

While the continuous-time framework provides a unifying theoretical foundation, most
practical implementations use discrete-time formulations. Here we show how popular

discrete-time models connect to the continuous framework.

DDPM

DDPM (Ho, Jain, and Abbeel, 2020; Sohl-Dickstein et al., 2015) can be interpreted as a specific
discretization of the VPSDE (Song et al., 2021). The forward process is a fixed-length Markov
chain with 7T steps:

C](Xt|Xt—1) = N(Xt; V1= 6%, B1), (2.34)

where {3;}L_, is a pre-defined variance schedule. The marginal distribution at time ¢ given

X is:
t

q(xt|x0) = N (x5 vVar xo, (1 — a)I), where a; = H(l = Bs). (2.35)
s=1
The reverse process is modeled using a neural network that predicts the added noise

¢ (Ho, Jain, and Abbeel, 2020). The forward sampling process can be written as:

X = Va;xg+ V1 —are, e~ N(0,I). (2.36)

During training, the model learns to predict the noise € that was added to the data during
the forward process. Given a clean sample xy, a noise level ¢, and sampled noise ¢ ~ N (0, I),
we construct a noisy sample x; = 1/&; Xo + /1 — &; €. The neural network €(x;, t) is then

trained to recover the original noise via the following loss:

Lopem(0) = Exg e [[le — €o(xs,8)]%] - (2.37)

This objective is known as the noise-prediction loss and corresponds to a simplified form
of the variational lower bound (VLB) (Ho, Jain, and Abbeel, 2020). At inference time, the
learned model is used to estimate the reverse transition ¢(x;_1|x;), allowing the denoising
process to be run backward from pure noise to a data sample. The reverse distribution is

defined as:
q(x¢—1|xt, %0) = N (x¢—1; fir (Xt, X0), BtI>7 (2.38)

where the mean fi,(x;, Xo) is derived analytically from the forward process, and /3, controls
the variance. Following (Nichol and Dhariwal, 2021), Bt can either be parameterized and

learned, or set heuristically as in the original formulation by (Ho, Jain, and Abbeel, 2020).
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DDIM

DDIM (Song, Meng, and Ermon, 2020) generalizes DDPM by introducing non-Markovian,
deterministic sampling that preserves the same marginal distributions ¢(x;|xo) as DDPM. It
can be interpreted as solving a discretized version of the probability flow ODE associated

with the continuous-time SDE.

Given a noise schedule {;}._,, the DDIM update rule is:

. = (Xt — V1 —ageg(xy,t)
t—1 = /Q—1
Vv

> + /1 — a1 €a(x4, t). (2.39)

DDIM also introduces a family of inference distributions g, parameterized by oy, all of

which preserve the marginal ¢(x;|xo):

X
Qo (X4—1|%¢,X0) = (Xt 1V/@—1Xo + V1 — a1 — o? - \/_L 0, tZI) (2.40)

Setting 0; = 0 results in a deterministic sampling procedure, while setting 02 = B,
recovers the original DDPM formulation. This flexibility enables a trade-off between sample
quality and inference speed, with deterministic DDIM sampling offering significantly faster

generation while maintaining high sample fidelity.

Conditional Diffusion Models

Diffusion models can be conditioned on additional variable Y to control the generation
process. Conditional diffusion models have been successful in text-to-image generation
(Rombach et al., 2022), image-to-image translation (Saharia et al., 2022), and many other

conditional generation tasks.

Classifier Guidance (Dhariwal and Nichol, 2021): An external classifier p,(y|x;) can

guide the diffusion process. Using Bayes’ rule, we can derive:
Vi, log pi(xi[y) = Vi, log pi(x1) + Vi, log po (v 1) (2.41)
This modifies the reverse SDE to:
dx; = [f(Xi, 1) = g(t)* [V, log pi(x:) — wVx, log py(y|x)]] dt + g(t) AW, (2.42)

where w controls the guidance strength. Higher values of w produce samples that are more

strongly aligned with the conditioning class or attribute, often at the cost of diversity.
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The classifier p,(y|x;) must be trained to classify noisy samples at different diffusion
timesteps. Though effective, classifier guidance has several limitations: it requires training a
separate classifier, can amplify model biases, and may struggle with complex conditioning

information like text.

Classifier-Free Guidance (CFG) (Ho and Salimans, 2022): Instead of training a sep-
arate classifier, two score functions are trained jointly: an unconditional model sq(x;, t)
and a conditional model sy (x;, ¢, y). During training, the conditioning information is ran-
domly dropped with some probability to enable the model to handle both conditional and

unconditional generation. During sampling, a weighted combination is used:

50(Xi, 1, y) = so(Xi, 1) + - (s0(Xt, 1, y) — 50(X4, 1)) (2.43)

where + is the guidance scale. Intuitively, the term sy(xy,t,y) — sg(xy, t) represents the
"direction" in which the noisy data should be modified to better align with the conditioning.

Multiplying by v > 1 amplifies this direction, leading to stronger conditioning fidelity.

CFG has become the standard for text-to-image diffusion models like Stable Diffusion
(Rombach et al., 2022) and DALL-E (Ramesh et al., 2022), as it tends to produce higher-
quality and more accurately conditioned samples than both standard conditional diffusion

and classifier guidance approaches.

Latent Diffusion Models

Latent Diffusion Models (Rombach et al., 2022) operate in a compressed latent space rather
than in input space, significantly reducing computational requirements while preserving
generation quality. First, an autoencoder is trained to compress data into a latent space.
Then, a diffusion model is trained in the latent space. The diffusion process in latent space
follows the same mathematical formulation as in input space, but operates on the compressed
representations. Samples are generated by first sampling from the latent diffusion model and
then decoding. Operating in a lower-dimensional space reduces memory requirements and
speeds up both training and sampling. The autoencoder can learn to discard perceptually
irrelevant information, allowing the diffusion model to focus on modeling important struc-
tures. This approach has enabled high-resolution generation with reasonable computational

requirements, democratizing access to powerful generative Al
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Multi-modal Generative Modeling

Effective harnessing of multimodal data begins with the development of accurate and
expressive generative models capable of capturing the intricate relationships across diverse
modalities. Multimodal datasets are increasingly prevalent across a wide range of domains
and offer significant potential for developing high-performing and efficient generative
models. A dominant approach in this area involves VAEs, which aim to learn unified latent
representations that capture the joint structure of heterogeneous data modalities. However,
existing approaches suffer from a coherence—quality tradeoff in which models with good
generation quality lack generative coherence across modalities and vice versa. In this chapter,
we discuss the limitations underlying the unsatisfactory performance of existing methods
in order to motivate the need for a different approach. We propose a novel method that
uses a set of independently trained and unimodal deterministic autoencoders. Individual
latent variables are concatenated into a common latent space, which is then fed to a masked
diffusion model to enable generative modeling. We introduce a new multi-time training
method to learn the conditional score network for multimodal diffusion. Our methodology
substantially outperforms competitors in both generation quality and coherence, as shown

through an extensive experimental campaign.

3.1 Introduction

Multi-modal generative modeling is a crucial area of research in machine learning that aims to
develop models capable of generating data according to multiple modalities, such as images,
text, audio, and more. This is important because real-world observations are often captured
in various forms; thus, combining multiple modalities describing the same information

can be an invaluable asset. For instance, images and text can provide complementary
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information in describing an object, while audio and video can capture different aspects of a
scene. Multimodal generative models can help in tasks such as data augmentation (He et al.,
2023; Azizi et al., 2023; Sariyildiz et al., 2023), missing modality imputation (Antelmi et al.,
2019; Da Silva-Filarder et al., 2021; Zhang et al., 2023; Tran et al., 2017), and conditional
generation (Huang et al.,, 2022; Lee, Ha, and Kim, 2019).

Multimodal models have flourished over the past years and seen tremendous interest
from academia and industry, especially in the content creation sector. Whereas most recent
approaches focus on specialization, by considering text as a primary input to be associated
mainly with images (Rombach et al., 2022; Saharia et al., 2022; Ramesh et al., 2022; Tao et al.,
2022; Wu et al., 2022; Nichol et al., 2022; Chang et al., 2023) and videos (Blattmann et al.,
2023; Hong et al., 2023; Singer et al., 2022), in this work we target an established literature

with more general scope and in which all modalities are considered equally important.

Multi modal generative models aim at high-quality data generation, as well as at gen-
erative coherence across all modalities. These objectives apply to both joint generation
of new data and to conditional generation of missing modalities given a disjoint set of
available modalities. The predominant literature in this field is based on extensions of the
VAE (Kingma and Welling, 2013) to the multimodal domain; initially interested in learn-
ing joint latent representation of multimodal data, such works have mostly focused on

generative modeling.

In § 3.3, we investigate the limitations of multimodal VAEs and prepare the ground to
substantiate a new approach which overcomes the shortcomings in the state of the art. We
further investigate the tradeoff (Daunhawer et al., 2022) between generative coherence and
quality, and argue that it is intrinsic to all variants of multimodal VAEs. We indicate two
root causes of the problem: latent variable collapse (Alemi et al., 2018; Dieng et al., 2019)
and information loss due to mixture subsampling. To tackle these issues, in § 3.4 of this
work we propose a new approach that uses a set of independent and unimodal deterministic
autoencoders with the latent variables simply concatenated in a joint latent variable. Joint
and conditional generative capabilities are provided by an additional model that learns
a probability density associated with the joint latent variable. We propose an extension
of score-based diffusion models (Song et al., 2021) to operate on the multimodal latent
space. Thus, we derive both forward and backward dynamics that are compatible with the
multimodal nature of the latent data. In § 3.4.2, we propose a novel multi-time diffusion
process that can both be used for joint and conditional generation. We label our approach
Multi-modal Latent Diffusion (MLD).

Our experimental evaluation of MLD in § 3.5 provides compelling evidence of the
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superiority of our approach for multimodal generative modeling. We compare MLD to a
large variety of VAE-based alternatives on several real-life multimodal datasets in terms
of generative quality and both joint and conditional coherence. Our model outperforms
alternatives in all possible scenarios, even those that are notoriously difficult because the
modalities might be only loosely correlated. We note that recent works have explored the
joint generation of multiple modalities (Ruan et al., 2023; Hu et al., 2023); however, such
approaches are application-specific, e.g., text-to-image, and essentially only target two
modalities. When relevant, we compare our method to additional recent alternatives to
multimodal diffusion (Bao et al., 2023; Wesego and Rooshenas, 2023) and show the superior
performance of MLD.

3.2 Related works

Multimodal VAEs In short, multimodal VAEs rely on combinations of unimodal VAEs,
and the design space mainly consists of the way in which the unimodal latent variables
are combined to construct the joint posterior distribution. Early works such as (Wu and
Goodman, 2018) adopted a product-of-experts approach, whereas others (Shi et al., 2019)
considered a mixture-of-experts approach. While product-based models achieve high gener-
ative quality, they suffer in terms of both joint and conditional coherence. This has been
found to be due to mis-calibration issues on the part of the experts (Shi et al., 2019; Sutter,
Daunhawer, and Vogt, 2021). On the other hand, mixture-based models produce coherent
but qualitatively poor samples. A first attempt to address the so-called coherence—quality
tradeoff(Daunhawer et al., 2022) was represented by the mixture of products of experts
approach (Sutter, Daunhawer, and Vogt, 2021). However, recent comparative studies (Daun-
hawer et al., 2022) have shown that none of the existing approaches fulfill the criteria of
both generative quality and coherence. A variety of techniques are aimed at finding a
better operating point, such as contrastive learning techniques (Shi et al., 2021), hierarchical
schemes (Vasco et al., 2022), total correlation-based calibration of single-modality encoders
(Hwang et al., 2021), and different training objectives (Sutter, Daunhawer, and Vogt, 2020).
More recently, in (Palumbo, Daunhawer, and Vogt, 2023), explicitly separated shared and

private latent spaces were considered as a way to overcome the aforementioned limitations.

Any-to-any multimodality Any-to-any multimodality has been recently studied through
the composition of modality-specific diffusion models (Tang et al., 2023) by designing cross-
attention and training procedures that allow for arbitrary conditional generation. The work

by Tang et al. (2023b) relies on latent interpolation of input modalities, which is akin to
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mixture models, and uses it as conditioning signal for individual diffusion models. This is
substantially different from the joint nature of the multimodal latent diffusion we present
in our work; instead of forcing entanglement through cross-attention between score net-
works, our model relies on a joint diffusion process whereby modalities naturally co-evolve
according to the diffusion process. Another recent work, (Wu et al., 2024), targeted mul-
timodal conversational agents, wherein the strong underlying assumption is to consider
one modality, i.e., text, as a guide for the alignment and generation of other modalities.
Even if conversational objectives are orthogonal to our work, techniques akin to instruction-
following for cross-generation are an interesting illustration of the powerful capabilities of
in-context learning on the part of LLMs (Xie et al., 2022; Min et al., 2022).

3.3 Motivation

In this work, we consider multimodal VAEs (Wu and Goodman, 2018; Shi et al., 2019; Sutter,
Daunhawer, and Vogt, 2021; Palumbo, Daunhawer, and Vogt, 2023) as the standard modeling
approach to tackle both joint and conditional generation of multiple modalities. Our goal
here is the need to go beyond such a standard approach in order to overcome limitations
that affect multimodal VAEs, which result in a tradeoff between generation quality and

generative coherence (Daunhawer et al., 2022; Palumbo, Daunhawer, and Vogt, 2023).

3.3.1 Multimodal ELBO

Consider the random variable X = {X! ... XM} ~ pgoa(xt, ..., xM), consisting of the

set of M modalities sampled from the (unknown) multimodal data distribution pga1..

We indicate the marginal distribution of a single modality by X’ ~ p’,(x"), and the
collection of a generic subset of modalities by X* ~ p7(x4), with X4 := {X?};c 4, where
A C {1,..., M} is a set of indices; for example, given A = {1,3,5}, we have X* =
(X!, X3, X5},

We begin by considering unimodal VAEs as particular instances of the Markov chain

X — Z — X, where Z is a latent random variable and X is the generated random variable.

Models are specified by two conditional distributions. The encoder maps an input x
to a latent representation z, and is denoted by ¢,(z | x), while the decoder generates (or

reconstructs) data from the latent variable, and is denoted by py(x | z).

For a given prior distribution p(z), the objective is to define a generative model whose
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samples are distributed as similarly as possible to the original data. In the case of multimodal
VAEs, we consider the general family of Mixture of Product of Experts (MoPoE) (Sutter,
Daunhawer, and Vogt, 2021), which includes as particular cases many existing variants such
as Product of Experts (MVAE) (Wu and Goodman, 2018) and Mixture of Expert (MMVAE)
(Shi et al., 2019).

Formally, let S = {A1,..., Ak} be a collection of K arbitrary subsets of modalities.

The posterior distribution is then defined as
0o(z | x) = ZWZ%A (z | x™), (3.1)

where w; > 0and 37, w; = 1 are weighting coefficients, and ¢ = {¢', ..., ¢"} represents
the set of parameters. For notational simplicity, we use g4, instead of q; 4;» While recognizing

that each q; 4, may have distinct parameters ¢ and functional forms.

For example, in the MoPoE (Sutter, Daunhawer, and Vogt, 2021) parametrization, we

have:

G (2 | x4 H qes (z | X7). (3.2)
JEA;

Our exposition is more general and is not limited to this assumption. The selection of the
posterior can be understood as the result induced by the two-step procedure where (i) each
subset of modalities A; is encoded into specific latent variables Z; ~ Gpa; (- | x*) and (i)

the latent variable Z is obtained as Z = Z, with probability w;.

The optimization is performed with respect to the following ELBO (Daunhawer et al.,
2022; Sutter, Daunhawer, and Vogt, 2021):

L= By, et 10800 | 2)] = By (KL (g5 (2 | x™) || pl2)) . (33)

3.3.2 Limitation and Trade-offs

A well-known limitation called the latent collapse problem (Alemi et al., 2018; Dieng et al.,
2019) affects the quality of the latent variables Z. Consider the hypothetical case of arbitrarily
flexible encoders and decoders. Posteriors with zero mutual information with respect to the
model inputs are valid maximizers of Eq. (3.3). To prove this, it is sufficient to substitute
the posteriors g4, (z | x*) by p(z) and py(x | z) by pp(x) into Eq. (3.3) to observe that the
optimal value of £ =, (x) log pp(x) is achieved (Alemi et al., 2018; Dieng et al., 2019).

The problem of information loss is exacerbated in the case of multimodal VAEs (Daun-
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hawer et al., 2022). Intuitively, even if the encoders g 4, (z | x*') carry relevant information
about their inputs X#¢, step (ii) of the multimodal encoding procedure described above
induces a further information bottleneck. Some fraction w; of the time, the latent variable Z
will be a copy of Z;, which only provides information about the subset X4i. No matter how
good the encoding step is, the information about X!+ that is not contained in X

cannot be retrieved.

The variable collapse problem can be analyzed through the lens of self-reconstruction,
whereby a multimodal VAE is evaluated by simply reconstructing the same modality it
receives as input. We have observed that these models tend to encode input samples into a
latent space with potential information loss, leading to inconsistent reconstruction. This is

particularly shown by the quantitative results in Table A.8.

Furthermore, if the latent variable carries zero mutual information with respect to the
multimodal input, a coherent conditional generation of a set of modalities given others is

impossible, as X1 1 X“2 for any generic sets A1, A,.

Let us consider the following factorization:

M
po(x|z) =[] pe(x' | 2), (3.4)

i=1
with 0 = {6, ..., 0, } representing the set of parameters of the decoders. We use py: here

instead of péi to unclutter the notation.

This factorization could enforce preservation of information and guarantee better quality
of the jointly generated data; in practice, the latent collapse phenomenon induces multimodal
VAEs to converge toward a suboptimal operating regime. When the posterior ¢,(z | x)
collapses onto the uninformative prior p(z), the ELBO in Eq. (3.3) reduces to the sum of

modality-independent reconstruction terms:

Dowi D B iy Logpe (X ] 2)] (3.5)
i JEA;
where, paradoxically, the quality of the approximation of the various marginal distributions

is extremely high, while there is a complete lack of joint coherence.

General principles to avoid latent collapse involve explicitly forcing the learning of
informative encoders ¢,(z | x) via S-annealing of the KL term in the ELBO and reducing
the representational power of the encoders and decoders. While -annealing (Asperti and
Trentin, 2020) has been explored in the multimodal VAE literature (Wu and Goodman, 2018)

with limited improvements reported, reducing the flexibility of the encoders/decoders clearly
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impacts the generation quality. Hence, there is a tradeoff: in order to improve coherence, the
flexibility of the encoders/decoders should be constrained, which in turn impacts generative
quality. This tradeoff has recently been addressed in the literature on multimodal VAEs
(Daunhawer et al., 2022; Palumbo, Daunhawer, and Vogt, 2023); however, our experimental
results in § 3.5 indicate that there is ample room for improvement and that a new approach

is truly needed.

3.4 Our Approach: Multimodal Latent Diffusion

We propose a new method for multimodal generative modeling that by design does not
suffer from the limitations discussed in § 3.3. Our objective is to enable both high quality
and coherent joint/conditional data generation using a simple design (see Figure 3.1 for a
schematic representation). As an overview, we use deterministic unimodal autoencoders
whereby each modality is encoded into a latent space. To enable such a simple design
to become a generative model, we follow the two-stage procedure described in (Loaiza-
Ganem et al., 2022; Tran et al., 2021; Dai and Wipf, 2019), where samples from the latent
space are obtained through a score-based generative model. These models have shown
tremendous performance in fitting complex distributions (Rombach et al., 2022; Vahdat,
Kreis, and Kautz, 2021), an ability which aligns with our objective of learning the distribution
within a multimodal latent space. Furthermore, the conditioning mechanism inherent in
score-based models facilitates highly coherent generation. MLD is further enhanced by a
multi-time diffusion process, a novel mechanism that allows for the generation of any subset

of modalities, and which we explain in § 3.4.3.

It may be helpful at this point to clarify that the two-stage training of MLD is carried
out separately. Unimodal deterministic autoencoders are pretrained first, followed by the

training of the score-based diffusion model, which is explained in more detail later.

To conclude this overview of our method, for joint data generation it is possible to sample
from noise, perform backward diffusion, and then decode the generated multimodal latent
variable to obtain the corresponding data samples. For conditional data generation, given
one modality, the reverse diffusion is guided by this modality, while the other modalities are
generated by sampling from noise. The generated latent variable is then decoded to obtain

data samples of the missing modality.
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3.4.1 Modalities Encoding

We use deterministic unimodal autoencoders whereby each modality X" is encoded through
its encoder &, (which is a short form for Eéﬂ) into the modality-specific latent variable
Z' and decoded into the corresponding Xt = Dy (Z"). Our approach can be interpreted
as a latent variable model in which the different latent variables Z® are concatenated as
Z=7',...,7M].

Then, in place of an ELBO, we optimize the parameters of our autoencoders by minimiz-

ing the following sum of modality-specific losses:

M
L= L, Li=E, '@ Dy[Eu(x")]), (3.6)

i=1
where [’ can be any valid distance function, e.g, the square norm ||-||*. The parameters ¢', 6’
are modality-specific; thus, minimization of Eq. (3.6) corresponds to individual training of the
different autoencoders. The deterministic encoding ensures that there is no stochastic noise
during the mapping from input X to latent variable Z. Consequently, the mutual information
Z(X, Z) becomes infinite in the continuous case, thereby preserving all information from X
in Z. Moreover, this choice avoids any form of interference in the back-propagated gradients
corresponding to the unimodal reconstruction losses. Consequently, gradient conflict issues
(Javaloy, Meghdadi, and Valera, 2022), in which stronger modalities pollute weaker ones,

are avoided.

3.4.2 Multimodal Latent Diffusion Processes

In the first stage of our method, the deterministic encoders project the input modalities X
into the corresponding latent spaces Z’. This transformation induces a distribution p(z)
for the latent variable Z = [Z', ..., Z"], resulting from the concatenation of unimodal

latent variables.

To generate a new sample for all modalities, we use a simple score-based diffusion model
in latent space (Sohl-Dickstein et al., 2015; Song et al., 2021; Vahdat, Kreis, and Kautz, 2021;
Loaiza-Ganem et al., 2022; Tran et al., 2021). This requires reversing a stochastic noising
process, starting from a simple Gaussian distribution. Formally, these processes are defined

using SDEs. In our multimodal setting, this translates as follows:

Forward SDE:
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Figure 3.1: Multimodal Latent Diffusion: two-stage model involving (Top): deterministic modality-specific
encoder/decoders and (Bottom): the score-based diffusion model on the latent spaces of the modalities, which
evolve differently through the diffusion process according to a multi-time vector.

The noising process is defined by a SDE of the form.
AZ, = [(Zu, t)dt + g(1)AW,, (3.7)

where f(Z;,t) and g(t) are the drift and diffusion terms, respectively, and W, is a Wiener
process. The time-varying probability density p;(z) of the stochastic process at time ¢ €
[0, T'], where T is finite, satisfies the Fokker—Planck equation (Oksendal, 2013). We consider

zo ~ p(z) to be the initial condition for the diffusion process.

Reverse SDE: Under loose conditions (Anderson, 1982), a time-reversed stochastic

process exists, with a new SDE of the form :

dz, = [f(Zt, t) — g2(t)th 10gpt(ztﬂ dt + g(t)dwt (3.8)

where W is a standard Wiener process when time flows backwards from 7" to 0. The
simulation of Eq. (3.8) allows samples to be generated from the desired distribution pg(z).
In practice, we use a parametric score network s, (z;, t) to approximate the true score
function, and we approximate pr(z) with a stationary distribution p(z) which is in general
considered to be Gaussian. Learning the score function is possible via denoising score
matching objective : (Song et al., 2021) (See § 2.2.6):
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T
Lpsw(x) = %/ E somp(zo) M) |V, 10g por(ze|20) — sy (20, 1) "] At (3.9)
0 ze~por(ze|z0)

where \(t) is a positive weighting function and po,(z; | Zo) denotes the transition density
of the forward diffusion process, i.e., the probability density of reaching state z; at time ¢,
given that the process started at state z, at time 0. The learned score function s, allows
to simulate the reverse process and approximate py(z) = p(z). Indeed, the generated data
distribution p, (z) is close (in the KL sense) to the true density p(z) as described by (Song
et al., 2021; Franzese et al., 2023):

KL (0(2) | p2(2) <5 [ Bt [FOIValog ) =m0} @t @10

+ KL (pr(2) || p(2)). (3.11)

The first term is referred to as the score-matching objective, while the second is a

vanishing term for 7" — oo.

The joint generation of all modalities is achieved through simulation of the reverse-time
SDE in Eq. (3.8) to generate a latent space Z followed by a simple decoding procedure using
the modality specific decoders {Dy: (z{) } 2.

3.4.3 Masked Multi-time Diffusion

Given a partition of modalities into two non-overlapping sets A; and A,, where A, =
{1,..., M}\ Ay, conditional generation involves sampling from the conditional distribution

p(z41 | z42), using masked forward and backward diffusion processes.

Given the conditioning latents 72 we define a modified forward diffusion process with
initial conditions Zy = C(Z{", z*?), where Z{"' ~ p(z** | z4*). The composition operation

C(-) concatenates Z;" and z*2.

Example: Consider A; = {1,3,5} and Ay = {2,4,6}. Then, Z, is:
Zo = C(Zy',2z™?) = [Z,2°, 23, 2", 2, 2°).
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Masked SDEs

More formally, we define the following masked forward-diffusion SDE:

dZ; = m(Ay) © [f(Zy, t)dt + g(t)dW] (3.12)

The mask m(A;) contains M vectors u’, one per modality, with the corresponding
cardinality. If modality j € A;, then v/ = 1; otherwise, v/ = 0. Then, the effect of masking
is to “freeze” the part of the random variable Z; corresponding to the conditioning latent
modalities z*? throughout the diffusion process. We naturally associate the conditional

time-varying density p;(z! | z?) with this modified forward process.

To sample from the desired conditional distribution py(z! | z*2), we derive the reverse-

time dynamics of Eq. (3.12) as follows:

dZ, = m(A1) © ([f(t)Z: — ¢*(t)V 1og pi(z" | 2**)] dt + g(t)dW,) (3.13)

when time flows backwards from 7" to 0 with initial conditions Z; = C(Z?1 ,z1?) and
Z?l ~ pT(zﬁl). which is approximated by its corresponding steady-state distribution p(z1)
and the true (conditional) score function V log pt(z;4 ''| z42) by a conditional score network

SX(Z?17t7 ZAQ)‘

A correctly optimized score network s, (z;,t) allows sampling from the distribution
po(z) to be obtained through simulation of Eq. (3.8). Similarly, through the simulation of
Eq. (3.13), a conditional score network s, (z;"', t,22) allows for sampling from po(z*! | z2).
A naive alternative is to rely on the unconditional score network s, (z;, ) for the conditional

generation task by casting it as an in-painting objective.

Intuitively, any missing modality could be recovered in the same way that a unimodal
diffusion model can recover masked information. The implicit assumptions underlying
in-painting from an information-theoretic perspective are difficult to satisfy in the context
of multimodal data. This intuition is corroborated by ample empirical evidence, where our

method consistently outperforms alternatives Appendix A.1.3.

Next, we present a mechanism to allow conditional generation in an any-to-any scheme

by learning all the conditional score networks wherby the conditioning can be applied.
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Multi-Time Diffusion

We propose a modification to the classifier-free guidance technique (Ho and Salimans, 2022)
(see § 2.2.6) to learn a score network that can generate conditional and unconditional samples
from any subset of modalities. Instead of training a separate score network for each possible
combination of conditional modalities, which is computationally infeasible, we use a single
architecture that accepts all modalities as inputs and a multi-time vector T = [tq,...,tp].
The multi-time vector serves two purposes: it is both a conditioning signal and the time at

which we observe the diffusion process.

Training: Learning the conditional score network relies on randomization. As discussed
in § 3.4.2, we consider an arbitrary partitioning of all modalities in two disjoint sets, A;
and Aj,; set A, contains randomly selected conditioning modalities, while the remaining
modalities belong to set A;. During training, the parametric score network estimates
Vlog pi(zi" | z42), whereby the sets Ay, A, are randomly chosen at every step. This is
achieved by the masked diffusion process from Eq. (3.12), which only diffuses modalities in
A;. More formally, the score network input is C(z;'", z*?), along with a multi-time vector

(A1, t) =1 [11(1 €A),..., 1M € Al)]'

Example: As a follow-up of the example in § 3.4.2, given A; = {1, 3,5} such that
ZA = {Z',73,75} and Ay = {2,4,6} such that Z42 = {Z? Z* Z°}, we have 7(A;,t) =
[t,0,,0,t,0].

More precisely, the algorithm for multi-time diffusion training (see Appendix A.1 for
the pseudo-code) proceeds as follows. At each step, a set of conditioning modalities A,
is sampled from a predefined distribution v, where v(f)) = Pr(A4; = () = d and v(U) =
Pr(A; =U) = (-d/ev_1) with U € P({1,...,M})\ 0, where P({1,..., M}) is the

powerset of all modalities. The corresponding set A; and mask m(A;) are constructed,

and a sample X is drawn from the training dataset Py, (X).

The corresponding latent variables Z = {£},(X’)}}, are obtained using the pretrained
encoders and a diffusion process starting from Z, = Z is simulated for a randomly chosen
diffusion time ¢ using the conditional forward SDE with the mask m(A; ). The score network
is then fed the current state z; and multi-time vector 7(A;, ) and the difference between
the score network’s prediction and the true score is computed while applying mask m(A;).
The score network parameters are updated using stochastic gradient descent, and this
process is repeated for until convergence. Clearly, when A, = (), training proceeds the same

as for an unmasked diffusion process, as mask m(A;) allows all of the latent variables to

be diffused.
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Conditional generation: Inference time conditional generation is not randomized; the
conditioning modalities are the ones that are available, whereas those remaining are the ones
we wish to generate. Any valid numerical integration scheme for Eq. (3.13) can be used for
conditional sampling (see Appendix A.1 for an implementation using the Euler-Maruyama
integrator). First, conditioning modalities in set A, are encoded into the corresponding
latent variables z*2 = {£7(x7)},c,. Then, numerical integration is performed with a step
size of At = T/N, starting from initial conditions Z; = C(Z4',z"?) with Z' ~ p(z™).
At each integration step, the score network s, is fed the current state of the process and
the multi-time vector 7(A;, -). Before updating the state, the masking is applied. Finally,
the generated modalities are obtained thanks to the decoders as X' = {D}(Z?)} ;¢ 4,.

3.4.4 Understanding Modality Interactions in MLD

MLD treats the latent spaces of each modality as variables that evolve differently through the
diffusion process according to a multi-time vector. The masked multi-time training enables
the model to learn the score of all the combinations of conditionally diffused modalities, using
the frozen modalities as the conditioning signal through a randomized scheme. By learning
the score function of the diffused modalities at different time steps, the score model captures

the correlation between the modalities.

At test time, the diffusion time of each modality is chosen so as to modulate its influence
on the generation. For joint generation, the model uses the unconditional score, which corre-
sponds to using the same diffusion time for all modalities. Thus, all the modalities influence
each other equally. This ensures that the modality interaction information is faithful to the
information characterizing the observed data distribution. The model can also generate
modalities conditionally using the conditional score by freezing the conditioning modalities
during the reverse process. The frozen state is similar to the final state of the revere process,
where information is not perturbed; thus, the influence of the conditioning modalities is
maximal. Subsequently, the generated modalities reflect the necessary information from the

conditioning modalities and achieve the desired correlation.

3.5 Experimental Validation

We compared our MLD method to MVAE (Wu and Goodman, 2018), MMVAE (Shi et al., 2019),
MoPoE (Sutter, Daunhawer, and Vogt, 2021), NEXUS (Vasco et al., 2022), MVTCAE (Hwang
et al., 2021), and MMVAE+ (Palumbo, Daunhawer, and Vogt, 2023), re-implementing all

competitors in the same code base as our method and selecting their best hyperparameters
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as indicated by the authors (see Appendix A.4 for more details). For a fair comparison, we
used the same encoder/decoder architecture for all models. For MLD, the score network was
implemented using a simple stacked Multilayer perceptron (MLP) with skip connections (see
Appendix A.1 for more details). MLD was also contrasted with multimodal diffusion-based
approaches: (Bao et al., 2023) in Appendix A.2 and (Wesego and Rooshenas, 2023) in § 3.5.5.

Evaluation metrics:

« Coherence was measured as in (Shi et al., 2019; Sutter, Daunhawer, and Vogt, 2021;
Palumbo, Daunhawer, and Vogt, 2023), using pretrained classifiers on the generated

data and checking the consistency of their outputs.

« Generative quality was computed using the Fréchet Inception Distance (FID) (Heusel
et al., 2017) and Fréchet Audio Distance (FAD) (Kilgour et al., 2019) scores for images

and audio, respectively.

Full details on the metrics are included in Appendix A.3. All results were averaged over five

seeds. We report the standard deviations in Appendix A.5.

Overall Results: Overall, MLD largely outperformed the alternatives from the literature
in terms of both coherence and generative quality. The VAE-based models suffered from
the coherence—quality tradeoff as well as from modality collapse for highly heterogeneous
datasets. We proceed to show this on several standard benchmarks from the multimodal

VAE-based literature; see Appendix A.3 for details on the datasets.

3.5.1 MNIST-SVHN

The first dataset we consider is MNIST-SVHN (Shi et al., 2019), where the two modalities
differ in complexity. High variability, noise, and ambiguity make attaining good coherence

for the SVHN modality a challenging task.

Overall, MLD outperforms all VAE-based alternatives in terms of coherency, especially
in terms of joint generation and conditional generation of MNIST given SVHN (see Table 3.1).
The mixture models, MMVAE and MoPoE, suffer from modality collapse (poor SVHN gener-
ation), whereas the product-of-experts models MVAE and MVTCAE generate better-quality
samples at the expense of SVHN to MNIST conditional coherence. Joint generation is poor
for all VAE models. Interestingly, these models also fail at SVHN self-reconstruction, which
we discuss in Appendix A.5. MLD also achieves the best performance in terms of generation

quality, as confirmed by qualitative results (Figure 3.2) showing, for example, how MLD
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conditionally generates multiple SVHN digits within one sample given the input MNIST

image, whereas the other methods fail to do so.

Table 3.1: Generation coherence and quality for MNIST-SVHN (M: MNIST, S: SVHN). The generation quality
is measured in terms of the Fréchet Modality Distance (FMD) for MNIST and FID for SVHN. We report both
joint and conditional generation performance results. Bold and underlined numbers indicate the best and
second best scores respectively.

Coherence (%71) Quality (})
Models
Joint M—S S—M Joint(M) Joint(S) M—S S—M

MVAE 38.19 48.21 28.57 13.34 68.9 68.0 13.66
MMVAE 37.82 11.72 67.55 25.89 146.82 393.33 53.37
MoPoE 39.93  12.27 68.82 20.11 129.2 373.73  43.34
NEXUS 40.0 16.68 70.67 13.84 98.13 281.28 53.41
MVTCAE 48.78  81.97 49.78 12.98 52.92 69.48 13.55
MMVAE+ 17.64 13.23 29.69 26.60 121.77 240.90 35.11
MMVAE+ (K = 10)  41.59 55.3 56.41 19.05 67.13 75.9 18.16
MLD (ours) 85.22 83.79 79.13 3.93 56.36 57.2 3.67

6/ %3
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2
-
-
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.-
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3

MMVAE+(10) MVTCAE MLD (ours)

Figure 3.2: Qualitative results for MNIST-SVHN. For each model, we report MNIST to SVHN conditional
generation on the left and SVHN to MNIST conditional generation on the right. The conditioning modality is
illustrated by the first row, with the generated samples below.

3.5.2 MHD

The Multimodal Handwritten Digits dataset (MHD) (Vasco et al., 2022) contains gray-scale
images of digits, the motion trajectory of the handwriting, and the sounds of the spoken
digits. In our experiments, we did not use the label as a fourth modality. While the images
and trajectories share a good amount of information, the sound modality contains a great

deal more modality-specific variation. Consequently, both conditional generation involving
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the sound modality and joint generation represent challenging tasks. Coherency-wise,
(Table 3.2) MLD outperforms all the competitors, with the biggest difference seen in joint
generation and generation from sound to other modalities. On the latter task, MVTCAE
performs better than other competitors, but is still worse than MLD. MLD dominates the
alternatives in terms of generation quality (Table 3.3). This is true both for image and sound
modalities, for which some VAE-based models struggle to produce high-quality results,
demonstrating the limitation of these methods in handling highly heterogeneous modalities.
MLD, on the other hand, achieves high generation quality for all modalities, possibly due to
the independent training of the autoencoders avoiding interference.

Table 3.2: Generation coherence (%) for MHD (higher is better). Line above refers to the generated modality,

while the subset of observed modalities is presented below. Bold and underlined numbers indicate the best
and second best scores respectively.

I (Image) T (Trajectory) S (Sound)
Models Joint
S T,S I S LS I T LT

MVAE 37.77 11.68 26.46 284 95.55 26.66 96.58 58.87 10.76 58.16
MMVAE 34.78 99.7 69.69 84.74 99.3 8546 92.39 49.95 50.14 50.17
MoPoE 48.84 99.64 68.67 99.69 99.28 87.42 99.35 50.73 51.5 56.97
NEXUS 26.56 94.58 83.1 95.27 88.51 76.82 93.27 70.06 75.84 89.48
MVTCAE 42.28 99.54 72.05 99.63 99.22 72.03 99.39 92.58 93.07 94.78
MMVAE+ 41.67 98.05 84.16 91.88 97.47 81.16 89.31 64.34 65.42 64.88

MMVAE+ (K=10) 42.60 99.44 89.75 947 9944 89.58 95.01 87.15 87.99 87.57
MLD (ours) 98.3¢ 99.45 8891 99.88 99.58 88.92 9991 97.63 97.7 98.01

Table 3.3: Generation quality for MHD in terms of FMD for image and trajectory modalities and FAD for
the sound modality (lower is better). Bold and underlined numbers indicate the best and second best scores
respectively.

I (Image) T (Trajectory) S (Sound)

Models
Joint T S T,S Joint I S LS Joint I T LT
MVAE 94.9 93.73 92.55 91.08 39.51 20.42 38.77 19.25 14.14 14.13 14.08 14.17
MMVAE 224.0122.6 789.12170.4116.52 0.5 30.39 6.07 22.8 22.61 23.72 23.01
MoPoE 147.8116.29 838.3815.89 13.92 0.52 33.38 0.53 18.53 24.11 24.1 23.93
NEXUS 281.76116.65282.34117.2418.59 6.67 33.01 7.54 13.99 19.52 18.71 16.3
MVTCAE 121.855.34 54.57 3.16 19.49 0.62 13.65 0.75 15.88 14.22 14.02 13.96
MMVAE+ 97.19 2.80 128.56114.3 22.37 1.21 21.74 15.2 16.12 17.31 17.92 17.56
MMVAE+ (K =10) 85.98 1.83 70.72 62.43 21.10 1.38 8.52 7.22 14.58 14.33 14.34 14.32
MLD 7.98 1.7 454 184 3.18 0.83 2.07 0.6 239 231 233 2.29

3.5.3 POLYMNIST

The POLYMNIST dataset (Sutter, Daunhawer, and Vogt, 2021) consists of five modalities
synthetically generated using MNIST digits and varying the background images. The homo-
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geneous nature of the modalities is expected to mitigate gradient conflict issues in VAE-based
models and consequently reduce modality collapse. However, MLD still outperforms all
alternatives, as shown in Figure 3.3 and Figure 3.4 . Concerning generation coherence, MLD
achieves the best performance in all cases, with the one exception of a single observed
modality. On the qualitative performance side, not only is MLD superior to all alterna-
tives, its results are stable when more modalities are considered, a capability that not all

competitors share.

225
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>7. 175 / ./'/’
9,
g 60 * 3 v e /, A
S v - 150 A
2 -o- MLD a
% 40 1 v/ —4— MVTCAE " 125 '
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207 ¢ ~B- MMVAE 100 o)\ ./~/’
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0- 7 —#— MMVAE+(k=10)
Joint 1 2 3 4 Joint 1 2 3 4
Number of modalities Number of modalities

Figure 3.3: Performance results for POLYMNIST as a function of the number of inputs. (Right): Generative
coherence (% 1). (Left): Generative quality in terms of FID (]). We report the average performance following
the leave-one-out strategy (see Appendix A.3).
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Figure 3.4: Joint generation qualitative results for POLYMNIST across the five modalities.

3.54 CUB

Next, we explored the Caltech Birds CUB (Shi et al., 2019) dataset, following the experimental
protocol in (Daunhawer et al., 2022) using real bird images instead of ResNet-features as

in (Shi et al., 2019). Figure 3.5 presents qualitative results for caption-to-image conditional
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generation. MLD is the only model capable of generating bird images with convincing
coherence. Clearly, none of the VAE-based methods is able to achieve sufficient caption-
to-image conditional generation quality using the same simple autoencoder architecture.
Note that an image autoencoder with larger capacity considerably improves the generative
performance of MLD, suggesting that careful engineering applied to modality-specific
autoencoders is a promising avenue for future work. We report quantitative results in
Appendix A.5, where we show the generation quality FID metric. Due to the unavailability
of the labels in this dataset, the coherence evaluation performed with the previous datasets
was not possible. Thus, we resorted to CLIP-Score (Clip-s) (Hessel et al., 2021), an image-
captioning metric. Despite its limitations for the considered dataset (Kim et al., 2022), Clip-s

shows that MLD outperforms all competitors.

MVAE MoPoE MVTCAE MLD (ours) MLD* (ours)

Figure 3.5: Qualitative results on the CUB dataset, with the caption used as the condition to generate the bird
images. MLD” denotes the version of our method using a powerful image autoencoder.

3.5.5 CelebAMask-HQ

We also consider the CELEBAMASK-HQ dataset (Lee et al., 2019), which consists of three
modalities: face images, each having a segmentation mask and text attributes. We fol-
lowed the same experimental protocol as in (Wesego and Rooshenas, 2023), including the

autoencoder base architecture.

The image generation quality was evaluated in terms of FID score. The attributes and the
mask, both having binary values, were evaluated against the ground truth in terms of the
F'1 score. The competitors performance results are reported from (Wesego and Rooshenas,
2023).

The quantitative results in Table 3.4 show that MLD outperforms the competitors in
terms of generation quality. Our method achieves the best F'1 score in generation of the
attribute modalities given the image and mask modalities. In mask generation, MoPoE and
MVTCAE achieve the best performance, with MLD achieving the second-best performance

in mask generation conditioning on both the image and attribute modalities.
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Overall, MLD stands out with the best image quality generation, while being on par with
the competition in terms of mask and attribute generation coherence. Figure 3.6 shows the
qualitative results for MLD on the joint generation task. It can be observed that our method
succeeds at generating all three modalities with high coherence and quality. The same

observation is valid for the conditional generation tasks (see Figures 3.7,A.22,A.23, A.24 ).

Table 3.4: Quantitative results on the CELEBAMASK-HQ dataset. Performance is measured in terms of
the FID () and F1 score (). The first row shows the generated modality, while the second row shows the
modalities used as conditions. Supervised classifier designates a classifier performance to predict the attributes
or the mask from an image. Bold numbers indicate the best scores.

Attributes Image Mask

Models Img + Mask Img Att+Mask Mask Att Joint Img+ Att Img
F1 F1 FID FID FID FID F1 F1

SBM-RAE 0.62 0.6 84.9 86.4 85.6 84.2 0.83 0.82
SBM-RAE-C 0.66 0.64 83.6 82.8 83.1 84.2 0.83 0.82
SBM-VAE 0.62 0.58 81.6 81.9 78.7 79.1 0.83 0.83
SBM-VAE-C 0.69 0.66 82.4 81.7 76.3 79.1 0.84 0.84
MoPoE 0.68 0.71 114.9 101.1  186.8 164.8 0.85 0.92
MVTCAE 0.71 0.69 94 84.2 87.2 162.2 0.89 0.89
MMVAE+ 0.64 0.61 133 97.3 153 103.7 0.82 0.89

Supervised classifier 0.79 0.94

MLD (ours) 0.72 0.69 52.75 51.73 53.09 54.27 0.87 0.87
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Figure 3.6: Joint (unconditional) generation: qualitative results of MLD on CelebAMask-HQ.
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Heavy_Makeup,
Wavy_Hair

Brown_Hair,
Male

Male,
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Figure 3.7: (Attributes, Mask — Image). Conditional generation of MLD on CELEBAMASK-HQ. The two
columns on the left present the conditioning modalities, while several conditionally generated samples are
displayed on the right.

3.6 Use-Case : Enhancing Sensor Robustness in Automo-
tive Systems

Modern automotive systems increasingly rely on a wide array of sensors to deliver safe and
efficient operation. However, sensor data quality can be compromised due to environmental
conditions, sensor malfunctions, or occlusions, which can jeopardize vehicle performance. In
this section we proposes MLD to enhance sensor robustness. MLD can be used for modality
cross-generation and enhancement, enabling the reconstruction of impaired sensor data
through information from other modalities. We demonstrate the performance of MLD in
the automotive context, focusing on improving night vision capabilities using data from
Light Detection And Ranging (LiDar) and Radio Detection And Ranging (RaDar) sensors
to generate enhanced camera images. This approach ensures robust sensor functionality,

offering a general solution for sensor data integrity in automotive systems.

3.6.1 Multimodality in Automotive

Advanced driver-assistance systems (ADAS) rely on sophisticated sensor integration. Cam-
eras, RaDar and LiDar are essential components, providing comprehensive data for naviga-
tion, obstacle detection, and decision-making processes. However, the reliability of these
systems is often compromised by issues such as sensor degradation, environmental factors,

and data loss, which necessitate robust solutions for ensuring data integrity.

Multimodal generative models can be used to address these challenges. By leveraging

data from multiple sensor modalities, we aim to reconstruct missing or impaired sensor data,
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thereby enhancing the overall robustness of automotive systems. Our focus is on modality
cross-generation and enhancement, where information from one modality can be used to
generate or improve another. We explore a specific application in enhancing night vision

capabilities, using RaDar and LiDar data to augment camera imagery in low-light conditions.

The integration of multimodal sensors in the automotive industry is pivotal to the
advancement of autonomous driving systems. By combining data from multiple sensor types,
such as cameras, LiDar, RaDar, and vehicles can achieve a comprehensive understanding
of their surroundings, which is critical for safe and reliable navigation in diverse driving
conditions. This multimodal approach leverages the strengths of each sensor type: cameras
provide high-resolution visual data, LiDar offers precise depth information, RaDar excels
in detecting objects in adverse weather conditions, and Global Positioning System (GPS)

ensures accurate localization.

The use of generative models with multimodal sensor data has demonstrated great
potential in improving autonomous vehicle performance. For example, (Abu Tami et al.,
2024) employed multimodal large models for hazard detection, (Ivanovic et al., 2020) utilized
them for trajectory prediction and (Li et al., 2024) to enhance perception. Works like
(Da Silva—Filarder et al., 2021) (Roy et al., 2023) (Huang et al., 2020) focused on sensor
fusion to enhance vehicle perception. (Bogdoll, Yang, and Zéllner, 2023) and (Hu et al.,
2023) introduced multimodal world models to improve prediction quality in autonomous
driving. (Zheng et al., 2024) proposed an end-to-end autonomous driving paradigm based

on generative models.

3.6.2 Modality enhancement with MLD

Modality enhancement extends the concept of cross generation by starting the reverse
diffusion process from an intermediate latent state z; rather than the terminal noise state z;
with ¢ € [0, T]. This approach is particularly useful when aiming to refine or augment the
quality of an existing modality while retaining the influence of the initial data sample. In
this setting, the masked forward diffusion SDE Eq. (3.13) remains the same. Consequently,

the same model trained for cross generation purposes can be reused in zero shot manner.

The choice of ¢ determines the extent of enhancement: starting from a smaller  (closer
to 0 ) retains more of the original data characteristics, while a higher value ¢ (closer to T")
allows for more significant generative modifications. Thus, modality enhancement provides
a flexible mechanism for balancing between preservation of original modality details and

the introduction of new features via the generative process.

_45_



CHAPTER 3

3.6.3 Improved Night Vision

Perception systems in automotive applications rely heavily on camera data to provide
visibility. However, in low-light conditions, cameras often struggle to capture high-quality
images impacting object detection and navigation. Our approach relies on MLD to integrate
the information from LiDar and RaDar sensors to reconstruct or enhance night vision
capabilities. By generating high-quality camera images using radar and LiDar information,

we improve visibility and object detection accuracy in low-light environments.

A crucial challenge in night to day application is the absence of paired night -day dataset.
To solve this problem, during training we synthetically generate an additional modality
which consists of a low illumination version of the daytime sample (See Figure 3.8 for an

overview).

(a) Daytime (b) Nighttime (Synthetic)

(c) LiDar (d) RaDar

Figure 3.8: The different modalities used for training in the improved night vision application

As our goal is to focus on camera generation, we adjust the randomized set during
training to target only the camera modality. Suppose that X!, X2, X3, and X* represent the
daytime camera, nighttime camera, RaDar, and LiDar, respectively. Then, during training,
the target (generated) modality is defined as A; = {1}, and the conditioning modalities are
given by the power set of the remaining modalities: A, = P({2,3,4}).
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Dataset

We use nuScenes(Caesar et al., 2020) dataset which is a comprehensive autonomous driving
dataset that includes sensor data from cameras, LiDar, RaDar, and more, collected from

urban environments in various weather and lighting conditions.

In our approach, we train models using the front camera frames sampled with 12H z of
512 X 288 resolution. RaDar, and LiDar data which are projected onto the same intrinsic
parameters as the front camera, ensuring a unified perspective across modalities. We
exclusively use the daytime data from the nuScenesdataset for training. In Table A.7, we
provide the dataset size information after preprocessing. To simulate nighttime conditions,

we apply a low-illumination algorithm, like (Li et al., 2024).

Implementation

Our approach employs a Diffusion Transformer (DiT) architecture (Peebles and Xie, 2023) ,
leveraging the power of transformer networks to handle multiple modalities and capture
long-range dependencies. The DiT architecture is designed to process multiple modalities
simultaneously, utilizing token-based representations. The diffusion model is initialized
with weights pre-trained on the ImageNet dataset (Deng et al., 2009) and the autoencoder
part, leverage (Rombach et al., 2022) to encode the different modalities. For more details

please refer to Appendix A.4.4.

Results

During testing, we reverse this process by reconstructing daytime modalities from the
simulated nighttime data. We evaluate the quality of this reconstruction using metrics like
Peak Signal-to-Noise Ratio (PSNR) (Gonzalez, 2009), Structural Similarity Index Measure
(SSIM) (Wang et al., 2004), and Learned Perceptual Image Patch Similarity (LPIPS) (Zhang
et al., 20138).

Table 3.5 presents the performance results of MLD improvement across different modes.
In our experiments, we reconstructed the daytime camera modality using nighttime camera
data, testing various scenarios that incorporate additional information from radar and LiDar,
LiDar only, RaDar only, and no additional sensors. We observe that LiDar contributes the
most to improving camera reconstruction, though radar also yields comparable results. The
performance is lowest when no additional sensors are used, indicating the importance of

supplementary sensor data in enhancing reconstruction quality.
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Figure 3.9 illustrates MLD performance on real nighttime images, showcasing clearer

and more detailed nighttime images in challenging illumination conditions.

MLD PSNR (1) SSIM (1) LPIPS ({)
All sensors 26.965 0.705 0.201
LiDar 26.751 0.698 0.207
RaDar 26.589 0.694 0.211
Only camera  26.565 0.680 0.221

Table 3.5: Performance results on Daytime camera reconstruction using nighttime camera image with the
help of additional sensors, (LiDar, RaDar).

(a) Nighttime Camera (b) Improved Nighttime camera

Figure 3.9: Quantitative results of MLD conditional generation using real nighttime modality and the different
sensors to improve night perception. In this experiment, we consider an intermediate diffusion time ¢t = 0.5

3.7 Conclusion

We have presented a new multimodal generative model, Multimodal Latent Diffusion (MLD),
to address the well known coherence—quality tradeoff that is inherent in existing multi-
modal VAE-based models. MLD uses a set of independently trained unimodal deterministic
autoencoders. The generative properties of our model stem from a masked diffusion process
that operates on latent variables. In addition, we have developed a new multi-time training
method to learn the conditional score network for multimodal diffusion. An extensive
experimental campaign on various real-life datasets provides compelling evidence of the

effectiveness of MLD for multimodal generative modeling. In all scenarios, including cases
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with loosely correlated modalities and high-resolution datasets, MLD consistently outper-
forms state-of-the-art alternatives. Lastly, we demonstrate the potential of our method in
addressing real-world challenges in automotive applications. MLD leverages the strengths
of different sensor modalities which allows the generation and enhancement of sensor data,

improving the overall reliability and performance of automotive systems.
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Chapter 4

Mutual Information Estimation

In this work we present a new method for the estimation of Mutual Information (MI)
between random variables. Our approach is based on an original interpretation of the the
Fokker—Planck equations, which allows us to use score-based diffusion models to estimate
the KL divergence between two densities as a difference between their score functions. As
a by-product, our method also enables the estimation of the entropy of random variables.
Armed with such building blocks, we present a general recipe to measure MI, which unfolds
in two directions: one uses conditional diffusion process, whereas the other uses joint
diffusion processes that allow simultaneous modeling of two random variables. Our results,
which derive from a thorough experimental protocol over all the variants of our approach,
indicate that our method is more accurate than the main alternatives from the literature,
especially for challenging distributions. Furthermore, our methods pass MI self-consistency
tests, including data processing and additivity under independence, which instead are a
pain-point of existing methods. Finally, we show how to exploit pre-trained, text-to-image
models to compute MI between input modalities, which is instrumental for the analysis of

the generative properties of such models.

4.1 Introduction

Mutual Information (MI) is a central measure to study the non-linear dependence between
random variables (Shannon, 1948; MacKay, 2003), and has been extensively used in machine
learning for representation learning (Bell and Sejnowski, 1995; Stratos, 2019; Belghazi et al.,
2018; Oord, Li, and Vinyals, 2018; Hjelm et al., 2019), and for both training (Alemi et al.,
2016; Chen et al., 2016; Zhao, Song, and Ermon, 2018) and evaluating generative models
(Alemi and Fischer, 2018; Huang et al., 2020).
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For many problems of interest, precise computation of MI is not an easy task (McAllester
and Stratos, 2020; Paninski, 2003), and a wide range of techniques for MI estimation have
flourished. As the application of existing parametric and non-parametric methods (Pizer et
al., 1987; Moon, Rajagopalan, and Lall, 1995; Kraskov, Stogbauer, and Grassberger, 2004; Gao,
Ver Steeg, and Galstyan, 2015) to realistic, high-dimensional data is extremely challenging,
if not unfeasible, recent research has focused on variational approaches (Barber and Agakov,
2004; Nguyen, Wainwright, and Jordan, 2007; Nowozin, Cseke, and Tomioka, 2016; Poole
et al., 2019; Wunder et al., 2021; Letizia, Novello, and Tonello, 2023; Federici, Ruhe, and Forré,
2023) and neural estimators (Papamakarios, Pavlakou, and Murray, 2017; Belghazi et al., 2018;
Oord, Li, and Vinyals, 2018; Song and Ermon, 2019; Rhodes, Xu, and Gutmann, 2020; Letizia
and Tonello, 2022; Brekelmans et al., 2022) for MI estimation. In particular, the work by
Song and Ermon (2019a) and Federici, Ruhe, and Forré (2023) classify recent MI estimation
methods into discriminative and generative approaches. The first class directly learns to
estimate the ratio between joint and marginal densities, whereas the second estimates and

approximates them separately.

In this work, we address the problem of estimating MI through generative methods,
introducing a novel perspective. In § 4.2, we describe how score functions can be utilized to
estimate the KL divergence between two probability distributions. While this approach was
previously demonstrated via Girsanov’s theorem (Jksendal, 2003) in (Franzese, Bounoua,
and Michiardi, 2024), we provide an alternative and simplified derivation grounded in the
Fokker-Planck formalism (Risken, 1996).In § 4.3, we investigate the theoretical guarantees
and estimation error associated with our proposed method. As further shown in § 4.4,
the resulting KL divergence estimator also facilitates the estimation of the entropy of a
continuous random variable. In § 4.5 we present our general recipe for computing the
MI between two arbitrary distributions, which we develop according to two modeling
approaches, i.e., conditional and joint diffusion processes. The conditional approach is
simple and capitalizes on standard diffusion models, but it is inherently more rigid, as it
requires one distribution to be selected as the conditioning signal. Joint diffusion processes,
on the other hand, are more flexible, but require an extension of traditional diffusion models,
which deal with dynamics that allow data distributions to evolve according to multiple

arrows of time.

Recent work by Czyz et al. (2023) argue that MI estimators are mostly evaluated assuming
simple, multivariate normal distributions for which MI is analytically tractable, and propose
a novel benchmark that introduces several challenges for estimators, such as sparsity of
interactions, long-tailed distributions, invariance, and high mutual information. Further-

more, Song and Ermon (2019a) introduce measures of self-consistency (additivity under
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independence and the data processing inequality) for MI estimators, to discern the properties
of various approaches. In § 4.6 we evaluate several variants of our method, which we call
Mutual Information Neural Diffusion Estimation (MINDE), according to such challenging
benchmarks: our results show that MINDE outperforms the competitors on a majority of
tasks, especially those involving challenging data distributions. Moreover, MINDE passes
all self-consistency tests, a property that has remained elusive so far, for existing neural MI
estimators. Finally, we demonstrate that leveraging MINDE in conjunction with pre-trained
text-to-image models to compute MI between input modalities is crucial for analyzing the

generative properties of these models.

4.2 Score-based KL estimation

Consider a generic random variable X with associated distribution p(x). SDEs (Song and
Ermon, 2019; Song et al., 2021) have emerged as an essential tool for introducing controlled
noise into data distributions. This controlled noising process is critical for techniques such as
score-based generative modeling, where understanding the evolution of the data distribution
under stochastic dynamics is key to generating new samples. The noisy process can be

modeled in terms of the following SDE:

dX, = f(OXdt + g(t)dW,, (4.1)

where f(t)X; and g(t) are the drift and diffusion terms, respectively, and W, is a Wiener
process. We consider X ~ p(x) to be the initial condition for the diffusion process. The
time-varying probability density p;(x) of the stochastic process at time ¢ € [0, T, where
T is finite, satisfies the Fokker-Planck equation (Oksendal, 2013), which we express in the

following compact form (see Appendix B.1.1 for the detailed derivation).

i

5 =V - (f(t)xp:) + 1gQ(t)Apt. (4.2)

2

o Vp = % is the gradient of p;(x).

o« Ap, = a;fit is the Laplacian.

Next, we consider the KL divergence between two generic distributions and define how it

can be computed using score functions, a result which we will use later to infer information
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measures of interests.

Proposition 1. Let p; and q; be time-varying probability densities associated with similar
SDE of the form defined in Eq. (4.1) with different initial conditions as Xy ~ p and X ~ q.

The KL divergence between two generic distributions p(x) and q(x), defined as

KL (p0) | ) = [ o) 1o 2 ax,

can be computed considering the time-varying score functions V logp, and V log q; in
[0, T and satisfying the Fokker—Planck equations, according to the following expression:

|V log pi(x) — Vlog qt(X)Hdedt + KL (pr(x) || ¢r(x))

KL (o) | a() = [ 023"

Sketch Proof. Hereafter, we present an outline of the proof and differ details to Appendix B.1.2.
We start by defining :

e X ) 10 pt(X) X
r — /m )1og 2 % ax. (43)

To avoid clutter, we use a the simplified notation p, and ¢, instead of p,(x) and ¢;(x).
Then, by definition, we have

ro=KL(p|¢q and rr=KL(pr| qr). (4.4)

Note thatry = [ prlog "dz = KL (pr || ¢r)isa vanishing term, i.e. limy—,oc KL (pr || ¢r) =
0. To ground this claim, we borrow the results by Collet and Malrieu (2008), which hold for
several forward diffusion SDEs of interest, such as the Variance Preserving (VP) or Variance
Exploding (VE) SDEs (Song et al., 2021).

dr dr
[T n = @welo=-[ Rurkenla). 09
0 t 0 dt

Focusing on the term C' = fo d“ dt and using the Leibniz rule and the product rule, we
obtain:

drt d apt a Dbt
= log — d = log d — log — dx. 4.6
Noting that
8pt d
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we can combine terms to write

/drt - apt log 2t —/pt % gyt (4.8)
q q Ot

Using the Fokker—Planck compact form Eq. (4.2), we can write C' = C 4+ C with :

€= [V (fxp) dxt [PV (fOxa)ixdt,  @9)
t t

Cy = 1/92(75) Apy log 2 dx — 1/]ﬁg (t) Ag; dxdt. (4.10)
2 qt 2J) q

Under appropriate boundary conditions (i.e., p; and ¢; vanish at |x| — 00), an application
of integration by parts shows that C'; = 0. We apply the integration by parts on the term C
using the equality : [ Ap; log % dx = — [Vp, -V (log %) dx. After substituting these

expressions and rearranging we can write:

2
Viog 2| dxadt. (4.11)

1
C:0+C2:__/92(t)pt .
t

2

]

The result in Proposition 1 allows, in principle, the exact computation of KL divergences,
provided knowledge of the score functions V log p;, V log ¢;. Such knowledge is however out
of reach in practical cases, which is why in this work we consider a parametric approximation
leading to a KL divergence estimator. In particular, we leverage the methodology considered
in (Song and Ermon, 2019; Song et al., 2021) where the parametric score sy is obtained by

minimizing the denoising score-matching loss :

1 [T
Lpsu(0) = 5/ E sompi [0 (0)]150(x, 1) = Vilog por(x|xo) "] dt (4.12)

0 x~pot(X|X0)
where po:(x | Xo) is the conditional distribution of the noised random variable given
initial conditions Xy ~ p(x), i.e. pi(x) = [ por(x | xo)p(xo)dx. Note that pp; has known
Gaussian distribution with known mean p(¢) and variance o(t). This allows, with the

knowledge of the score functions, the implementation of an estimator for the KL divergence.

Remark: In (Franzese, Bounoua, and Michiardi, 2024), it is shown that, under certain
conditions, divergences between probability distributions can be computed equivalently in a
latent space. By defining an encoder—decoder pair that enables near-perfect reconstruction,

it becomes possible to compute the divergences directly in the latent space, a property we
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leverage in § 4.6.2.

4.3 Theoretical Guarantees

Given the parametric approximations of the score networks through minimization of
Eq. (4.12), and the result in Proposition 1, we are ready to discuss our proposed estimator
of the KL divergence. We note s?(x,t) = Vlog p;(x) and s?(x,t) = Vlog ¢(x) the true
score function the parametrized learned score functions and s”(x, t) and s?(x, t) are learned
score functions (Typically by neural networks ). Using the parametric approximations of
the score networks we have the following estimator:

BL (0 10) = [ Buenio | 53 2 152600) = 7, 0]t 4 KL (pr() | ar(3) (419

By defining the score error as e/ (x) = s”(x,t) — s?(x, t) and €] (x) = s9(x, t) — s9(x, ),

and considering that r; = 0 it is possible to show (see Appendix B.1.3 for proof) that :

g%(t)
2

o T
KL ) -FLG 10 = [ LB [uef(x) ~ ()| (4.1

+2(sP(x,t) — s1(x,1), ef(x) — ef(x) )dt (4.15)

An important property of our estimator is that it is neither an upper nor a lower bound
of the true KL divergence: indeed the approximation gap Eq. (4.14) can be either positive
or negative. This property frees our estimation guarantees from the pessimistic results
of (McAllester and Stratos, 2020). Note also that, counter-intuitively, larger errors norms
||e? (x)|| not necessarily imply larger estimation error of the KL divergence. Indeed, common
mode errors (reminiscent of paired statistical tests) cancel out. In the special case where
e/ (x) = e{(x), the estimation error due to the approximate nature of the score functions is

indeed zero.

Qualitatively, we observe that our estimator is affected by two sources of error: score
networks that only approximate the true score function and finiteness of 7". The approxima-
tion gap Eq. (4.14) which is related to the score discrepancy, suggests selection of a small
time 7" (indeed we can expect such mismatch to behave as a quantity that increases with 7’
(Franzese et al., 2023)). It is important however to adopt a sufficiently large diffusion time 7’

such that KIL (pr || g7) vanishes. Typical diffusion schedules satisfy these requirements.
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Montecarlo Integration The analytical computation of Eq. (4.13) is, in general, out of
reach. However, Montecarlo integration is possible, by recognizing that samples from p; can
be obtained through the sampling scheme Xy ~ p, X; ~ po;(x | X¢). The outer integration
w.r.t. to the time instant is similarly possible by sampling ¢ ~ ¢/ (0,T"), and multiplying the
result of the estimation by 7" (since fOT(-)dt = TE¢ 0, [(+)]). Alternatively, it is possible
to implement importance sampling schemes to reduce the variance, along the lines of what
described by (Huang, Lim, and Courville, 2021), by sampling the time instant non-uniformly
and modifying accordingly the time-varying constants in Eq. (4.13). In both cases, the
Montecarlo estimation error can be reduced to arbitrary small values by collecting enough

samples, with guarantees described in (Rainforth et al., 2018).

4.4 Entropy estimation

We now describe how to compute the entropy associated to a given density p. Recall that
entropy quantify the randomness of random variable X associated with the probability

density p(x) .
H(p) = - / p(x)log p(x)dx (4.16)

Using the ideas for estimating the KL divergence, we notice that we can compute
KL (p || v7), where 77 (x) stands for the standard Gaussian distribution with mean 0 and

covariance 2I. Then, we can relate the entropy to such divergence through cross entropy:

H(p,y7) =H(p) +KL(p [ ) (4.17)
= —/p(x) log 77 (x)dx (4.18)
N E, ) [(Xo)?
=5 10g(27r02) + %. (4.19)
With N being the dimension of X. Hence we can write :
N E, ) [(Xo)?
H(p) = —KL(p || v7) + o) log(2m0?) + % (4.20)

A simple manipulation of Eq. (4.20), using the results from § 4.3, we can obtain the

following entropy estimator :
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57 (4.21)

Now, the score function associated to the forward process starting from 77 is analytically
known and has value 87 (x,t) = —x; 'x, where y; = <kt2<72 AN ks_QgQ(s)ds> I, with

ky = exp{ ( fot f (s)ds) } Moreover, whenever T is large enough py ~ !, independently on
the chosen value of 0. Consequently KL (pr || v¢) ~ KL (y* || vV*7), which is analytically
available as V/2 (log (x7) — 1 + /xr). Quantification of such approximation is possible
following the same lines defined by (Collet and Malrieu, 2008). In summary, we consider the

following estimator for the entropy:

H () ~ — Expyin) VOT @Hsp(x, t) + xt‘leth] - g (log (xr) =1+ %)

N
2 202

+ 10g(27r02) + (4.22)
For completeness, we note that a related estimator has recently appeared in the literature
(Kong, Brekelmans, and Ver Steeg, 2022), although the technical derivation and objectives

are different than ours.

4.5 Mutual Information Estimation

In this work, we are interested in estimating the MI between two random variables X and Y.
Consequently, we need to define the joint, conditional, and marginal probability densities.
We denote the marginal probability density of the first random variable X € RY as p*(x).
Similarly, the marginal probability density of the second random variable Y € R" is denoted
by p¥(y). The joint probability density of the two random variables, [X, Y] € R*" is
denoted by px vy (x, y). What remains to be specified are the conditional probability densities.

X\Y(

The density of X given that Y = y is denoted by p x | y), and the density of Y given that

YIX(y | x). This choice of notation, along with Bayes’ theorem, implies

x| y)pY(y) =Xy | %) p* (),
and the marginal densities can be recovered as p* (x) = [pXI¥(x | y)p¥(y)dy, p¥(y)=

Sy | %) p*(x) dx.

X = xisdenoted by p

the following set of equivalences: p*Y(x,y) = p
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4.5.1 Approximating the Conditional and Joint Score Functions

The marginals pX, pY are associated to diffusion of the form of Eq. (4.1). Similarly, the joint

X|Y

p* and conditionals pXIY we introduced, are associated to forward diffusion processes:

d[X, Y))" = f(ORXe, Y] Tde + g(t) [AW,, dW7)T dX, = f(£)Xdt + g(t)AW,
[X07 YO]T ~ pX’Y X ~ pX‘Y
(4.23)
respectively, where the SDE on the Lh.s. is valid for the real space R?", as defined in
Eq. (4.13).

In this work, we consider two classes of diffusion processes. In the first case, the diffusion
model is asymmetric, and the random variable Y is only considered as a conditioning signal.
As such, we learn the score associated to the random variable X, with a conditioning signal
X, which is set to some predefined null value when considering the marginal case. This well-
known approach (Ho and Salimans, 2022) effectively models the marginal and conditional

. XY . .
scores associated to pX and p, Y with a unique score network.

Next, we define a new kind of diffusion model for the joint random variable [X, Y],
which allows modeling the joint and the conditional measures. Inspired by recent trends in
multi-modal generative modeling (Bao et al., 2023; Bounoua, Franzese, and Michiardi, 2024),
we define a joint diffusion process that allows amortized training of a single score network,
instead of considering separate diffusion processes and their respective score networks, for

each random variable. To do so, we define the following SDE:

d[X,, Y] = f(t)[aX,, BY,]Tdt + g(t) [adW,, BdW]] T

(4.24)
Xo, Yo|T ~ pX¥

with extra parameters «, 3 € {0,1}. This SDE extends the Lh.s. of Eq. (4.23), and
describes the joint evolution of the variables X;, Y, starting from the joint pXY, with time
varying probability density pX¥. The two extra coefficients «, 3 are used to modulate the
speed at which the two portions X;, Y; of the process diffuse towards their steady state.
More precisely, « = 3 = 1 corresponds to a classical simultaneous diffusion (Lh.s. of
Eq. (4.23)). On the other hand, the configuration &« = 1, 8 = 0 corresponds to the case
in which the variable Y, remains constant throughout all the diffusion (which is used
for conditional measures, r.h.s. of Eq. (4.23)). The specular case, « = 0,3 = 1, similarly
allows to study the evolution of Y; conditioned on a constant value of X;. Then, instead of

XY . X|Y
,pX!

diffusion processes, the key idea is to consider a unique parametric score, leveraging the

learning three separate score networks (for p and p¥'X), associated to standard
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unified formulation Eq. (4.24), which accepts as inputs two vectors in RY, the diffusion
time ¢, and the two coeflicients «, 5. This allows to conflate in a single architecture: i) the
score s*Y ([x,y], ) associated to the joint diffusion of the variables X, Y (corresponding

X\Y(

to « = = 1) and ii) the conditional score s X,y,t) (corresponding to a = 1, 5 = 0).

X, Y X|Y)

(To simplify the notation, instead of writing s and s*™ | we write s and s

Additional details are presented in Appendix B.2.

4.5.2 MINDE: a Family of MI estimators

We are now ready to describe our new MI estimator, which we call MINDE. As a starting
point, we recognize that the MI between two random variables X, Y has several equivalent
expressions, among which Eqs. (4.25) to (4.28). On the left hand side of these expressions
we report well-known formulations for the M1, Z(X,Y), while on the right hand side we
express them using the estimators we introduce in this work, where equality is assumed to
be valid up to the errors described in § 4.3. We can leverage the different formulations of MI

in terms of entropies or as a KL divergence.

We have Z(X,Y) = H(p*) = H(p*Y) or Z(X,Y) = H(p™Y) = H(pXY) - H(p¥X).
Note that by substituting the entropy estimator Eq. (4.22) in the MI formulation the other

terms vanishes leaving only the difference of scores.

Hence, we can write:

I(X,Y) ~ —KL (pX || 77) + KL (XY || )

T 2
S N e 1L
0

2
T 2
g°(t) = _ 2
+ / E YONPY |: 2 HSX'Y Yo (X7 Yo, t) + Xt 1XH 1 dt (425)
0 pri(\Y:yo

The joint and conditional scores can also be used :
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I(X,Y) ~ —KL( XY 1 97) + KL (p*Y [ 17) + KL (p¥™ || )

:— E, ypx {g | %Y Xy,t)+x,?1[x,y]TH2} dt
T

o A L L
0 xwpf“y—yo
T T Qt

+/ B xoupX [/ —g2()HSle(Y>X07t)+Xt1yH2:| dt (4.26)
0 yapX=x0 LJO

It’s also possible to use another formulation of MI using the conditional and uncon-
ditional scores without the reference score by starting from the KL formulation. Approx-

X sXIY and assuming that 7T is large enough such that

imating the true scores with s
KIL (pX‘Y | pT> — 0 (under standard Gaussian terminal), we can obtain another estimator

for MI:

I(X,Y) = E, v KL (p*Y= || p¥)

T 2t 9
= [E 0 ¥ eyt - S @t a2
0 pr:CInyO

Another estimator using the joint score and the conditional scores without the reference

Gaussian distribution can be obtained (see Appendix B.1.4 for proof):

T 2

g-(t

I(X,Y) ~ / Exvprf’Y[—Q( ) HSX’Y(x,y,t) - [leY(X, yo,t),sY|X(y,xo,t)]TH] dt
0

(4.28)

4.6 Experimental Validation

We now evaluate the different estimators proposed in § 4.5. In particular, we study conditional
and joint models (MINDE-c and MINDE-J respectively), and variants that exploit the
difference between the parametric scores inside the same norm ( Eqs. (4.27) and (4.28)) or
outside it, adopting the difference of entropies representation along with Gaussian reference
distribution (Egs. (4.25) and (4.26)).
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Summarizing, we refer to the different variants as MINDE-c(¢), MINDE-c, and MINDE-
-J(o), MINDE-J, for Egs. (4.25) to (4.28) respectively. Our empirical validation involves a
large range of synthetic distributions, which we present in § 4.6.1. We also analyze the

behavior of all MINDE variants according to self-consistency tests, as discussed in § 4.6.2.

For all the settings, we use a simple, stacked multi-layer perception (MLP) with skip
connections adapted to the input dimensions, and adopt vP-SDE diffusion (Song et al.,
2021). We apply importance sampling (Huang, Lim, and Courville, 2021; Song et al., 2021) at
both training and inference time. More details about the implementation are included in

Appendix B.2.

4.6.1 MI Estimation Benchmark

We use the evaluation strategy proposed by Czyz et al. (2023), which covers a range of distri-
butions going beyond what is typically used to benchmark MI estimators, e.g., multivariate
normal distributions. In summary, we consider high-dimensional cases with (possibly)
long-tailed distributions and/or sparse interactions, in the presence of several non trivial
non-linear transformation. Benchmarks are constructed using samples from several base
distributions, including Uniform, Normal with either dense or sparse correlation structure,
and long-tailed Student distributions. Such samples are further modified by deterministic
transformations, including the Half-Cube homeomorphism, which extends the distribution
tails, and the Asinh Mapping, which instead shortens them, the Swiss Roll Embedding and

Spiral diffeomorphis, which alter the simple linear structure of the base distributions.

We compare MINDE against neural estimators, such as MINE (Belghazi et al., 2018),
INFONCE (Oord, Li, and Vinyals, 2018),NWJ (Nguyen, Wainwright, and Jordan, 2007) and
DOE (McAllester and Stratos, 2020). To ensure a fair comparison between MINDE and other
neural competitors, we consider architectures with a comparable number of parameters.
Note that the original benchmark in (Czyz et al., 2023) uses 10k training samples, which are
in many cases not sufficient to obtain stable estimates of the MI for our competitors. Here,
we use a larger training size (100k samples) to avoid confounding factors in our analysis.
In all our experiments, we fix ¢ = 1.0 for the MINDE-c(¢), MINDE-j(0) variants, which

results in the best performance (an ablation study is included in Appendix B.3).

Results: The general benchmark consists of 40 tasks (10 unique tasks x 4 parametrizations)
designed by combining distributions and MI-invariant transformations discussed earlier.
We average results over 10 seeds for MINDE variants and competitors, following the same

protocol as in (Czyz et al., 2023). We present the full set of MI estimation tasks in Table 4.1.
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As in the original (Czyz et al., 2023), estimates for the different methods are presented with a
precision of 0.1 nats, to improve visualization. For low-dimensional distributions, benchmark
results show that all methods are effective in accurate MI estimation. Differences emerge
for more challenging scenarios. Overall, all our MINDE variants perform well. MINDE-c
stands out as the best estimator with 35/40 estimated tasks with an error within the 0.1
nats quantization range. Moreover, MINDE can accurately estimate the MI for long tailed
distributions (Student) and highly transformed distributions (Spiral, Normal CDF), which
are instead problematic for most of the other methods. The MINE estimator achieves the
second best performance, with an MI estimation within 0.1 nats from ground truth for 24/40
tasks. Similarly to the other neural estimator baselines, MINE is limited when dealing with

long tail distributions (Student), and significantly transformed distributions (Spiral).

High MI benchmark: Through this second benchmark, we target high MI distributions.
We consider 3 X 3 multivariate normal distribution with sparse interactions as done in
(Czyz et al., 2023). We vary the correlation parameter to obtain the desired MI, and test
the estimators when applying Half-cube or Spiral transformations. Results in Figure 4.1
show that while on the non transformed distribution (column (a)) all neural estimators
nicely follow the ground truth, on the transformed versions (columns (b) and (c)), MINDE

outperforms competitors.

--- GT
—— Minde-j
Minde-c
— MINE
—— InfoNCE
— DV

I

MI estimate
MI estimate

MI estimate
o N w & u

o 1 2z 3 4
True MI

(a) Sparse Multinormal

5

o 1 2z 3 4 s
True MI

(b) Half-cube

o 1 2 3 4 s
True MI

(c) Spiral

— NWJ
KSG
— NN
CCA

Figure 4.1: High MI benchmark: original (column (a)) and transformed variants (columns (b) and (c)).

4.6.2 Consistency tests

The second set of tests we perform are the self-consistency ones proposed in (Song and Er-
mon, 2019), which aim at investigating properties of MI estimators on real data. Considering
as random variable A a sample from the MNIST (resolution 28 x 28) dataset, the first set of
measurements performed is the estimation of Z(X, Y;), where Y () is equal to X for the first
i rows, and set to 0 afterwards. It is evident that Z(X, Y (7)) is a quantity that increases with
r, where in particular Z(X, Y (0)) = 0. Testing whether this holds also for the estimated MI

is referred to as independency test. The second test proposed in (Song and Ermon, 2019) is
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the data-processing test, where given that Z(X; [Y (i + k), Y (i)]) = Z(X; Y (i + k)), k > 0,
the task is to verify it through estimators for different values of k. Finally, the additivity
tests aim at assessing whether for two independent images X, X extracted from the dataset,
the property Z(|X, XJ; [Y (i), Y(i)]) = 2Z(X; Y (7)) is satisfied also by the numerical esti-

mations.

For these tests, we consider diffusion models in a latent space, exploiting the invariance
of KL divergences to perfect auto-encoding. First, we train deterministic auto-encoders for
the considered images in all the tests . Then, through concatenation of the latent variables, as
done in (Bao et al., 2023; Bounoua, Franzese, and Michiardi, 2024), we compute the MI with
the different schemes proposed in § 4.5. Results of the three tests (averaged over 5 seeds) are
reported in Figure 4.2. In general, all MINDE variants show excellent performance, whereas
none of the other neural MI estimators succeed at passing simultaneously all tests, as can

be observed from Figures 4,5,6 in the original (Song and Ermon, 2019).

-/
08 / 15 3
] p ] 2
Soo // B e B -
os / e = —— MINDE- (0=1)
oy os : MINDE-}
o " . —— MINDE-C (0=1)
s » 3 % s % »
T e T ’ Rows Rows —<— MINDE-C
(a) Baseline test (b) Data processing test (c) Additivity test

Figure 4.2: Consistency tests results on the MNIST dataset. Baseline test Figure 4.2a: Evaluation of %
X is an image and Y () is an image containing the top i rows of X. Data processing test Figure 4.2b: Evaluation
£ I Y i, Y (0)) (X X|[Y (), Y (9)])
T(X, Y (i+k)) Z(X;Y (0)
is 2).

(ideal value is 1). Additivity test Figure 4.2c: Evaluation of (ideal value

4.6.3 Analysis of conditional diffusion dynamics using MINDE

Diffusion models have achieved outstanding success in generating high-quality images,
text, audio, and video across various domains. Recently, the generation of diverse and
realistic data modalities (images, videos, sound) from open-ended text prompts (Ramesh
et al., 2022; Saharia et al., 2022; Rombach et al., 2022) has projected practitioners into a
whole new paradigm for content creation. A remarkable property of our MINDE method is
its generalization to any score based model. Then, our method can be considered as a plug
and play tool to explore information theoretic properties of score-based diffusion models: in
particular, in this section we use MINDE to estimate MI in order to explain the dynamics
of image conditional generation, by analyzing the influence of the prompt on the image

generation through time.
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Table 4.1: Mean MI estimates over 10 seeds using N = 10k test samples against ground truth (GT). Color
indicates relative negative (red) and positive bias (blue). All methods were trained with 100k samples. List of
abbreviations ( Mn: Multinormal, St: Student-t, Nm: Normal, He: Half-cube, Sp: Spiral)

Prompt influence of conditional sampling. Generative diffusion models can be inter-
preted as iterative schemes in which starting from pure noise, at each iteration, refinements
are applied until a sample from the data distribution is obtained. In recent work on text
conditional image generation (image X, text prompt Y) by Balaji et al. (2022), it has been
observed that the role of the text prompt throughout the generative process has not constant
importance . Indeed: “At the early sampling stage, when the input data to the denoising
network is closer to the random noise, the diffusion model mainly relies on the text prompt to
guide the sampling process. As the generation continues, the model gradually shifts towards
visual features to denoise images, mostly ignoring the input text prompt” (Balaji et al., 2022).
Such claim has been motivated by carefully engineered metric analysis such as self and cross
attention maps between images and text, as a function of the generation time, as well as
visual inspection of the change in generated images when switching the prompt at different

stages of the refinement.

Using MINDE, we can refine heuristic-based methods and produce a similar analysis
using theoretically sound information theoretic quantities. In particular, we analyze the
conditional mutual information Z(X,Y | X, ), being X the result of the generation process
at time 7 (recall that the time runs backward from 7" to 0 during generationSuch metric
quantifies, given an observation of the generation process at time 7, how much informa-
tion the prompt Y carries about the final generated image X. Clearly, when 7 = 7, the
initial sample is independent from both X and X. Consequently, the conditional mutual

information will coincide with Z(X,Y).
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More formally, we consider the following quantity:

I(X,Y|X,) = I(X,Y) - [I(X,,Y) ~ Z(X,.X|Y)]. (429)
(X.Y) - [H(X,) — HX|Y) — HX,|Y) + HX, X, Y)]

X, Y
IX,Y
I(X,Y) - I(X,,Y)

where Eq. (4.29) is simplified due to the Markov chain X — X, — X, so H(X,|X,Y) =
H(X,[Xo,Y) = H(X,|Y). Next, we use our MINDE estimator, whereby the marginal
and conditional entropies can be estimated efficiently. The following approximation of the

quantity in interest can be derived:

2(t
v [ i, ) — %, )
0 X~Py -

T
2
—/E vorpY gT(t)HsXW(x,yo,t)—SX(X,t)||2 dt

e XNp?CIY:yo L J
- 2
g-(1 2
~ /IE vopY [#HSXD((X,}’()J) — s%(x, t)H dt (4.30)
0 prle:yO

In our experiments, we also include a MINDE-(¢) version which can be obtained similarly
to Eq. (4.30).

Experimental setting. We perform our experimental analysis of the influence of a prompt
on image generation using Stable Diffusion (Rombach et al., 2022), using the original code-
base and pre-trained checkpoints." The original Stable Diffusion model was trained using
the DDPM framework (Ho, Jain, and Abbeel, 2020) on images latent space. This framework
is equivalent to the discrete-time version of VPSDE (Song et al., 2021). Using the text prompt
samples from LAION dataset (Schuhmann et al., 2022), we synthetically generate image
samples. We set guidance mechanism to 1.0 to ensure that the images only contain text
conditional content. We use 1000 samples and approximate the integral using a Simpson

integrator * with a discretization over 1000 timesteps.

lhttps://huggingface.co/stabilityai/stable-diffusion-2-1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.
integrate.simpson.html
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Results. We report in Figure 4.3 values of Z(X, Y | X ) as a function of (reverse) diffusion
time, where X is in the image domain and Y is in the text domain. In a similar vein to what
observed by Balaji et al. (2022), our results indicate that Z(X,Y | X, ) is very high when
7 o~ T, which indicates that the text prompt has maximal influence during the early stage
of image generation. This measurement is relatively stable at high MI values until 7 ~ 0.8.
Then, the influence of the prompt gradually fades, as indicated by decreasing steadily MI
values. This corroborates the idea that mutual information can be adopted as an exploratory

tool for the analysis of complex, high dimensional distributions in real use cases.

The intuition pointed out by our MINDE estimator is further consolidated by the
qualitative samples in Figure 4.4, where we perform the following experiment: we test
whether switching from an original prompt to a different prompt during the backward
diffusion semantically impacts the final generated images. We observe that changing the
prompt before 7 ~ (0.8 results almost surely with semantically coherent generated image
with the second prompt. Instead, when 7 < 0.8, the second prompt influence diminishes
gradually. We observe that for all the qualitative samples shown in Figure 4.4 the second

prompt has no influence on the generated image after 7 < 0.7.

—— MINDE (0=1)
MINDE

T T T T T T
1.0 0.8 0.6 0.4 0.2 0.0

Figure 4.3: I(X,Y | X, ) as a function of .

4.7 Conclusion

The estimation of MI stands as a fundamental goal in many areas of machine learning,
as it enables understanding the relationships within data, driving representation learning,
and evaluating generative models. Over the years, various methodologies have emerged to
tackle the difficult task of MI estimation, addressing challenges posed by high-dimensional,
real-world data. Our work introduced a novel method, MINDE, which provides a unique
perspective on MI estimation by leveraging the theory of diffusion-based generative models.
We expanded the classical toolkit for information-theoretic analysis, and showed how

to compute the KL divergence and entropy of random variables using the score of data
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Prompt 1 : a dslr photo of a black cat sitting on a sofa.
Prompt 2 : a dslr photo of a baby panda in the jungle.

r 0.75 =07 T=0.6 =05 =04 =03 =02 7=0.1

Prompt 1 : a dslr image of an airplane landing at an airport.
Prompt 2 : a dslr image of a red car parked in the street.

7=0.6 7=0.5

Efn =om S

Prompt 1 : a dslr image of a a big house in the desert.
Prompt 2 : a dslr image of a stop sign in the street.

T=1.0 =09 T=0.85 =08 =075 =07 T= 06 = 05

Prompt 1 : a dslr image of a big bear in a river.
Prompt 2:adslr image of a dog wearing a red hat.

T=1.0

g Ll !!5%%&%%%

7=0.85

Figure 4.4: To validate the explanatory results obtained via the application of our MINDE estimator, we
perform the following experiment: Conditional generation is carried out with Prompt 1 until time 7, whereas
after the conditioning signal is switched to Prompt 2. We use the same Stable diffusion model as in the previous
experiment with guidance scale set to 9.

distributions. We defined several variants of MINDE, which we have extensively tested
according to a recent, comprehensive benchmark that simulates real-world challenges,
including sparsity, long-tailed distributions, invariance to transformations. Our results
indicated that our methods outperform state-of-the-art alternatives, especially on the most
challenging tests. Additionally, MINDE variants successfully passed self-consistency tests,

validating the robustness and reliability of our proposed methodology.

Our research opens up exciting avenues for future exploration. One compelling direction
is the application of MINDE to large-scale multi-modal datasets. The conditional version
of our approach enables harnessing the extensive repository of existing pre-trained diffu-
sion models. For instance, it could find valuable application in the estimation of MI for
text-conditional image generation. Conversely, our joint modeling approach offers a straight-
forward path to scaling MI estimation to more than two variables. A scalable approach
to MI estimation is particularly valuable when dealing with complex systems involving

multiple interacting variables.
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Multi-variate Information Estimation

The analysis of scientific data and complex multivariate systems requires information
quantities that capture relationships among multiple random variables. Recently, new
information-theoretic measures have been developed to overcome the shortcomings of
classical ones, such as mutual information, that are restricted to considering pairwise
interactions. Among them, the concept of information synergy and redundancy is crucial for
understanding the high-order dependencies between variables. One of the most prominent
and versatile measures based on this concept is O-information, which provides a clear and
scalable way to quantify the synergy-redundancy balance in multivariate systems. However,
its practical application is limited to simplified cases. In this work, we introduce SQ2I, which
allows to compute O-information without restrictive assumptions about the system while
leveraging a unique model. Our experiments validate our approach on synthetic data, and

demonstrate the effectiveness of SQ2 in the context of a real-world use case.

5.1 Introduction

MI is a fundamental measure which allows investigation of the non-linear dependence
between random variables (Shannon, 1948; MacKay, 2003). Despite its success in various
domains, classical MI suffers from limitations when analyzing systems composed by more
than two variables. This constitutes an important limitation, considering that many scientific
endeavors aim at an accurate statistical characterization of systems which are composed
of many random variables. Examples includes neuroscience (Latham and Nirenberg, 2005;
Ganmor, Segev, and Schneidman, 2011; Gat and Tishby, 1998), climate models (Runge et al.,
2019), econometrics (Dosi and Roventini, 2019), and machine learning (Tax, Mediano, and

Shanahan, 2017), to name a few.
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A recent attempt to overcome such limitations, and to extend the applicability of
information-theoretic tools to multivariate systems, is represented by Partial Information
Decomposition (PID) (Williams and Beer, 2010). The key idea behind such method is the
decomposition of the overall MI between a set of source variables and a given target vari-
able into non-negative constituents. In particular, PID quantifies how much of the total
information about the target variable is encoded redundantly, synergistically or uniquely
into given subsets of variables. Redundancy quantifies information that is shared between
subsets of the partition, synergy describes the additional information that is endowed to
all subsets observed jointly but that is not available from individual constituents of the
partition, and uniqueness quantifies the information that is lost when a given subset is not
observed, removing the amount of redundant and synergistic information associated to that
subset. The PID method requires partitioning the source system into all its possible subsets
and computing the information decomposition of all constituents with respect to the target

variable.

Despite its elegance, this measure is not without drawbacks. Indeed, there is no con-
sensus on the best way to define and compute PID, and several variants have emerged,
including (Barrett, 2014), who reformulate synergy and redundancy for Gaussian systems
(but that has been judged as poorly motivated by (Venkatesh et al., 2023)), (Finn and Lizier,
2020), who use the algebraic structure of information sharing, (Ay, Polani, and Virgo, 2019),
who rely on cooperative game theory, (Rosas et al., 2020), who build on concepts related to
data privacy and disclosure, (Kolchinsky, 2019), who use set theory, (Enk, 2023), who deal
with scalability issues by pooling probabilities, (Gutknecht, Makkeh, and Wibral, 2023), who
use a mereological formulation, and (Makkeh, Gutknecht, and Wibral, 2021; Ehrlich et al.,
2023), who advocate for methods based on the exclusions of probability mass. Nevertheless,
the main limitations of PID persist in all variants. Indeed, computational complexity grows
extremely fast, precisely as the Dedekind number of variables (which is more than 103! for
9 variables). Moreover, PID computation relies on a partition of the system into a set of
sources and a unique target. This can be an artificial distinction which limits usability and
interpretability of the results. This latter problem is partially addressed in (Varley et al.,
2023), who introduce Partial Entropy Decomposition (PED).

Motivated by these limitations, (Rosas et al., 2019) introduce the concept of O-information,
a measure which captures the synergy-redundancy dominance in multivariate systems. In
contrast to PID, this measure does not require the system to be partitioned into sources
and a target, and gracefully scales in the number of its components (Martinez Mediano,
2022). Furthermore, recent extensions such as O-information locality (Scagliarini et al., 2021)

and gradient computation (Scagliarini et al., 2023) allow a fine-grained analysis of system
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behavior. However, O-information measures are accessible only in restricted scenarios.
Indeed, existing methods rely on estimation techniques that requires either i) discrete
distributions (or binning of continuous ones) or ii) Gaussian distributions. In this work, we
show that such limitations can be lifted by using and extending recent methods to estimate
MI (Franzese, Bounoua, and Michiardi, 2024; Kong et al., 2024).

Our work is organized as follows: § 5.2 introduces the high-dimensional interaction
measures which we investigate in this work, while § 5.3 proposes Score-based O-Information
estimation (S{2I), our novel methodology which allows scalable and flexible O-information
estimation. § 5.4 validates experimentally our proposed method, where we report a series of
compelling results on various synthetic systems, for which ground truth values are known
and accessible analytically. Furthermore, we consider a realistic endeavor by revisiting
previous studies (Venkatesh et al., 2023) that focus on the analysis of brain activity in mice.
Our method allows lifting previous limiting assumptions, and allow synergy-redundancy
characterizations that are compatible with observations made by domain experts. Finally,

we summarize our findings in § 5.5.

5.2 High dimensional interaction measures

Consider the continuous multivariate random variable X = {X! ... XV} ~ p(x!, ..., x").

We indicate the collection of all but the ¢;, random variable with the symbol X\i &
{X1, .., XL X XN1. When necessary, we indicate marginal and conditional dis-
tributions by properly specifying the arguments of the distribution, e.g. X’ ~ p(x') or

XV X~ op(xt, . x T x L x M x).

A central quantity in this work is the Shannon entropy associated to a given random vari-
able H(X) = E [— log p(X)] (Cover, Thomas, et al., 1991). Considering the case of bi-variate
(i.e. N = 2) random variable X, entropy and conditional entropy allow computation of the
mutual information (MI) flow Z between the two random variables X!, X?: Z(X!; X?) =
H(X) — H(X|X?), where H(X!|X?) = E [ log p(X' | X?)]. Importantly, such quantity
can also be expressed as the KL divergence (Cover, Thomas, et al., 1991) between the joint and
the product of marginal distributions: Z(X!; X?) = KL (p(x',x?) || p(x')p(x?)). For the
case of N = 3, itis possible to define the MI as Z(X'; X?; X?) = Z(X!; X?)-Z(X!; X?|X?),
where Z(X!; X% X3) = H(X! | X3) — H (X' | X?,X3). This quantity, also known as co-
information or interaction information, can counter-intuitively result in a negative value,
and measures the difference between synergistic and redundant interactions (Rosas et al.,
2019).
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Since, for N > 3, interaction information becomes difficult to grasp (Williams and
Beer, 2010; Rosas et al., 2019), our goal in this work is to consider extensions to MI, while
preserving interpretability. In particular, a measure of the interaction strengths in a system
with N > 3 can be obtained by studying the summand mutual information between one

variable and the rest of the system:

N
S(X) = T(XhXY). (5.1)

i=1

This quantity, named S-information, can be decomposed into the redundant and synergis-
tic components of the considered multivariate system. In particular, since X\ = {X <7, X>?},
where X< = {X! ... X7} and X*! = {X* ... XN} (with X*V = (), we can use

the conditional mutual information laws (Cover, Thomas, et al., 1991) and rewrite S(X) as:

N N
S(X) =) I(XHX7) 4+ I(XHE XX, (5.2)
i=1 i=1
The two positive series which constitute S(X) are equivalent to the Total Correlation (TC)
(Sun, 1975) and the Dual Total Correlation (DTC) (Sun Han, 1980) denoted by 7 (.) and D(.)
respectively. Then, S(X) = T (X) + D(X), where (proof in Appendix C.1)

T(X) = Z H(XY) — H(X), (5.3)
D(X) =H(X) - > H(XIXY). (5.4)

TC is high in cases where, for each variable X, at least one of its “children” (variables in X>?)
carries information about it. Importantly, the number of children conveying information
(whether 1, 2, or N — 1) is irrelevant. Since 7 (X) is permutation invariant, a high value
implies that for every ordering of the variables, and hence for all possible combinations of
children of a given variable, the summand mutual information between variables and their
children remains high. This intuition, which suggests redundancy, can similarly be obtained
by considering the entropic formulation. Indeed, whenever a system is composed of perfectly
independent variables (X* | X7,i # j) H(X) = 3.~ H(X") and consequently 7 (X) = 0.
On the other hand, a copy system (X' = X7, Vi, j) achieves infinite 7 (X), as H(X) = —o0,

since the support of the joint distribution is on a lower than N —dimensional space. TC
N .

also admits a representation in terms of KL divergences, 7 (X) = KL <p(x) I 11 p(x1)>,
i=1

which we will exploit later in our proposed methodology.
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Similar considerations can be carried out for the DTC. Consider a single MI term
I(X% X<¥X>"). The focus of this conditioning is about quantifying how much additional
information the variables X< carry about X' if we are also given access X>. Whenever
the variables are independent or redundant (the copy system), this value is identically zero.
However, whenever the aid of the extra measurements unlocks new bits of information,

which suggests a synergistic scenario, its value is positive.

Having recognized that S(X) in a multivariate system can be decomposed into measures
of redundancy 7 (X) and synergy D(X), we can introduce a new information theoretic
measure which quantifies the difference between the two behaviours. This quantity, named

O-information (Rosas et al., 2019), is defined as

QX) =T(X) - D(X). (5.5)

In summary, while S-information only quantifies the strength of interactions in a system,
O-information also determines the nature of these interactions, being them redundant or syn-
ergistic. Intuitively, a redundancy-dominated system is the most parsimonious explanation
— in an Occam’s razor sense — whenever {2(X) > 0. Conversely, a negative value (X) < 0
is associated with a synergy-dominated system. O-information is a natural generalization
of MI for more than 3 variables: indeed, it is equal to the co-information for N = 3, and is a

measure which preserves interpretability for any positive V.

One important property of O-information is that it gracefully scales with the number
of random variables composing a system, as opposed to, e.g. the PID measure, which has

much worse scalability.

Since O-information measures the overall information dynamics among variables, re-
cent work focus on ways to study the individual influence of variables to the high-order
interactions, and capture the interaction structure of a multivariate system (Scagliarini et al.,
2023). The first order difference, called the gradient of O-information, captures how much

O-information changes when adding or removing a given system variable ¢:
9,Q(X) = Q(X) — Q(XV), (5.6)

A positive value implies that X* provides redundant information to the system, while a

negative one suggests that its interaction with other variables is mainly synergistic.
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5.3 Score-based O-information estimation

O-information and its gradient represent extremely useful information theoretic measures
to study multivariate systems. However, as it is clear from Eqgs. (5.3) to (5.5), their estimation
requires access to entropies, conditional entropies and KL divergence measures. When strict
assumptions about the distribution of variables composing the system are possible, such as
discrete or Gaussian distributions, existing implementations of O-information estimators
have been used successfully in a number of application domains (Varley et al., 2022; Sparacino
et al., 2023; Stramaglia et al., 2021; Chiarion et al., 2023). However, in more realistic cases
where such assumptions are not valid, there currently does not exist a method to estimate
the constituents of O-information in a reliable and scalable manner. In this work, we present
the first methodology allowing estimation of O-information for more general scenarios. Our
method unfolds according to the observation that all quantities of interest can be expressed
in terms of KL divergences, and relies on a technique to estimate such divergences which
scales gracefully with the system size. Our key ingredient is the score function associated
to data distributions (Vincent, 2011; Song and Ermon, 2019) and the method we present
leverages recent advances in the field of MI estimation (Franzese, Bounoua, and Michiardi,
2024; Kong et al., 2024).

5.3.1 Score-based divergence estimation

Consider the generic multivariate random variable X with associated distribution p(x).
Provided that certain minimal regularity assumptions are met (Vincent, 2011), it is always
possible to associate the distribution p(x) to its score function, defined as the gradient of its

logarithm, V log p(x).

Recently, the community has showed tremendous interest (Song and Ermon, 2019; Song
et al,, 2021) in a generalization of such concept, which involves computing the score function
of a noised version of the variable X, due to the possibility of adopting such concept for
generative modeling purposes. Accordingly, in this work we define a noised version of the
variable X with corresponding intensity indexed by ¢ € [0, 00). Then, the new variable is
constructed as X; = X + V/2tW, where W is a Gaussian random vector with the same

dimension of X, zero mean and identity covariance matrix.

This new random variable can be associated to its time-varying score function V log p;(x).
In particular the analytic expression of p;(x) can be obtained as the solution of the Partial

Differential Equation (PDE) dpé—gx) = Ap;(x), with initial conditions given by py(x) = p(x).
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Next, we consider the KL divergence between two generic distributions and define how
it can be computed using score functions, a result which we will use later for computing

O-information.

Proposition 2. (Franzese, Bounoua, and Michiardi, 2024; Kong et al., 2024) The KL divergence
between two generic distributions p(x) and q(x), defined as

KL (p(x) || ) = [ pl)1og 25 dx

can be computed considering the time-varying score functions V log(p;) and V log(q;), accord-
ing to the following expression:
2
V log (pt(x)) H dzdt.
7 (%)

Proof sketch To avoid clutter, we drop the dependence on x of the distributions. Let’s
define r; = f pi log Ptdx.

KL (p(x) || ¢(x)) = / ()

Since it holds that ro. — KL (p || ¢) = [;~ 9rtdt, we need
d d d
/ﬁdt /ﬂ log( ) + pielog [ 2 ) dxdt.
dt s dt qt

Note that fptilog(fl’—z>dxdt = [<Lp - 2 Agydxdt, and [ Spydxdt = 0 ( See Ap-
pendix C.1.1 for detailed proof). Then, the expression above can be rewrittenas [ p;Alog <%>
£ Agydxdt. Integrating by parts we obtain i —thV10g<%) + V(&)Vqdxdt. Since
Vp: = p;V log p; and V(%)Vqt =p;Vlog ¢V log(%), and 7., = 0 (Franzese et al., 2023;
Villani, 2009; Collet and Malrieu, 2008), the proposition follows. []

The result in Proposition 2 allows, in principle, the exact computation of KL divergences,
provided knowledge of the score functions V log p;, V log ¢;. Such knowledge is however out
of reach in practical cases, which is why in this work we consider a parametric approximation
of such vector fields, leading to a KL divergence estimator. In particular, we leverage the
methodology considered in (Song and Ermon, 2019; Song et al., 2021) where the parametric

score s; is obtained by minimizing the so called denoising score-matching loss

/ p()por( | 1)|[4() — V log(pos( | %)) | *dxdxat,

where pg;(X | x) is the conditional distribution of the noised random variable given initial

conditions X = x, i.e. pi(X) = [ po(X|x)p(x)dx. Note that py; has known Gaussian
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distribution with mean x and variance 2¢. This allows, together with the knowledge of the

score functions, the implementation of an estimator for the KL divergence.

Informally, learning the score can be understood as learning to denoise the variable X; to
_ EX|X¢=x]-x

- 2t ’
where the only unknown is E[X | X; = x]. An alternative, but equivalent parametrization of

obtain X. Indeed, the score functions have analytic expression V log p;(x)

the problem, consists in estimating the noise IV, given X;. We use this approach in our work
since is considered to be more stable numerically (Ho, Jain, and Abbeel, 2020). In practice,
the VP-SDE (Song et al., 2021) framework is adopted as the noising process. With such a
schedule varying between [0, T, it’s valid to assume that X is practically indistinguishable

from pure noise (More details in Appendix C.2).

5.3.2 Estimating O-information

Armed with Proposition 2, we can leverage score functions to estimate the information-
theoretic quantities introduced in § 5.2. Here we consider an extension of the simple noising
process described in § 5.3.1, where we allow i) noising of only certain subsets of the variables
or ii) deletion of subset of variables. In practice, the first case corresponds to learning to
denoise a portion of the variables, given auxiliary information about the other (noiseless)
variables, e.g. to learn E[X’ | X! = x*, X\' = x\'|. Instead, the second case amounts to
denoising problems akin to E[X* | X! = x|. In our implementation, we follow the approach
proposed in (Bounoua, Franzese, and Michiardi, 2024) (See Appendix C.2). Next, we use

such an intuition to derive a series of propositions that pave the way to O-information

computation.
aN
In what follows, we use the compact notation [()z] , to indicate a concatenation of N
i=1
elements in a column vector.
Proposition 3. Given a multivariate random variable X = {X!,... XV} ~ p(x!,...,xV),

and its corresponding noised version, the Total Correlation T (X) is equal to:

[ BB i) - [mpc x| o

4¢2

N

Proof Sketch. Recall that 7(X) = KL (p(x) | TI p(xi)>. Then, by virtue of Proposi-
i=1

tion 2, we have that 7 (X) equals

/ pe(x)

2

dxdt.

N

Vlog py(x) — [a% Ingt(Xi)] .
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The terms 32 log p;(x") correspond to 1/2¢(E[X" | X} = x'] — x'). Then, the proposition
follows. [

Proposition 4. Given a multivariate random variable X = {X' ... XN} ~ p(x!,... x"V)

>

and its corresponding noised version, the S-information S(X) is equal to:

o AN |2
[ Bl X, - e xi x| o
Proof Sketch. In light of Eq. (5.1), it holds that

X) =3 [ pe KL (b %) | plx)) e,

where the i, KL term of the sum is equal to (Proposition 2)

) pe(XF) ) 2
A~ 1 o~ v
‘ ox (pm(xz %)

Now, we can move the terms p(x\?) inside the KL computation integrals and write the sum

dx'dx"dt.

/ p(x | X)por (& | x7)

of the norms as the norm of a vector, which allows computing S-information as

2

dxdxdt,

P i1V o N
[87 logpt(xl)} - [a? log py(X' | x\z)} |

=1

S(X) = / P()por(% | %)

where p, (X' | x\1) = [ por(X x| x\)dx

Finally, the proposition follows since we can interpret the elements inside the square
norm in terms of denoisers, with 52- log p, (X’ | x\') = 1/2(E[X' | X} = x’, X\ = x\]—x")]
Proposition 5. Given a multivariate random variable X = {X' ... XN} ~ p(x!,... x"V)

}

and its corresponding noised version, the Dual Total Correlation D(X) equals:

2

o N
/4t2EHEX|Xt] [ [X’|X§,X\Z]L:1 dt

Proof Sketch. The starting point to obtain DTC is to recall that D(X) = S(X) — T (X).
Then, it is sufficient to expand the square norms of S(X) and 7 (X) and combine the
different terms, to state that D(X) equals:

2

dxdxdt.

~ 9 s . N
Viogp(%) — [ 2 logpi(% | xV)

=1

[ peom(x1x)
This can be proven considering that :
E[BX" | XJEX | X]] = E[(E[X"| X{])?]

_77_



CHAPTER 5

- B [EX XX X}, XV]] = E[(E[X| X]])?]

« E [E[X' | X,JJE[X| X}, X V]| = E[(E[X | X;)?2.

Then, the proposition follows. [

Finally, to estimate O-information, it is sufficient to combine Proposition 3 and Proposi-
tion 5, and apply Eq. (5.5). In practical terms, our method requires access to denoisers for
the three following scenarios: i) given X; estimate X ii) given X! estimate X" iii) given X!
and X\ estimate X". To achieve this, we extend the methodology proposed in (Bounoua,
Franzese, and Michiardi, 2024), and amortize the three different scenarios with a unique
denoising network, which takes as input the concatenation of noised and clean variables and
outputs the corresponding estimates (see Appendix C.2). Additionally, the estimation of the
gradients of O-information requires approximating additional denoising score functions to
access Eq. (C.3) (More details in Appendix C.2.2).

5.4 Experimental validation

We evaluate our method according to two strategies. First, we focus on a synthetic setup
that allows analytic computation of O-information and full control on system scale. Then,
we consider real data collected in a study of brain activity in mice, to demonstrate how SQI
unlocks new avenues in the application of information measures in real systems without

the need for restrictive assumptions.

5.4.1 Synthetic benchmark

We consider a canonical Gaussian system, whereby we control the number of variables
describing the system NV, the dimension of each variable (Dim), the inter-dependencies
between variables describing how they interact, and the strength of interaction (More details
in Appendix C.2). Inspired by (Czyz et al., 2023), we consider more challenging distribution
going beyond the Gaussian setting (Please refer to Appendix C.5 ). No other neural estimator
capable of estimating O-information was explored in the literature. Next, we construct an
original baseline that relies on neural estimation of MI to access the MI decomposition of

O-information.

Baseline. Recent work (Bai et al., 2023) describes a method to compute TC by leveraging a

decomposition into pairwise MI terms. Clearly, DTC can also be decomposed into MI terms.
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Therefore, we extend (Bai et al., 2023) such that it can be used as a baseline to compute
O-information. The main limitation of such a baseline is poor scalability: it requires training
an individual model for each MI term in which TC and DTC are decomposed in. We adopt
the linear-decomposition method (Bai et al., 2023), which results in 2(N — 1) MI terms (see
Appendix C.3), and propose four variants to estimate MI based on (Belghazi et al., 2018;
Nguyen, Wainwright, and Jordan, 2007; Oord, Li, and Vinyals, 2018; Cheng et al., 2020). We
label this baseline approach according to the MI estimators: MINE ,NWJ, InfoNCE, and
CLUB.

Experimental protocol For each experiment, we use 100k samples for training the vari-
ous neural estimators, and 10k samples at inference time, to estimate O-information. For our
method SQI, we use the VP-SDE formulation (Song et al., 2021) and learn a unique denoising
network to estimate the various score terms. The denoiser is a simple, stacked MLP with
skip connections, adapted to the input dimension. We apply importance sampling (Huang,
Lim, and Courville, 2021; Song et al., 2021) at both training and inference time. Finally,
we use 10-sample Monte Carlo estimates for computing integrals. More details about the
implementation are included in Appendix C.3. For the baseline variants, for each MI term we
use an MLP that is sufficiently expressive given the data dimension. All results are averaged

over 5 seeds. Additional results are included in Appendix C.6.

Our experiments unfold according to three inter-dependency scenarios, for systems

characterized by either redundancy, synergy or a mix of both interactions.

Redundancy benchmark. We consider R = AN(0,1) as the redundant information
component in the system. All system variables are of the form X = {X! ... X"V} =
{R+¢€;,..., R+en}, where ¢; ~ N(0, ol) are mutually independent random noise samples
with standard deviation 0. We use ¢ to modulate the redundancy level: higher noise levels
decrease the strength of redundant interaction, and this has an impact on the value of

O-information.

Next, we discuss results for a system with N = 10 variables, organized as 3 redundant
subsystem, each defined as described above. Figure 5.1 illustrates, for various variable
dimension, ranging from 5 to 20 dimensional Gaussians, the ground-truth and the esti-
mated O-information, for SQI and the various baselines. In this scenario, S{2I and baseline
competitors produce fairly accurate O-information estimates, when the dimensionality of
each random variable is small. When the dimension of systems variables grows, however,
the performance of the baseline methods degrades considerably. This is due to the inher-

ent limitations of the pairwise neural MI estimators, that struggle with high dimensional
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data (Czyz et al., 2023). Instead, the performance of S{2I remains stable when increasing vari-
able dimension, and O-information estimates are accurate, even when interaction strength

is high.
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Figure 5.1: Redundant system with N =10 variables, organized into subsets of sizes {3, 3,4} and increasing
interaction strength.

Synergy benchmark. In this case, we synthesize synergistic inter-dependency among
system variables by considering the following setup. For simplicity, consider three random

variables that behave as follows:

X'~ N(O,I), X*P=X'+S
X?=S+¢ e~N(0,0)and X" L X?

with S ~ N(0,1).

When o = 0, the synergy emerges through the Markov chain {X?, X3} —-X!, {X! X3} —
X? and {X! X%} — X3, since no element alone is sufficient to recover the remaining
variables. We modulate o to achieve different synergistic strengths. More generally, we
simulate N synergistic variables as: X' ~ A(0,I), X? = X! + 5] + ... + Sy_5 and
X'=8; 94¢€2Vie{3, ., N}
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Results in Figure 5.2 show that SC2I achieves consistent results in all scenarios, whereas
the baselines behave poorly. Indeed, a synergy-only setting is challenging, as it’s dominated
by high DTC values required to capture high-order interactions, on which the baselines
based on pairwise MI estimator fail.
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Figure 5.2: Synergistic system with N =10 variables, organized into subsets of sizes {3, 3,4} and increasing
interaction strength.

Mixed benchmark. In general, systems components are characterized by a mix of redun-
dant and synergistic interactions. Then, we synthesize such a system by creating subgroups

dominated by redundancy and synergy, respectively, following the procedures defined above.

Results in Figure 5.3, demonstrate that our method SO stands out as the best estimator in
this challenging scenario. Baseline methods produce poor estimates, especially when the syn-
ergistic interaction is dominant. Note that SCI reports a negative O-information whenever
the system is synergy-dominant and also succeeds in capturing interaction strengths, when
the system equilibrium changes in favor redundant interactions, by estimating correctly a

positive O-information.

Discussion. We attribute the superior performance of SC2I, compared to the baselines,

to several factors. Score-based estimators have shown to be extremely successful in fitting
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Figure 5.3: Mixed-interaction system with N =10 variables, organized into 2 redundancy-dominant subsets
of size {3, 4} variables and one synergy-dominant subset with 3 variables. O-information is modulated by
fixing the synergy inter-dependency and increasing the redundancy.

complex distributions, for example in the context of generative modeling (Song and Ermon,
2020; Song et al., 2021). Moreover, our technique relies on Proposition 2, whereby the differ-
ence of score functions has been shown to produce an accurate estimate of KL divergences,
due to canceling effects of estimation errors (Franzese, Bounoua, and Michiardi, 2024). Note
also that the baselines we adopt in our work use MI estimators that produce a bound only.
Moreover, using individual models to estimate several MI terms can naturally suffer from
cumulative bias, which is avoided in our case by amortizing computation with a unique

neural network.

Gradient of O-information While O-information provides global information about
dominance of either synergy or redundancy, the contribution of individual variables to
either effects is not available. Next, we rely on the gradient of O-information to study
individual system components, as introduced in § 5.2. Indeed, our method S2I can be easily
extended to output such gradients, by estimating additional score functions, as described in
Appendix C.2. In Figure 5.4, we illustrate gradients of O-information applied to the mixed

benchmark scenario discussed above. While O-information of the whole system can be
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positive due to the redundancy strength of some subgroup of variables, we notice that three
variables report a negative gradient, which is indicative of their synergistic interaction. In
Figure 5.4, ground truth gradient values are showed using a diamond marker. Our estimator,
despite suffering from some bias, correctly attributes the role and interaction type of each

system constituent.
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Figure 5.4: Gradient of O-information for the mixed benchmark, for a system of N =6 variables, and a system
of N =10 variables, and different dimension of variables.

5.4.2 Application to a real system

Multivariate analysis is a powerful tool for the field of neuroscience, as it allows scientists to
analyze activity patterns of different brain regions. Understanding how the brain processes
and transmits information during different stimulus requires analysing the underlying inter-
dependencies between different brain regions. To show that S{)I is an effective tool also
in practical use cases, we now consider the Visual Behavior project, which used the Allen
Brain Observatory to collect a highly standardized dataset consisting of recordings of neural

activity in mice that have learned to perform a visually guided task (Allen-Institute, 2022).

A visual change-detection task experiment was conducted on 80 mice using six neu-
ropixels probes tasked to report the activity of different regions of the visual cortex. During
the recordings, a set of 8 natural scenes were presented in 250 ms flashes, at intervals of
750 ms. The same image was shown during several flashes before a change to a new image.

The mouse had to perform an action to receive a water reward when the image changed.
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Ultimately, the purpose of this experiment is to investigate how the different brain region of
the mice react to different types of stimulus, such as detecting a new image (change) or not

(no change).

In this work, we follow the prepossessing procedure described by (Venkatesh et al., 2023),
where in each experimental session, good quality units from each area are chosen (See
Appendix C.3). For each trial, the recorded spikes are binned in 50 ms intervals, starting
from the stimulus flash. We consider two types of flashes: change and no change. For both
cases, SC)I is used for each time bin to estimate O-information (O-information). The reported
estimation is done using 10 Monte Carlo integration steps and averaged over multiple seeds.
We first consider three visual cortex regions VISp, VISL and VISAL, as done in (Venkatesh
et al., 2023). We then extend the experiment to six brain regions by including VISRL, VISAM
and VISpMm.

We show our results in Figure 5.5, where the distribution of O-information values are
reported as box-plots for each bin. We remark that values of O-information are higher in
cases of change stimulus, and lower for the no change stimulus. This suggests that higher
amount of redundant information in the visual cortex regions is transmitted in case of a
flash with new scene. Interestingly, when considering six areas of the visual cortex, our
observations remain valid, suggesting that the measured behaviour is common to these other
brain areas as well. Our results are aligned with (Venkatesh et al., 2023). However, prior work
rely on the PID measure, which requires the brain regions to be artificially organized into
two areas and a target variable, due to scalability issues affecting PID. Our work confirms
that SQI does not have such a limitation and allows a single estimation procedure to obtain

the same conclusions.
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Figure 5.5: O-information estimate in the visual cortex region activity after two types of stimulus flash across
72 trial sessions. Top: Analysis using three brain region areas, Bottom: Extended analysis using six brain
region areas. The step size is set to 2ms which results in 25 dimensional data for each bin per area. Different
step sizes led to the same behavior (see Appendix C.6).
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5.5 Conclusion

We addressed the problem of analyzing multivariate systems, whereby the essence of
complexity does not only lie in the nature of the individual system components, but also
in the structure of their inter-dependencies. Indeed, the analysis of high-order interaction
among variables has emerged as an important tool to deepen our understanding of such
complex systems, with application domains including machine learning, neuroscience,

climate modeling, and many more.

Recently, the scientific community has spent considerable effort on extending informa-
tion theory to allow the study of complex, multivariate systems according to notions of
uniqueness, redundancy and synergy. While no consensus exists yet, on a information mea-
sure that can fully and reliably characterize high-order interactions, in this work we focused
on O-information, which has desirable properties such as interpretability and scalability in
number of variables. The current state of the art is however at a roadblock. The existing
techniques rely on strong assumptions on the data distribution. Additionally, we explore
an exhaustive use of the neural MI estimators to access the O-information which resulted
in sub-optimal performance and scalability issues. Then, the endeavour of our work was
to present a method to lift such limitations, and endow practitioners and scientists with a

flexible and reliable tool to study complex systems associated to natural phenomena.

In this chapter, we proposed S{)I, a novel technique that leverages recent neural estima-
tors of mutual information and uses score functions of joint and conditional distributions to
compute divergences. We showed that SC2I can compute O-information by training a unique
parametric model, which is efficient and flexible. We validated our technique with a compre-
hensive experimental protocol, both in synthetic and realistic settings. We demonstrated
that SQI is accurate and robust across different system configurations and complexities. We
also applied S to a case study of mice brain activity, where we obtained plausible and
interpretable results. This study also demonstrated the scalability of SQ2I, showing that it
can handle larger systems than previously possible. The method has potential applications
across a wide range of multimodal systems, from industrial systems to medical and biological
domains. We believe that our work represents a substantial advancement in the computation

of information measures and their application to real-world, complex systems.
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Chapter 6

Minimum Entropy Coupling

Multimodal data is a precious asset enabling a variety of downstream tasks in machine learn-
ing. However, real-world data collected across different modalities is often not paired, which
is a significant challenge to learn a joint distribution. A prominent approach to address the
modality coupling problem is Minimum Entropy Coupling (MEC), which seeks to minimize
the joint Entropy, while satisfying constraints on the marginals. Existing approaches to
the MEC problem focus on finite, discrete distributions, limiting their application for cases
involving continuous data. In this work, we propose a novel method to solve the continuous
MEC problem, using well-known generative diffusion models that learn to approximate and
minimize the joint Entropy through a cooperative scheme, while satisfying a relaxed version
of the marginal constraints. We empirically demonstrate that our method, DDMEC, is general
and can be easily used to address challenging tasks, including unsupervised single-cell
multi-omics data alignment and unpaired image translation, outperforming specialized
methods.

6.1 Introduction

Nowadays, multimodal data is pervasive thanks to advances in data collection technologies
and the crucial need for systems that can learn from the diversity of real-world phenomena.
Healthcare, for example, is a domain where patient data often spans electronic health records,
radiological images, genetic data, and wearable sensor outputs (Kline et al., 2022; Acosta
et al.,, 2022). Autonomous systems rely on a suite of sensors, including LiDar, cameras,
and ultrasonic sensors, to navigate environments effectively (Caesar et al., 2020; Gu et al.,
2023; Franchi et al., 2024). Scientific disciplines, such as astronomy and geoscience, employ

multimodal datasets combining spatial, spectral, and temporal data to understand complex
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systems (Srivastava, Vargas, and Tuia, 2019; Zhang et al., 2024; KlindZi¢, Siljeg, and Kalafati¢,
2024).

Modeling multimodal data allows for a more comprehensive understanding, reflecting
the inherently multi-faceted nature of the real world. Recent works in representation
learning (Radford et al., 2021; Lu, 2023; Manzoor et al., 2023; Chen et al., 2023), the study
of multivariate systems (Kaplanis, Mediano, and Rosas, 2023; Liang et al., 2023; Bounoua,
Franzese, and Michiardi, 2024), generative modeling (Rombach et al., 2022; Tang et al.,
2023; Tang et al., 2023; Bounoua, Franzese, and Michiardi, 2024; Esser et al., 2024), and
multimodal conversational agents (Li et al., 2023; Liu et al., 2023; Shukor et al., 2023;
Xue et al,, 2024; Wu et al., 2024), are few examples to illustrate the fervent effort in the
machine learning community to address and exploit multimodality. However, the intrinsic
complexity of multimodal data introduces several challenges that hinder their application in
machine learning research. Modality heterogeneity complicates and sometimes impedes
geometric comparisons, requiring for example learning a mapping from ambient to latent
spaces (Rombach et al., 2022; Tang et al., 2023; Liu et al., 2023; Bounoua, Franzese, and
Michiardi, 2024) or stringent assumptions (Liang et al., 2022; Xia et al., 2023; Dong et al.,
2024; Ibrahimi et al., 2024; Zhang, Sui, and Yeung-Levy, 2024). Alignment across modalities
at spatial, temporal or semantic levels is another challenge, which calls for costly pre-
processing steps such as synchronization (Hanchate et al., 2024; Chen et al., 2024; Scire,
2024; Martin-Turrero et al., 2024).

The major roadblock we address is that of paired multimodal data, which is an underlying
assumption in many works in the literature (Radford et al., 2021; Liu et al., 2023; Li et al., 2023;
Bounoua, Franzese, and Michiardi, 2024). Paired data — for a given sample, all its various
modalities are available — is either expensive, difficult to obtain, or sometimes impossible.
For example, in genetic research, data is inherently unpaired due to the nature of the data
acquisition process, such as single-cell RNA sequencing data, where measurements destroy
the original cells (Kester and Oudenaarden, 2018; Chen, Lake, and Zhang, 2019; Schiebinger
et al., 2019). Similarly, matching image data from different domains is a challenging endeavor
when paired data is missing, which calls for specialized methods (Zhu et al., 2017; Huang
et al., 2018; Pang et al., 2021; Sasaki, Willcocks, and Breckon, 2021; Yang et al., 2023; Sun
et al., 2023; Xie et al., 2023).

In this work, we study the problem of unpaired multimodal data through the lens of
coupling, a fundamental problem in probability theory, that aims at determining the optimal
joint distribution of random variables given their marginal distributions, with early attempts
at solving it dating back to the work by (Fréchet, 1951). The pairing problem belongs to a
broad class of methods (Den Hollander, 2012; Lin et al., 2014; Benes and Stepan, 2012; Yu
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and Tan, 2018): some cast it through the lens of information-theoretic quantities, where
optimality is defined in terms of Entropy minimization or Mutual Information maximization,
others focus on optimal transport (OT) (Villani, 2009; Peyré and Cuturi, 2019), where
optimality is defined as minimizing the expected value of a transport cost over the joint
distribution. Our focus is the MEC problem, which aims at finding the joint distribution
with the smallest Entropy, given the marginal distribution of some random variables. Recent
applications include entropic causal inference (Kocaoglu et al., 2017; Javidian et al., 2021;
Compton, 2022), communication systems (Sokota et al., 2022), steganography (Witt et al.,
2022), random number generation (Li, 2021), dimensionality reduction (Cicalese, Gargano,
and Vaccaro, 2016; Vidyasagar, 2012), lossy compression (Ebrahimi, Chen, and Khisti, 2024),
and multimodal learning (Liang et al., 2024).

While the MEC problem is known to be NP-Hard (Vidyasagar, 2012; Kovacevi¢, Stano-
jevi¢, and Senk, 2012), the literature contains many approximation and greedy algorithms
(Painsky, Rosset, and Feder, 2013; Kovacevic, Stanojevic, and Senk, 2013; Cicalese, Gargano,
and Vaccaro, 2016; Li, 2021), and theoretical studies about the approximation qualities of
such approaches (Cicalese, Gargano, and Vaccaro, 2017; Cicalese, Gargano, and Vaccaro,
2019). Nevertheless, the vast majority of prior work on the MEC problem focus on discrete
distributions: instead, we consider the continuous variant of MEC, and propose a flexible
and general solution to the coupling problem for arbitrary, continuous distributions. The
MEC problem for continuous random variables is much more complex than its discrete coun-
terpart, and can be ill-defined in certain cases due to the properties of differential Entropy
and the challenges inherent to continuous distributions living in an infinite dimensional

space.

The gist of our method is to consider a parametric class of joint distributions, which we
reinterpret as conditional generative models, with additional terms to steer adherence to
marginal constraints. Then, the MEC problem requires access to the conditional Entropy,
which we rewrite as log-likelihood. Crucially, our method exploits two specular generative
models, which cooperate to minimize the joint Entropy, while approximately satisfying the
marginal constraints. Our approach materializes as two denoising diffusion probabilistic
models (Ho, Jain, and Abbeel, 2020), which we first pre-train on marginal distributions, and
then fine-tune according to reward functions, following an alternating optimization process.

In summary, our contributions are:

« We propose an approximation of the MEC problem for arbitrary, continuous distri-
butions, which is general, and that does not require stringent assumptions on the

marginal distributions, nor the definition of geometric cost functions (§ 6.2).
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« We present a practical implementation of our method (§ 6.3), that relies on gener-
ative models, that interact through a cooperative scheme aiming at optimizing an
information-theoretic cost function related to the Entropy of the joint distribution.
Our training procedure overcomes numerical instabilities and degenerate solutions
by relying on the application of soft marginal constraints, as well as the natural

approximation stemming from a finite-capacity denoising model.

« We illustrate the benefits and performance of our method on two important use cases
(§ 6.4). First, we solve the coupling problem between incomparable spaces with a
single-cell multi-omics dataset, where we compare our method to state-of-the-art
alternatives that rely on OT. Second, we focus on unsupervised image translation

between uncoupled pairs, and compare against state of the art.

6.2 Problem Formulation

Given two random variables X € X and Y € ) with marginal probability distributions
pX(x) and pY (y) respectively, we consider a parametric space P’ = {pz(’Y (x,y)} of joint
distributions over the space X’ x ), with induced marginal distributions pj (x), p¥ (y) (where
prX(x) 2 fy Y (x,y) dy and similarly for pY (y)). The MEC problem between the two
original distributions pX(x) and p¥ (y) consists in finding a joint distribution p?f’Y(x, y)
such that i) the induced marginal distributions pX (x), py (y) match them either exactly or
approximately and ii) the joint distribution is the one with minimal entropy (Kovacevic,
Stanojevic, and Senk, 2013; Cicalese, Gargano, and Vaccaro, 2017; Cicalese, Gargano, and

Vaccaro, 2019). The constraints over the search space P? are referred to as marginal contraints

Definition 3. A joint distribution pgc’Y (x,y) from X is said to be an exact coupling iff

Py (%) = p (%), 0 (v) = p¥ (¥)- (6.1)

In general, exact coupling is not possible (nor wanted, to avoid overfitting) and the

goodness of the solution in terms of marginal constraints is approximated through some

distance function between the induced and original distributions, e.g. using the Kullback-
X

Leibler divergence KL (pf || p*) £ Eypx [log ];ix(x)} . Then, we define the MEC problem

with soft constraints as follows
min M (py ") + AxKL (95 || p¥) + AKL (3 [ p¥) (6:2)
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where the entropic term is defined as H(p,"*) 2 —E, v [log Y (x, y)] :

Previous work have mainly focused on the exact MEC in discrete settings, where p*
and p¥ have a finite or countably infinite number of outcomes. Exact solution in such
settings is known to be NP-Hard (Vidyasagar, 2011; Kovacevic, Stanojevic, and Senk, 2013).
Under our assumption of continuous spaces the problem is more complex. Exact matching
is not generally possible due to the finite complexity of the parametric family Xy, since in
general the distributions pX, pY live in infinite dimensional spaces. Rather than a limitation,
enforcing limited complexity is helpful to avoid degenerate, deterministic joint probabilities
(e.g Y (x,y) = 0(y — g(x))px (x), where g(-) is any mapping which guarantees exact

coupling), which would induce infinite joint entropy.

Interestingly, the MEC problem has an intuitive interpretation connected to the problem

of Mutual Information maximization. We can write the MI when X, Y ~ pg(’Y as :

I(X,Y) = —H(pg ™) + Hpy) + H(py) (6.3)

and in the exact matching scenario H(p)) = H(p™), H(p)) = H(pY¥). In other words,
whenever the marginal constraints are satisfied with reasonable quality, the MEC problem

is a good approximation of the information maximization problem.

Early instances of the coupling problem express it through the lenses of OT (Monge,
1781; Kantorovich, 1942). In the simplest (albeit rich and interesting) scenario, the goal
is to minimize the transportation cost between distributions ]Ex,yrvpg(’Y [||x — y|[?], with
the implicit assumption of X = Y = R” and under the requirement of exact matching
(corresponding to Ax = Ay = 00). Several interesting extensions, including additional
constraints on the joint distribution such as geometry or structural constraints, lead to tailor-
made approaches (Villani, 2009; Peyré and Cuturi, 2019). Other than the trivial relaxation of
constraints from exact to approximate, a particularly useful extension concerns the entropy-
regularized version of this problem, where the cost function is complemented by the entropic
term H(pg(’Y). Although MEC is fundamentally different than OT, a link between the two
clearly exists. However, a straightforward comparison is not possible, as the entropic term
enters the respective minimization problems with different signs. Minimizing H(py ")
directly over other geometric costs (like the euclidean norm considered in OT) has several

advantages in terms of generality, as it does not require geometrically comparable spaces X

and ).
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6.3 Methodology

Consider two random variables in continuous domains, X € X and Y € ). We begin
by considering a parametric class for the joint distribution expressed as pz(’Y(x, y) =
p;qY(x|y) pY (y), such that the joint entropy #(p, " ) minimization becomes equivalent to
minimizing the conditional entropy ’H(p;qY:y). Note that the marginal constraint on Y
from Eq. (6.2) is verified by construction. To satisfy the marginal constraint on X we consider
the KL. This leads to an alternative definition of the MEC problem with soft constraints,

that reads as

Definition 4. Given random variables X € X andY € ), the continuous MEC problem with
soft marginal constraints corresponds to the optimization problem

minEy..,v {H(p;(w:y)] + MAxKL (pX || p%) . (6.4)

Y
Y (xly).
can be interpreted as a conditional generative model of the variable X given Y. As a

Crucially, we note that the parametric portion of the joint distribution, namely p;(

consequence, the conditional entropy from Definition 4, can be interpreted as an expected

log-likelihood, leading to

. XY=
min ]Ex7pr;(,Y [— log (pe | y)] + Ax KL (pg( I pX) : (6.5)

A maximum likelihood solution to the MEC problem in Eq. (6.5) is appealing, because it
can be addressed by learning the parameters of an appropriate conditional generative model,
while approximating the marginal constraints on X through the unconditional version of

the model. Nevertheless, this approach bears several challenges:

+ Asymmetry: Eq. (6.5) can be used to minimize the conditional entropy H(p;qY:y). The
learned conditional generative model can be used to generate samples from variable

X given Y, but not vice-versa.

« Marginal constraint: in principle, exact matching requires Ax — oo, but this choice
leads to degenerate solutions to the MEC problem. The marginal constraint from
Definition 4, despite being soft, should strive to keep pj anchored to p*(x), which is

not known.

To address the first challenge, we introduce a second family of parametric models
pzlx(y|x)px(x), this time corresponding to conditional generative model of the variable Y
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given observations of X. Then, we can write a specular version of the MEC problem we
defined as

minE s [— log (pZ'XZXH + A&y KL (p;( | p¥). (6.6)

) X%YPx .y
Recall that pg(’Y = p;{‘YpY and pr = p;,'XpX: it is then reasonable to strive, among
all the possible solutions, for p?’Y = pf;’Y. This joint constraint can be approximated with a

penalty term proportional to the KL divergence between the two distributions. Interestingly,

this coupling allows to implement a practical method that exploits cooperation: we use p;ﬂx

Y

. X .
to mmprove p, and vice-versa.

To address the second challenge, and pave the way for our practical implementation, we

break the optimization problem by first focusing on respecting the marginal constraints.

Y (y)-
Then, we use 6, and ¢, to initialize the conditional models, and anchor their parameters

To do so, we pretrain unconditional models such that pj (x) ~ p*(x) and pY (y) ~ p

throughout the optimization such that they do not deviate too much from the pretrained

models.

Overall, the method we propose writes as

minE._ xv [—1og (pfﬂxzx)} + AxKL (pX || pX),

0 Xy~pp
md}n Ex,prj’(,Y [— log (pe | y)] + AyKL (pz | p;{) , (6.7)

where we additionally enforce the approximate joint constraint. Notice the difference
with Eq. (6.5) and Eq. (6.6): given the structure of the parametric distributions we use, it
is possible to show that V,E X

x[— logpqu] ~ VgExpr;c,y[— logp;(‘ whenever

yrpX
p;(’Y = pfy. Strict adherencz t;c))e the joint constraint, in principle, allows “swapping”
the roles of the conditional models without affecting the optimization dynamics, leading
to a cooperative method. In practice, we found trough empirical exploration that such a
cooperative formulation, albeit approximate, proves to be much more stable than the original

problem, and consequently decided to adopt it in our implementation, as described next.
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6.3.1 Practical implementation

In our implementation, we consider the parametric class of probability distributions associ-
ated to DDPM (Sohl-Dickstein et al., 2015; Ho, Jain, and Abbeel, 2020). These models enjoy
excellent performance in fitting complex multimodal data, and allow accurate estimation of
information metrics (Franzese, Bounoua, and Michiardi, 2024; Kong et al., 2024; Bounoua,
Franzese, and Michiardi, 2024; Dewan et al., 2024).

DDPM. These generative models are characterized by a forward process, that is fixed
to a Markov chain that gradually adds Gaussian noise to the data according to a carefully
selected variance schedule 5;, i.e. x, = /1 — B;x;_1 + v/ie with € ~ N (0, I). Interestingly,

an arbitrary portion of this forward chain can be efficiently simulated through the equality
in distribution x; = /@y xo + (/1 — @z )¢, with xg ~ pX and oy = 1 — 3, @y = Hi:l .

The corresponding discrete-time reverse process, that has a Markov structure as well,

is used for generative purposes. The model generates data through the iterative sampling

T
process px (Xo.7) = [ po(xi1|x:)ps(xr), where po(xr) = N(x7;0,1) and typically
t=1

0 . . eps . 1 5 0
p’(%;_1|x¢) is a Gaussian transition kernel with mean N (Xt - A (x, t)) and co-
variance (;]. Intuitively, starting from a simple distribution x7 ~ N(0,I), samples are
generated by a denoising network ¢y, that removes noise over 7' denoising steps. A simple
way to learn the denoising network ¢ is to consider a re-weighted variational lower bound

of the expected marginal likelihood, where the problem arg miny KL (p* || py) becomes

T
arg min Z Een(0.0) o~ [||€ = €0 (%, 8)|*] - (6.8)

This simple formulation has been extended to conditional generation (Ho and Salimans,
2022), whereby a conditioning signal y injects “external information” in the iterative de-
noising process. This requires a simple extension to the denoising network such that it
can accept the conditioning signal: €y(x;,y,t). During training, a randomized approach
allows to learn both the conditional and unconditional variants of the denoising network,

for example by assigning a null value to the conditioning signal, e.g. y = ().

In Eq. (6.7), the log-likelihood emerges as a critical quantity to address the MEC problem.
In the ideal conditions of a perfect denoising network, the difference between predicted

and actual noise can be used, in the limit of infinite number of denoising steps, to compute
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exactly such quantity (Kong, Brekelmans, and Ver Steeg, 2022). We use these results to

compute the log-likelihoods through Monte Carlo estimation techniques

T
1
— log pe(x0) ~ const + 3 ZEﬁ [lle — ea(xs, 1)]I3] (6.9)
t=1
where the unspecified constant does not depend neither on x, nor on ¢, and is consequently
irrelevant for optimization purposes. This approach can be trivially generalized to the case

of a conditional denoising network € (x;,y, t).

Our method DDMEC: We being by pretraining unconditional models such that p (x) ~
p*(x) and p}, (y) =~ p¥(y). Then, we use . and ¢, to initialize conditional models Y
and p;{'X, which use denoising networks that accept additional conditioning signals, fol-
lowing (Zhang, Rao, and Agrawala, 2023). Next, we interpret the optimization expressed in
Eq. (6.7) as a model fine-tuning objective, which is reminiscent of the work by (Fan et al.,

2023):

minE, | xvro(y, x) + AxKL (9 || p) -

. 3 Y |, Y
md}n IEX7YNP§,Y7“9(X, y) + AyKL (p¢ I p¢*) , (6.10)
Y|X X|Y . . o
where 1y, = —logp, = and rg = —logp," " are reward signals striving to minimize the

conditional entropies, and Ax, Ay are scaling factors used for fine-tuning, that no longer

require to be extremely large. Furthermore, we enforce the joint constraints via extra penalty
XY ||, XY XY ||, XY
terms KL (53 || ) KL (55 | 91Y).

Fine-tuning DDPM introduces significant computational overhead. To address this,
various studies have explored supervised methods (Lee et al., 2023; Wu et al., 2023) or
reinforcement learning. In (Clark et al., 2023; Xu et al., 2024), fine-tuning is achieved through
direct back-propagation through the reverse process, which can be costly. Alternative
methods use proximal policy optimization (PPO) (Fan et al., 2023; Black et al., 2024; Uehara
et al.,, 2024), leading to improved stability. Note that (Fan et al., 2023) incorporates KL-
regularization to maximize the reward signal, while ensuring fidelity to the pretrained

model, which is analogous to our soft marginal constraints.

In our implementation, we compute gradients of the reward VyE x.v r4(y, x) as fol-
0
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lows (Fan et al., 2023)

T
Exxrs(y, ) ; Vo log po(xi—1|x, y), (6.11)

while the gradient of the marginal constraints VKL (pg( I p?,i) are obtained as the
approximate gradient of an upper bound (Fan et al., 2023)

T
> VoEx, [lleo(xe,y,t) — €o. (x,t)|*] - (6.12)

t=1

Similar expressions apply to the specular model.

Algorithm 1: DDMEC Training Loop

1 Input: 0., ¢.

2 Initialize 6 < 0,, ¢ + ¢,

3 Repeat

a Call Algorithm 2 with y ~ p¥,0,0,, ¢
5

6

Call Algorithm 2 with x ~ pX, ¢, ¢,, 0
Converged

Given pretrained models pt p;i, the pseudo-code of our DDMEC method in Algorithm 1
is extremely simple, as it materializes as alternating optimization steps, described (for the
top Eq. (6.10)) in Algorithm 2. First, we optimize for the parameters 6 of the model pqu:y,
while fixing the parameters ¢ of the specular model p:f'X, which we use as a reward term.
Then we adapt the parameters ¢ to ensure p;(’Y R p?’Y: this is achieved by noting that
we can adapt Eq. (6.8) to this purpose, whereby the parameters 6 are now fixed. In the
second phase (which can described as the specular version of Algorithm 2), we optimize
for the parameters ¢ of the model p:ﬂx:z, while fixing the parameters 6 of the model p;qY
using the corresponding reward term. Finally, in a specular manner to the first phase, we
ensure coherency of the two models by adapting 0 such that p;(’Y ~ pr, thus satisfying
the joint constraint. For a detailed overview of the DDMECmethodology, we refer the reader

to Figure 6.1.

6.4 Experiments

DDMEC is a general method that can be applied across a variety of data domains, as it relies

on an information-theoretic measure to match unpaired entities. Next, we demonstrate
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Algorithm 2: DDMEC Training Step

1 Input: y, 0,0,, ¢

2 X ~ p;qY:y,t ~U[0,T],e ~ N(0,1)

3 Update 0 using Eq. (6.11) and Eq. (6.12)

4+ Update ¢ using V4Ey, ;[|le — €5(ye, x, ) ||?]

DDPM
) P?)(‘Y ~ X

f Paired data
YiX A

min, —logpys” (ylx) + AxIKIL pxllpf( oo le
> 0y PSP ) @ ¢ (211 ¢

(y, X) Cooperative min(P - log pgly(xly) + AyKKIL (pz,(l |p2{) TS

=/ :

YIX
P ~y

Figure 6.1: Overview of the DDMECmethodology. The phase (1) corresponds to the procedure described in
Algorithm 2, Lines 2 and 3, and involves generating samples (depicted in red and blue) conditioned on inputs
x and y drawn from their respective marginals. These samples are then used to evaluate the loss defined in
Eq. (6.10), which is practically optimized using PPO (Fan et al., 2023). The phase (2) corresponds to Line 4 of
Algorithm 2, wherein the joint consistency constraint is enforced by updating the model with the previously
generated sample pairs. Both phases require coordination between the two models, alternating their roles as
outlined in Algorithm 1.

DDMEC versatility using two realistic pairing tasks that use various data modalities, includ-
ing multi-omics and image data. We compare DDMEC to state-of-the-art methods for each
task, and measure performance using domain-specific metrics. Details about DDMEC imple-

mentation, and our experimental protocol are given in Appendix D.1.

6.4.1 Multi-omics single-cell alignment

Single-cell measurements techniques, such as mRNA sequencing for whole-transcriptome
analysis at the single-cell level (Tang et al., 2009), have been adapted and commercialized
by companies which developed platforms to facilitate scalable and efficient single-cell tran-
scriptomics and multi-omics data collection. This data provides a detailed snapshot of the

heterogeneous landscape of cells in a sample, and can be used to study the cell developmental
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trajectories across time, for example. The availability of multi-omics measurements — captur-
ing various properties of a cell, such as gene expression, mRNA transcriptomes, chromatin
accessibility, histone modifications, to name a few — calls for data integration methods
to combine a variety of modalities (Xi et al., 2024). Unfortunately, current measurement
techniques are destructive: it is hard to obtain multiple types of measurements from the
same cell. Furthermore, it is well-known that different cell properties, such as transcriptional
and chromatin profiles, cannot be matched using the geometric properties of features in the
two domains. Then, pairing single-cell data modalities requires methods that do not rely
on either common cells or common features across the data types (Welch, Hartemink, and
Prins, 2017; Amodio and Krishnaswamy, 2018; Welch et al., 2019; Stuart et al., 2019).

Baselines. We compare our proposed method DDMEC to several baselines, both from the
machine learning and the bio-informatics literature, including INFO-OT (Chuang, Jegelka,
and Alvarez-Melis, 2023), scOT (Demetci et al., 2022), MMD-MA (Liu et al., 2019), and
UNIONCOM (Cao et al., 2020). The first two methods, SCOT and INFO-OT, propose variants of
an OT formulation, the first based on the Gromov-Wasserstein distance which preserves local
neighborhood geometry when moving data points, whereas the second is an information
theoretic extension of OT that maximizes the mutual information between domains while
minimizing geometric distances. MMD-MA is a global manifold alignment algorithm based
on the maximum mean discrepancy measure, whereas UNIONCOM performs unsupervised
topological alignment for single-cell multi-omics data that emphasizes both local and global
alignment. All alternative methods we consider require geometric distances or similarity

measures, which is a pain point that our method DDMEC lifts completely.

Datasets. Inour experiments we use the SNARESEQ (Chen, Lake, and Zhang, 2019) dataset,
which links chromatin accessibility with gene expression data on a mixture of four cells types.
We use the same preprocessing procedures detailed in (Demetci et al., 2022), which deal with
filtering spurious data affected by technical errors, and normalization. Data samples have
1-1 correspondence information, which constitute the groud-truth information used for
our performance evaluation. We use the average “fraction of samples closer than the true
match (FOSCTTM)” metric introduced by (Liu et al., 2019): given a sample in one domain,
this amounts to compute the fraction of samples that are positioned more closely to it than
its true match after pairing. Results report the average FOSCTTM across all samples, where
lower values indicate better performance. We also report the label transfer accuracy as
done by (Cao et al., 2020), which measures how well sample labels are transferred between
domains based on neighborhood alignment. A k-nearest neighbor classifier is trained on

one domain and used to predict labels in the other.
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SNAREseq
FOS | Acc T

UnionComx 0.265 42.3
MMD-MAx 0.150 94.2
SCOT= 0.150 98.2
InfoOTx* 0.156 98.8

DDMEC  0.147 98.6

Table 6.1: Single-Cell alignment experiments.

Results. Table 6.1 presents the coupling results for the single-cell alignment problem, in
which results marked with * are reported from (Chuang, Jegelka, and Alvarez-Melis, 2023).
We remark that DDMEC outperforms alternatives in terms of the FOSCTTM metric, and is
on-par with the best method in terms of accuracy. In this experiment, DDMEC is trained
once, and inference is conducted five times with different seeds. Unlike other methods,
DDMEC is conceptually different as it generates samples rather than learning a deterministic,
1-1 mapping. To compute the different metrics, given a sample from one modality, we use
DDMEC to generate a coupling to the other modality, then select the nearest sample from
the dataset based on Euclidean distance. Figure 6.2 illustrates the conditional generation of
DDMEC in both directions, plotted using PCA: the cell type is correctly transferred from one
modality to another, as the generated samples (triangles) largely match the ground truth

samples (Circles).

o ar | o Gr a
A Generated K562

GM

Figure 6.2: Conditional generation using DDMEC on the SNAREseq dataset. The cell types are indicated by
colors. Top: generation of chromatin accessibility data using gene expression, Bottom: generation of gene
expression using chromatin accessibility data.

6.4.2 Unpaired image translation

This is a well-known problem in computer vision, where, in the absence of paired data

(the joint distribution), the objective is to discover the correct mapping between two image
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domains. In this work, we show that unpaired image translation can be framed as a MEC
problem, where the goal is to learn the correct joint distribution between two unpaired
image domains, X and ), respectively. Given the growing popularity of diffusion models
in image-related tasks, pretrained weights for various image domains are available: we

leverage them in our method DDMEC , as done e.g. by (Zhang, Rao, and Agrawala, 2023).

Baselines. As the literature on image translation is vast, here we primarily focus on
the unpaired case, and compare our method to a vast range of alternatives. GAN have
been widely applied to this domain (Pang et al., 2021). These methods can be broadly
categorized into those focusing on cycle-consistency, which enforces bidirectional mappings
between image domains, such as CYCLEGAN (Zhu et al., 2017), DUALGAN (Yi et al., 2017),
SCAN (Van Gansbeke et al., 2020), and U-GAT-IT (Kim, 2019); the second category uses
distance-based methods, such as DISTANCEGAN (Benaim and Wolf, 2017), GCGAN (Fu
et al, 2019), CUT (Park et al., 2020), and LSESIM (Zheng, Cham, and Cai, 2021). Diffusion-
based models, which are related to our method, have also been explored for unpaired image
translation. UNIT-DDPM (Sasaki, Willcocks, and Breckon, 2021) learns two conditional
models along with two additional domain translation models, incorporating a GAN-like
cycle-consistency loss. ILVR (Choi et al.,, 2021) and SDEDIT (Meng et al., 2021) utilize a
diffusion model in the target domain while conditioning on a source image to refine the
sampling procedure for image translation. EGSDE (Zhao et al., 2022) employs an energy
function pretrained on both source and target domains to guide the inference process.
Similarly, SDDM (Sun et al., 2023) introduces manifold constraints, forcing distributions
at adjacent time steps to be decomposable into denoising and refinement components.
Compared to these methods, DDMEC leverages two conditional models, one per domain,
which can be initialized using pretrained unconditional diffusion models. By design, our
method does not require comparable domains and does not rely on a specific image similarity
measure. We report results according to two values for the guidance coefficient, a parameter

influencing conditional generation.

Datasets. We adopt the same experimental validation protocol as described by (Zhao et al.,
2022), where all images are resized to a resolution of 256 x 256. We use the AFHQ (Choi
et al., 2020) dataset, consisting of high-resolution animal face images across three domains:
CAT, DOG, and WILD. This dataset exhibits relatively large variations within and between
domains, with 500 test images per domain. We compute the performance of our method
DDMEC and compare it to the baselines on CAT—D0G and WILD—DOG tasks. Additionally,
we use the CELEBA-HQ (Karras, 2017) dataset, featuring high-quality human face images
divided into two domains: MALE and FEMALE. Each domain 10,000 and 17000 training
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samples for the male and female modalities. Since DDMEC uses two conditional models,
translation in the reverse direction is also possible: we include these results in Figure D.2

and Figure D.3.

Results. In Table 6.2, we present the quantitative results of DDMEC: results for alternative
methods, marked with x, are reported as obtained in (Sun et al., 2023; Zhao et al., 2022).
DDMEC results are reported using 5 seeds. The evaluation is based on generation quality,
measured by the FID score (Heusel et al., 2017) (lower is better), and the fidelity to the source
domain, assessed using SSIM score (Wang et al., 2004) (higher is better). Note that quality
and fidelity can be thought of as divergent objectives: high quality does not imply high

fidelity and vice-versa.

GAN-based methods generally suffer from low image quality, except for STARGAN,
which achieves a low FID but performs poorly on SSIM. In contrast, diffusion-based methods
demonstrate superior performance compared to GAN-based approaches. DDMEC achieves
the best FID score in the CAT—DO0G task and the highest SSIM in the WILD—DOG task
while maintaining comparable results on the remaining metrics. Overall, DDMEC strikes the
best balance between high-quality image generation and accurate alignment with the target

domain.

Our results on the CELEBA-HQ dataset, demonstrate that DDMECoutperforms competi-
tors on both FID and SSIM even with only 50 sampling steps. Specifically, at 50 steps the
FID improves by approximately 1 point and the SSIM by 0.02 points, with an even greater
improvement (a 3 point FID reduction) when using 100 sampling steps: it is well-known
in the generative modeling literature that these improvements are significant. With the
CeLEBA-HQ dataset, DDMECbenefits from a larger training set than in AFHQ animal

dataset, and achieves state-of-the-art performance on image translation.

This outcome aligns with expectations, as DDMEC is designed to reduce uncertainty and
enforce adherence to marginal constraints. In Figure 6.3 and Figure 6.4, qualitative results
further confirm the performance of DDMEC in this task. Additional results are available in

Figure D.1 and Figure D.3.

6.5 Conclusion

The machine learning community has recently directed substantial effort toward designing
multimodal models, as they reflect the inherently multi-faceted nature of the real world.

These models often achieve superior performance on downstream tasks compared to uni-
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modal counterparts. However, the intrinsic complexity of multimodal data introduces
significant challenges. In this work, we addressed the critical problem of coupling data
represented by diverse modalities. The coupling problem has been widely studied in the
literature, often framed as an optimal transport problem or approached with specialized
architectures tailored to specific domains, such as images or language. However, existing
methods typically rely on geometric spaces to compute costs, mappings, and similarities

between data points.

We proposed a novel method that shifts the focus toward information and uncertainty
quantification, thereby circumventing the limiting assumptions of prior approaches. Specif-
ically, we studied the coupling problem through the lens of minimum entropy coupling.
Since prior work on MEC has largely been confined to discrete distributions, we extended
this framework to continuous distributions. Our key idea lies in introducing a parametric
class of joint distributions reinterpreted as conditional generative models, augmented with
terms to enforce adherence to marginal constraints. Our approach uses two models, which

alternately optimize their objectives while approximately satisfying marginal constraints.

The resulting method enables sampling and generation in either direction between
modalities, without requiring specialized embeddings or strict geometric assumptions.
Furthermore, it is adaptable to complex settings beyond one-to-one matching between
modalities. We validated the performance of our approach in two domains. First, we applied
it to multi-omics sequencing data, and we compared our method against several state-of-
the-art alternatives that rely on predefined measures for data comparison and coupling cost
definition. Our approach, being more general and free from stringent assumptions, achieves
performance on par with or superior to these alternatives. Second, we evaluated our method
in the image translation domain, comparing it to a range of approaches from the literature.
Our method demonstrated superior performance across widely recognized metrics for image

quality and coherence, by striking a good balance between these often conflicting measures.
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Table 6.2: Quantitative image translation results.

Model FIDJ SSIM 1
Car—Dogc
CycleGAN* 85.9 -
MUNIT* 104.4 -
DRIT* 123.4 -
Distancex 155.3 -
SelfDistancex 144.4 -
GCGANx 96.6 -
LSeSimx* 72.8 -
ITTR (CUT)* 68.6 -
StarGAN v2x 54.88 + 1.01 0.27 £ 0.003
CUT* 76.21 0.601
SDEditx 74.17 &+ 1.01 0.423 + 0.001
ILVRx 74.37 =155 0.363 + 0.001
EGSDEx 65.82 & 0.77 0.415 %+ 0.001
SDDMx 62.29 + 0.63 0.422+ 0.001
50 Sampling steps
DDMEC(guidance=9) 60.70 = 1.07 0.410 £ 0.001
DDMEC (guidance=7) 58.50 + 0.96 0.404 + 0.001
100 Sampling steps
DDMEC (guidance=9) 60.51 + 1.01 0.403 + 0.001
DDMEC (guidance=7) 57.89 +0.37 0.397 &+ 0.001
WiLp—Doac
SDEditx 68.51 = 0.65 0.343 &+ 0.001
ILVRx 75.33 +1.22  0.287 + 0.001
EGSDEx 59.75 & 0.62  0.343 4+ 0.001
SDDMx 57.38 £ 0.53 0.328 £ 0.001
50 Sampling steps
DDMEC(guidance:9) 62.03 +1.18 0.360 + 0.002
DDMEC(guidance=7)  60.67 +1.01 0.353 + 0.004
100 Sampling steps
DDMEC(guidance=9) 62.09 & 0.59 0.356+ 0.001
DDMEC(guidance=7) 59.22 +0.35 0.346 + 0.001
MALE—FEMALE
SDEditx 49.43 +0.47 0.572 £ 0.000
ILVRx 46.12 £ 0.33  0.510 £ 0.001
EGSDEx 4193 +£0.11 0.574 £ 0.000
SDDMx 44374+ 0.23  0.526 4= 0.001
50 Sampling steps
DDMEC(guidance=2.5) 40.73 +£0.61 0.593 % 0.003
DDMEC(guidance=2) 36.99+ 0.83 0.556 + 0.002
100 Sampling steps
DDMEC(guidance=2.5) 38.93 4+ 0.37 0.588 + 0.002
DDMEC(guidance:Z) 34.86 £ 0.70 0.549 + 0.002
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Source Output Source Output

Figure 6.3: DDMEC (guidance=7) CAT—Do0G (Left) and WILD—DOG image (right) translation examples.
Source domain image is used to generate the target dog image.
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Source Output Source Output

Figure 6.4: DDMEC (guidance=2.5) with 100 sampling steps MALE—FEMALE translation examples. Source
domain image is used to generate the target female image.
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Chapter 7

Final Remarks and Perspectives

7.1 Summary of Contributions

This thesis makes different contributions, each specialized in a particular area :

« Multi-modal Generative Modeling (Chapter 3)

In this chapter, we tackle multimodal generative modeling, a field long dominated
by multimodal VAEs. After analyzing these models and identifying their limitations,
we introduced MLD, a novel approach based on score based DMs. MLD employs
independently trained, unimodal deterministic autoencoders whose latent variables are
concatenated into a shared space and then processed by a masked diffusion model. We
also present a new multi-time training method to learn the different conditional scores
and allow any-to-any generation. Our method overcomes previous shortcomings
to achieve state-of-the-art performance, and we demonstrate its application in the
automotive sector by enhancing sensor robustness and improving night vision through

the integration of LiDar, RaDar, and camera data.

Open questions: This work focuses on the generative capabilities of multimodal
models, where MLD fully captures joint distributions and their factorization (i.e.
conditionals and marginals). A potential that we explore in the remained of the
thesis to study the information measures captured by multimodal DM. In contrast to
multimodal VAEs, which learn a latent joint representation for downstream tasks, a
key open question is how to extract such a representation from MLD. While unimodal
approaches have employed strategies like leveraging intermediate layers in the score
network or introducing an information bottleneck in the diffusion model, applying

similar techniques to MLD could yield useful downstream representations.
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« Mutual Information Estimation (Chapter 4)

In this chapter, we present MINDE, a novel method to estimate MI between random
variables. By leveraging the Fokker—Planck equation, we reformulate the KL as a
difference of score functions which results to the same expression as our published
work (which used Girsanov’s Theorem in a different framework). We propose a general
entropy estimator and naturally a Mutual Information (MI) measurement framework
with two strategies: one based on conditional diffusion processes and the other on joint
diffusion processes. Experimental results show that our method outperforms current
alternatives on challenging distributions and meets MI self-consistency tests. Finally,
we demonstrate how pre-trained text-to-image models can compute MI between

modalities, aiding the analysis of their generative properties.

Open questions: Several open questions emerge from this work. A primary concern
stems from the inherent limitation of MI in scaling beyond pairwise variable interac-
tions. An important direction, which we explore in Chapter 5, is how to extend the
MINDE framework to handle larger sets of variables. Another promising avenue lies
in integrating the MINDE estimator within optimization loops aimed at maximizing
information-theoretic quantities such as entropy or mutual information. Furthermore,
the difference of score functions idea to estimate information measures may be trans-
ferable to other generative models closely related to score-based diffusion methods,

such as rectified flows.

« Multi-variate Information Estimation (Chapter 5)

in this chapter, we examine multimodal systems where mutual information is insuffi-
cient due to multiple random variables. We highlight the importance of synergy and
redundancy in capturing higher-order dependencies and identify O-information as
a pertinent tool to quantify their balance. Here, we introduce SQI, a unified model
for computing O-information without constraints on the number of modalities. Our

experiments on synthetic and real-world data validate the method’s effectiveness.

Open questions: An important open question arises from the lack of consensus
regarding optimal multivariate information measures. Although the PID framework
(Williams and Beer, 2010) offers an elegant formalism for decomposing information
into interpretable components, we have opted for the use of O-information in this
thesis, due to its scalability and its adoption of a widely accepted, common definition.
Nonetheless, the appealing properties of PID, particularly in contexts where it is neces-
sary to analyze the decomposition of information from (sources to target) perspectives,
motivate further the exploration of this methodology. Recent advances have sought

to refine the definition of the constituent atoms of PID. A promising direction lies in

- 108 -



Final Remarks and Perspectives

connecting these atoms to established information-theoretic measures such as KL or
MLI. This connection could enable the development of methodologies analogous to S¢2I,
allowing the computation of PID atoms through the use of score functions. Moreover,
multivariate information measures that explicitly incorporate causality and temporal
structure, such as those proposed in the ®ID framework (Kaplanis, Mediano, and
Rosas, 2023), hold considerable promise for analyzing evolving multimodal systems.
Additional open questions, also raised by Chapter 4, include extending our methods
to alternative classes of generative models (e.g., rectified flows), and investigating how

multivariate information measures can be integrated into the training process.

« Minimum Entropy Coupling (Chapter 6)

In this chapter, we tackle the challenge of learning joint distributions from unpaired
multimodal data. We extend MEC problem traditionally applied to discrete distribu-
tions to continuous ones via a relaxed formulation. Building on this, we introduce
DDMEC, a novel method that uses diffusion models within a reinforcement learn-
ing framework to approximate and minimize joint entropy while satisfying relaxed
marginal constraints. Our experiments show that DDMECis versatile, outperforming
alternatives in tasks like unsupervised single-cell multi-omics alignment and unpaired

image translation.

Open questions: Open questions include extending this method to handle scarce
paired or weakly labeled data, a common challenge in semi-supervised settings like
single-cell multi-omics alignment. While our domain-agnostic approach avoids re-
liance on similarity metrics, incorporating additional joint distribution properties
might naturally be achieved by integrating them into the reward signal. Moreover,
although reinforcement learning based approach introduced in (Fan et al., 2023) effec-
tively manages the iterative sample generation in diffusion models, its computational
overhead calls for exploring more efficient training alternatives. Finally, our current fo-
cus on pairwise data prompts the question of how to extend the method to multimodal

scenarios involving more than two modalities.

7.2 Impact of the Contributions

Our diverse contributions have had a significant impact, inspiring numerous subsequent
studies. In this section, we review the various works that stem from the contributions of this
thesis. For example, (Di Giacomo et al., 2023; Giacomo et al., 2024) uses the MLD framework

presented in Chapter 3, in a multi-view settings, which can be regarded as a subdomain
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of multimodality. In this work, MLD serves as the foundation for achieving multi-view
cross-generation, while adapting the architecture from (Rombach et al., 2022) as a backbone
to attain state-of-the-art performance. This framework was further applied in (Di Giacomo
et al., 2024) for data augmentation, resulting in the enhancement of the performance of

object classification models.

Furthermore, the difference-of-scores concept developed in Chapter 4 and Chapter 5 has
enabled a series of follow-up works. For instance, (Wang et al., 2025) employs the MINDE-
estimated MI to fine-tune text-to-image models, achieving improved alignment in a self-
supervised manner without relying on external reward signals. These results underscore the
utility of the proposed information estimator in quantifying the alignment and dependence
between complex data modalities such as text and images. The difference of scores idea
has also been extended to discrete data settings in (Foresti, Franzese, and Michiardi, 2025).
This work demonstrates the feasibility of constructing mutual information estimators for
discrete data distributions by leveraging difference-of-scores associated with noise processes
adapted to the discrete data. Furthermore, (Wang et al., 2025) explores rectified flows within
this context, showing that this family of generative models can also be employed to estimate
information-theoretic quantities. This is achieved by establishing an analogy between
velocity fields and score functions, thereby generalizing the difference-of-scores framework
to a difference-of-velocity-fields perspective. Finally, (Franzese et al., 2025) introduces a
theoretical framework that interprets diffusion models through the lens of nonlinear filtering,
revealing how latent abstractions emerge and shape the generative process over time. This
work utilizes the mutual information estimator developed in Chapter 4 to quantify the

evolving relationship between latent variables and observable data.

7.3 Future Directions

What I cannot create, I do not understand. - Richard Feynman

A central focus of this thesis is the exploitation of multimodal data. Echoing Richard
Feynman’s adage, we start by developing a generative model that captures both the mul-
timodal data distribution and the intricate interactions between modalities. The model’s
ability to effectively generate data indicates that these interdependencies are well repre-
sented. Subsequently, we quantify these dependencies using rigorous information-theoretic
measures. Finally, in the concluding chapter, we reverse-engineer this process to design
multimodal datasets with tailored interaction properties through information maximization.

Several directions can be explored in future work, which we detail next.
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Optimized Inference Beyond Diffusion Models In this work, we leverage score-based
diffusion models, which, despite their strong performance in generation and information
measure estimation, rely on an iterative process that introduces significant computational
overhead. This can hinder deployment on low-resource end-user terminals, such as those in
automotive systems. To address this challenge, future research should focus on adapting
these methods for industrial-scale applications. One promising direction is the exploration
of model distillation techniques. For instance, consistency models have been proposed
to enable generative sampling with fewer steps by distilling pre-trained diffusion models
into more efficient counterparts (Song et al., 2023). Applying our KL estimation via score
differences within the framework of consistency models could prove valuable. Another
approach is to investigate rectified flows, which streamline the generative trajectories and
reduce the number of sampling steps (Lipman et al., 2022), as evidenced by preliminary
results in (Wang et al., 2025). Translating our contributions to rectified flows may enhance

computational efficiency and facilitate deployment in resource constrained environments.

Multimodal Data Evolving Over Time Multimodal data typically capture the state of an
entity from diverse perspectives, resulting in both structural and informational heterogeneity.
However, real-world systems are inherently dynamic and evolve over time. A natural
extension of this work is to incorporate the temporal dimension into multimodal models,
enabling the capture of not only static interdependencies but also their temporal evolution.
This direction is particularly promising for applications such as trajectory inference and
causal analysis. Incorporating time into multimodal generative modeling would require
mechanisms capable of modeling sequential dependencies. One straightforward, yet naive
approach is to treat each modality at each time step as a separate modality. However, this
strategy quickly becomes impractical, as the number of modalities scales linearly with
the number of time steps, demanding careful architectural and representational design.
A more principled alternative is to draw inspiration from recent advances in applying
DM to sequential data (Ge et al., 2024; Voleti, Jolicoeur-Martineau, and Pal, 2022). These
approaches leverage the flexibility of diffusion models to model temporal dynamics, offering
a potential path toward scalable and expressive time-aware multimodal models. Furthermore,
integrating autoregressive components within diffusion-based architectures could provide

an effective way to model the evolution of multimodal states across time.

Generative Modeling as an Enabler for Industrial applications and Scientific Dis-
covery Generative models offer powerful tools for exploiting multimodal data by enabling
cross-modality generation, data augmentation, and the exploration of inter-modal interac-

tions. This thesis has demonstrated applications in fields such as automotive systems, neural
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activity, and single-cell multi-omics. Future applications may further advance these areas.
In the automotive domain, multimodal generative Al can enhance sensor robustness by
integrating multiple sensor inputs and quantifying shared information, ultimately leading to
more efficient systems. It may even be possible to generate expensive modalities at test time,
effectively creating virtual sensors that reduce hardware costs. In neuroscience, applying
multimodal generative models to both brain signals and environmental data could help
decode neural activity and uncover underlying brain mechanisms. In biology, particularly
in multi-omics studies, generative models that handle unpaired data could facilitate the
creation of comprehensive multimodal datasets, offering insights into cellular evolution and
dynamics. Extending these techniques to model cellular trajectories over time by incorpo-
rating temporal and causal components could open new avenues for research in biological

systems.
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Appendix A

Appendix For Chapter 3

A.1 Additional details about MLD

In this appendix, we provide additional technical details about MLD, including an imple-
mentation based on the VPSDE framework (see § 2.2.6). We also explore a naive approach
using inpainting, which relies solely on the unconditional score network for both joint and
conditional generation. Additionally, we introduce an alternative training scheme inspired
by techniques from caption-text translation literature (Bao et al., 2023). Finally, we present
further technical details on the score network architecture and the sampling techniques

used.

A.1.1 Modality Auto-Encoders

Each of the deterministic autoencoders used in the first stage of MLD uses a vector latent
space with no size constraints. Instead, VAE-based models generally require the latent
space of each individual VAE to be exactly the same size to allow for the definition of
a joint latent space. In our approach, the modality-specific latent spaces are normalized
prior to concatenation using the element-wise mean and standard deviation. In practice,
we use the statistics retrieved from the first training batch, which we found to provide
sufficient statistical confidence. This operation allows for the harmonization of different

modality-specific latent spaces and, thereby facilitates the learning of a joint score network.
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A.1.2 Implementation using VPSDE

Following (Ho, Jain, and Abbeel, 2020; Song et al., 2021), we set B,,;, = 0.1 and S, = 20.
With this configuration, and by substitution of Eq. (3.7), we obtain the following forward
SDE:

dZ, = —éﬁ(t)ztdt + /B(t)dWy, t€0,T]. (A.1)

The reverse process is described by a different SDE (Eq. (3.8)). When using a variance-
preserving SDE, Eq. (3.8) specializes in :

1 -
dZ, = —55(t>zt — B(t)Vy, logpi(ze) | At + /B(1)AWy, (A.2)
with Z7 ~ p(z) as the initial condition and time ¢ flowing from 7 to 0.

Algorithm 3 presents the pseudo-code for the multi-time masked training. The masked
diffusion process is applied following randomization with probability d. First, a subset of
modalities A, is selected randomly to be the conditioning modalities, with A; the remaining
set of modalities to make up the diffused modalities. The time ¢ is sampled uniformly
from [0, T'], and the portion of the latent space corresponding to the subset A; is diffused
accordingly. Using the masking as shown in Algorithm 3, the portion of the latent space
corresponding to the subset A, is not diffused and is forced to be equal to z4? = 2642.
The multi-time vector 7 is constructed and lastly, the score network is optimized by mini-
mizing a masked loss corresponding to the diffused part of the latent space. With probability
(1 — d), all the modalities are diffused at the same time and Ay = (). We re-weight the loss
according to the cardinality of the diffused and frozen portions given the random choice for
A; and A,:

A A = 1 4 Dmldz)
wldn Ap) =14 50

(A.3)

where dim(

)
with dim(f) =0 .

is the sum of each latent space cardinality of a given subset of modalities

Algorithm 4 describes the reverse conditional generation pseudo-code. Eq. (3.13) is
discretized using a finite time step At = 7/n. Note that the joint generation can be seen as

a special case of Algorithm 4 with Ay = ().
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Algorithm 3: MLD masked multi-time diffusion training step

e — [\ M
Data: x = {x'}}X,

Param: d

20 + {&€,(x") o

Ay~v A «—A{1l,...,M}\ Ay // Random choice of A; and A,
t ~U[0,T]

Zy ~ pOt(Zt|ZO) // Apply the perturbation on z
7z < m(A) @z + (1 —m(A)) © zg // Masked diffusion

T < []1(1 € Al)t7. . ,]l(M € Al)t]
Return V, {w(Ay, 45)  [[m(A) ©  [sy(z,7) — Viogpor(z | 20)]|2 }

Algorithm 4: MLD conditional generation.

Data: x2
Z642 — {5¢i(xi)}ieA2 // The conditioning modalities
Ay A{1,...,M}\ Ay // The modalities to generate
Zy — Zp C(Z?l,zgh), Z?l ~ N(0,I) // Ccompose the initial state
At < T/N
forn=N to 1 do

t—nAt

T(Ay,t) < [L(1 € Apt,..., 1(M € At // The multi-time vector

e~N(;I) ifn>1 else e€=0
Zi < Z; + At [%ﬂ(t)zt + ﬁ(t)sx(zt,T)} + \/B(t)Ate // the update step
z; < m(A) @z + (1 —m(A)) ©zr // Apply the masking
end
Z < 74
Return x4 = {Di(2%)}ica,

A.1.3 Naive Approach : In-painting

As explained in § 3.4.3, the use of the unconditional score network s, (z;,¢) enables con-
ditional generation via the approximation proposed in (Song et al., 2021). Algorithm 5
outlines the procedure for generating a subset of modalities A; conditioned on the observed
modalities Ay. The available modalities are first encoded into their latent representations 742

while the missing components are initialized by sampling from the stationary distribution:

Z5 ~ N(0,1).

The key idea is to iteratively diffuse the observed latents so that they match the noise level
of Z*, making it possible to apply the unconditional score network across both known and
unknown parts. We refer to this method as Multi-modal Latent Diffusion with In-painting
(MLD in-paint), and provide detailed comparisons with our proposed MLD approach in
Appendix A.2.
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Algorithm 5: MLD in-paint conditional generation.

Data: x*2
Z642 — {g@(xi)}ieAg // The conditioning modalities
Ay {1,..., M} \ Ay // The modalities to generate
Zy < Z7 C(z?l,ng), Z?l ~ N(0,I) // compose the initial state
At < T/N
forn=N to 1 do

t < nAt

7} NpOt(Zf2|Z642) // Diffuse the conditioning modalities

z; — C(z",2:?)

e~N(@O;I) ifn>1 else e€=0

7, < 7, + At [%ﬂ(t)zt + ﬁ(t)sx(zt,t)] + /B(t)Ate // the update step
end
Z < 74
Return x4 = {Di(2%)};c4,

The approximation enabling the in-painting approach can be efficient in several domains;
however, its generalization to the multimodal latent space scenario is not trivial. We argue
that this is due to the heterogeneity of modalities. which induce different characteristics
on the part of the latent spaces. For different modality-specific latent spaces, the loss of
information ratio can vary through the diffusion process. We verify this hypothesis by the

following experiment.

Latent space robustness against diffusion perturbation. = We analyze the effect of the
forward diffusion perturbation on the latent space through time. We encode the modalities
using their respective encoders to obtain their latent space z = {&;1 (x*)}/£,. Given a time
t € [0, T], we diffuse the different latent spaces to obtain z; being the perturbed version of
the latent space at time ¢. We feed the modality-specific decoders with the perturbed latent
space x; = {Dj(z!)}M,, with X, being the output modalities generated using the perturbed
latent space. To evaluate the information loss induced by the diffusion process on the
different modalities, we assess the coherence preservation in the reconstructed modalities

X; by computing the coherence (in %) as done in § 3.5.

We expect to obtain high coherence results for ¢ ~ 0 when compared to ¢t ~ 7T, as
the information in the latent space is more preserved at the beginning of the diffusion process
than at the last phase of the forward SDE, where all dependencies on initial conditions
vanish. Figure A.1 shows the coherence as a function of the diffusion time ¢ € [0, 1] for
different modalities across multiple datasets. It can be observed that, within the same dataset,
certain modalities stand out with a specific level of robustness (using the coherence level as

a proxy) against the diffusion perturbation in comparison with the remaining modalities
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from the same dataset. For instance, we remark that SVHN is less robust than MNIST, which
should manifest in under-performance of SVHN-to-MNIST conditional generation. We verify

this intuition in Appendix A.2.

100 100

—— mnist

svhn
80 1 80

— image
sound
—— trajectory 80

60 60

Coherence
Coherence

404

Coherence

40

20 20

0.0 02 0.4 06 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Time Time Time

(a) MNIST-SVHN (b) MHD (c) POLYMNIST

Figure A.1: Coherence as a function of the diffusion process time for three datasets. Diffusion perturbation is
applied on the modalities’ latent space after element-wise normalization.

A.1.4 Uni-Diffuser Training

The work presented in (Bao et al., 2023) is specialized for an image—caption application.
The approach is based on a multimodal diffusion model applied to a unified latent embedding
obtained via pretrained autoencoders and incorporates pretrained models (CLIP (Radford
et al,, 2021) and GPT-2 (Radford et al., 2019)). The unified latent space is composed of an
image embedding, a CLIP image embedding, and a CLIP text embedding. Note that the
CLIP model is pretrained on (image—-text) pairs of multimodal data, which is expected to
enhance the generative performance. Because it is non-trivial to have a jointly trained
encoder similar to CLIP for any type of modality, the evaluation of this model on different

modalities across different datasets (e.g., including audio) is not an easy task.

To compare to this work, we adapted the training scheme presented in (Bao et al., 2023) to
our MLD method. Instead of applying a masked multimodal SDE to train the score network,
every portion of the latent space was diffused according to a different time t* ~ (0, 1);
tM

~Y

therefore, the multi-time vector fed to the score network was 7(t) = [t° ~ U(0,1),.. .,
U(0, 1)]. For fairness, we used the same score network and reverse process sampler as was
used for our MLD version with multi-time training; we call this variant Multi-modal Latent
Diffusion UniDiffuser (MLD uni).
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A.1.5 Technical Details

Sampling Schedule

We used the sampling schedule proposed in (Lugmayr et al., 2022), which has been shown
to improve the coherence of conditional and joint generation. We used the best parameters
suggested by the authors: N = 250 time steps applied » = 10 resampling times with jump
size 7 = 10. For readability, in Algorithm 5 and Algorithm 4 we present pseudo-code with a

linear sampling schedule which can be easily adapted to any other schedule.

Training the Score Network

Inspired by the architecture from (Dupont et al., 2022), we use simple Residual MLP blocks
with skip connections as our score network (see Figure A.2). We fix the width and number of
blocks proportionally to the number of the modalities and the latent space size. As in (Song
and Ermon, 2020), we use the Exponential moving average (EMA) of the model parameters

with a momentum parameter m = 0.999.

Time
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—~
—

)

)

[number ~

Blocks
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Figure A.2: Score network s, architecture used in our MLD implementation. The residual MLP block
architecture is shown in Figure A.3.
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Figure A.3: Architecture of the ResMLP block.

A.2 MLD Ablation Study

In this section, we compare MLD with two variants presented in Appendix A.1: MLD in-
paint, a naive approach without our proposed multi-time masked SDE, and MLD uni, a
variant of our method using the same training scheme from (Bao et al., 2023). In addition,
we analyze the effect of the randomization parameter d on the performance of MLD through

an ablation study.

A.2.1 MLD and Its Variants

Table A.1 summarizes the different approaches adopted in each variant. All the considered

models share the same deterministic autoencoders trained during the first stage.

For fairness, our evaluation was carried out using the same configuration and code basis
as MLD. This included the autoencoder architectures and latent space size (similar to § 3.5).
The same score network (Figure A.2) was used across experiments, with MLD in-paint using
the same architecture with one time dimension instead of the multi-time vector. In all the
variants, joint and conditional generation were conducted using the same reverse sampling

schedule described in Appendix A.1.

Table A.1: Ablation study of MLD and its variants.

Model Multi-Time Diffusion Training Conditional and Joint Generation

MLD in-paint X Eq. (2.28) Algorithm 5
MLD uni v (Bao et al., 2023) Algorithm 4
MLD v Algorithm 3 Algorithm 4

In certain cases, the MLD variants were able to match the joint generation performance
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of MLD; however, overall they were less efficient and had noticeable weaknesses. MLD
in-paint underperforms on conditional generation when considering relatively complex
modalities, while MLD uni is not able to leverage the presence of multiple modalities to
improve cross-generation, especially for datasets with a large number of modalities. On the

other hand, MLD is able to overcome these limitations.

A.2.2 MNIST-SVHN

In Table A.2, MLD achieves the best results and dominates cross=generation performance.
It can be observed that MLD in-paint lacks coherence for SVHN-to-MNIST conditional
generation, a result we expected based on our analysis of the experiment in Figure A.1. MLD
uni, despite the use of a multi-time diffusion process, underperforms our method, which
indicates the effectiveness of our masked diffusion process in learning the conditional score
network. Because all of the models used the same deterministic autoencoders, their observed
generative quality performances are relatively similar (see Figure A.4 for qualitative results).
Table A.2: Generation coherence and quality for MNIST-SVHN (M stands for MNIST and S for SVHN).

The generation quality is measured in terms of FMD for MNIST and FID for SVHN. Bold and underlined
numbers indicate the best and second best scores respectively.

Coherence (%71) Quality ({)
Joint M —S S—M Joint (M) Joint(S) M—S S—M

Models

MLD-Inpaint85.53 +0.2281.76 1 9363.28+1.163.85+0.0260.8641.2759.86+1.183.55+0.11
MLD-Uni  82.19+40.9779.3141.2172.78 1 g1 4.140.17 57.4141.4357.84 1 574.8440.28
MLD 85.221 05 83.7940.6279.13+0.383.931 9 1956.36 4163 57.241.47 3.67 1 14

MLD in-paint

Figure A.4: Qualitative results for MNIST-SVHN. For each model, we report MNIST-to-SVHN conditional
generation on the left and SVHN-to-MNIST conditional generation on the right.

A.2.3 MHD

Table A.3 shows the performance results for the MHD dataset in terms of generative coher-

ence. MLD achieves the best joint generation coherence, and, dominates the cross-generation
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coherence results along with MLD uni. MLD in-paint shows a lack of coherence when con-
ditioning on the sound modality alone, which is a predictable result, as this is a more
difficult configuration because the sound modality is loosely correlated to other modalities.
It can be observed that MLD in-paint performs worse than the two other alternatives when
conditioned on the trajectory modality, which is the smallest modality in terms of latent
size. This indicates another limitation of the naive approach regarding coherent generation
when handling different latent spaces sizes, a weakness that our MLD method overcomes.
Table A.4 presents the qualitative generative performance results, which are homogeneous
across the variants, with MLD achieving either the best or second-best performance.

Table A.3: Generation coherence (%1) for MHD (higher is better). The line above refers to the generated

modality, while the subset of observed modalities is presented below. Bold and underlined numbers indicate
the best and second best scores respectively.

I (Image) T (Trajectory) S (Sound)
T s TS I s LS I T LT

MLD—Inpaint96,8810v35 63.911_7 56.52:&1,8995.83:&0,43 99.58:&0‘1 56.5111.3999.89:‘:0.0495.811042556.5111.3996.38i0,35
MLD-Uni  97.69_ 5699-9110.0489.87-0.3599.92.40.04 99680 1 89.78.0.4599.38 10,31 97.54 .5 9765, 4197.79,0 41
MLD  98.34.02299.45+0.09088.91 1 5499.88,.0499.58 1.0388.92 1 4 5399.9110.0297.6310.14 97.710.34 98.01.1(.21

Models Joint

Table A.4: Generation quality for MHD. The metrics reported are FMD for the image and trajectory modalities
and FAD for the sound modality (lower is better). Bold and underlined numbers indicate the best and second
best scores respectively.

I (Image) T (Trajectory) S (Sound)
Joint T s TS Joint I s LS Joint I T LT

MLD-Inpaint5.3541 356.23.41.134.76 1 ) 653-53+0.36 1.5940.12 0.610.05 1.81.40.130.5440.062.4110.07 2.540.04 2.5240.022.4910.05
MLD-Uni 7.91.95 1'65i0.336-29i1,383-06j:0,54 2.53i0‘5 1-18i0,263-18i0.772'84i1.142~11i0.082'25i0.05 21400 2.154001
MLD  7.98,; 44 1.7,014 4-5420.451.8410.273.1840.180.83,.0.032.07. 9 56 0.610.05 239401 2.3110,072.3310112.29.0.06

Models

A.2.4 POLYMNIST

In Figure A.5, we note the superiority of MLD in both generative coherence and quality.
MLD-Uni is not able to leverage the presence of a large number of modalities in conditional
generation coherence. Interestingly, an increase in the number of input modalities negatively

impacts the performance of MLD uni.

A.2.5 CUB

Figure A.6 shows the qualitative results for caption-to-image conditional generation. All of
the variants are based on the same first-stage autoencoders, and the generative performance

is comparable in terms of quality.
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Figure A.5: Results for the POLYMNIST dataset. (Left): a comparison of the generative coherence (% 1) and
quality in terms of FID (],)) as a function of the number of modality inputs. We report the average performance
following the leave-one-out strategy (see Appendix A.3). (Right): qualitative results for joint generation of
the five modalities.
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Figure A.6: Qualitative results on the CUB dataset. Captions were used as the condition to generate the bird
images.

A.2.6 Randomization d-Ablation Study

The d parameter controls the randomization of the multi-time masked diffusion process during
training in Algorithm 3. With probability d, the concatenated latent space corresponding
to all the modalities is diffused at the same time. With probability (1 — d), a portion of the
latent space corresponding to a random subset of the modalities is not diffused and is frozen
during the training step. To study the d parameter and its effect on the performance of our
MLD model, we used d € {0.1, ..., 0.9}. Figure A.7 shows the results of the d-ablation
study on the MNIST-SVHN dataset. We report the performance results averaged over five
independent seeds as a function of the probability (1 — d): Left shows the conditional and
joint coherence for the MNIST-SVHN dataset; Middle shows the quality performance in
terms of FID for SVHN generation; and Right shows the quality performance in terms of
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FMD for MNIST generation.

It can be observed that higher values for 1 —d, indicating a greater probability of applying
multi-time masked diffusion, improve the coherence of SVHN-to-MNIST conditional genera-
tion. This confirms that masked multi-time training enables better conditional generation.
Overall, on the MNIST-SVHN dataset, MLD shows weak sensibility to the d parameter
whenever the value of d € [0.2,0.7].
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Figure A.7: Results of the ablation study for the randomization parameter d on the MNIST-SVHN dataset.

A.3 Datasets and Evaluation Protocol

A.3.1 Dataset Description

MNIST-SVHN (Shi et al., 2019) is constructed using pairs of MNIST and SVHN sharing
the same digit class (see Figure A.8a). Each instance of a digit class (in either dataset) is
randomly paired with 20 instances of the same digit class from the other dataset. SVHN
modality samples are obtained from house numbers in Google Street View images, and
are characterized by a variety of colors, shapes, and angles. A high number of SVHN
samples are noisy, and can contain different digits within the same sample due to the
imperfect cropping of the original full house number image. One challenge of this dataset
for multimodal generative models is to learn to extract digit number and reconstruct a

coherent MNIST modality.

MHD (Vasco et al., 2022) is composed of three modalities: synthetically generated images
and motion trajectories of handwritten digits associated with their speech sounds. The im-
ages are gray-scale 1 x 28 x 28, and the handwriting trajectories are represented by a 1 x
200 vector. The spoken digits sounds are 1s audio clips processed as Mel-Spectrograms, and
are constructed with a hopping window of 512 ms with 128 Mel Bins, resulting ina 1 x
128 x 32 representation. This benchmark is the closest to a real-world scenario involving

multimodal sensors because of the presence of three completely different modalities, with
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the audio modality representing a complex data type. Therefore, similar to SVHN, the con-
ditional generation of sound to coherent images or trajectories represents a challenging

use case.

POLYMNIST (Sutter, Daunhawer, and Vogt, 2021) is a version of the MNIST dataset
extended to five modalities. Each modality is constructed using a random set of MNIST
digits with an overlay over a random crop from a modality-specific three-channel image
background. This synthetic generated dataset allows for the evaluating the scalability of
multimodal generative models to large number of modalities. Although this dataset is
composed only of images, the different textures of different modality-specific backgrounds
results in differing levels of difficulty. In Figure A.8c, the digits are more difficult to distinguish

in modalities 1 and 5 than in the other modalities.

CUB (Shi et al., 2019) is comprised of bird images and associated text captions. In (Shi
et al., 2019), a simplified version based on precomputed ResNet-features was used. Fol-
lowing (Daunhawer et al., 2022), we conducted all of our experiments on the real image
data instead. Each image from the 11,788 photos of birds from Caltech-Birds (Wah et al.,
2011) was resized to a 3 X 64 x 64 image and coupled with ten textual descriptions of the

respective bird (see Figure A.8d).

CelebAHQ-mask consists of three modalities: face images, each with a segmentation
mask and attributes. We took into account 18 out of 40 attributes from the original dataset
and resized the images to 128 x 128 resolution, as was done in (Wu and Goodman, 2018;
Wesego and Rooshenas, 2023).

A.3.2 Evaluation Metrics

The multimodal generative models were evaluated in terms of their generative coherence

and quality.

Generation Coherence

We measured coherence by verifying that generated data for both joint and conditional
generation shared the same information across modalities. Following (Shi et al., 2019; Sutter,
Daunhawer, and Vogt, 2021; Hwang et al., 2021; Vasco et al., 2022; Daunhawer et al., 2022),
we considered the class label of the modalities as the shared information and used pretrained
classifiers to extract the label information from the generated samples and compare it

across modalities.
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Figure A.8: Illustrative example of the datasets used for evaluation.

For MNIST-SVHN, MHD, and POLYMNIST, the shared semantic information is the
digit class number. Single-modality classifiers are trained to classify the digit number of
a given modality sample. To compute the conditional generation of a modality m with a
subset of conditioning modalities A, the conditional generated sample X is fed to the
modality-specific pretrained classifier . The predicted label class is compared to the ground
truth label, which is the label of the modalities in subset A. For NV samples, the matching
rate average establishes the coherence. For all the experiments, /V was equal to the length
of the test set.

The joint generation coherence was measured by feeding the generated samples of
each modality to their specific trained classifier. The rate at which all classifiers output the

same predicted digit label for /V generations was considered the joint generation coherence.

The leave-one-out coherence is the conditional generation coherence using all possible
subsets excluding the generated modality (Coherence(X"|X*) with A = {1,.., M} \ m).
Due to the large number of modalities in POLYMNIST, similar to (Sutter, Daunhawer,
and Vogt, 2021; Hwang et al., 2021; Daunhawer et al., 2022), we computed the average
leave-one-out coherence conditional coherence as a function of the subset size of the
input modalities. Due to the unavailability of labels in the CUB dataset, we used Clip-s

(Hessel et al., 2021), a state-of-the art metric for image captioning evaluation.
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Generation Quality

For each modality, we considered the following metrics:

« RGB Images: FID (Heusel et al., 2017) is the state-of-the-art standard metric for

evaluating the image generation quality of generative models.

 Audio: FAD (Kilgour et al., 2019) is a state-of-the-art standard metric for the evaluation
of audio generation. FAD performs well in terms of robustness against noise, and is
consistent with human judgments (Vinay and Lerch, 2022). Similar to FID, the Fréchet
distance is computed, except that VGGish (audio classifer model) embeddings are used

instead.

« Other modalities: For other modality types, we derived the FMD (Fréchet Modality
Distance), a similar metric to FID and FAD. We computed the Fréchet distance
between the statistics retrieved from the activations of the modality-specific pretrained
classifiers used for coherence evaluation. FMD was used to evaluate the generative
quality of the MNIST modality on the MNIST-SVHN dataset and the image and
trajectory modalities on the MHD dataset.

For conditional generation, we computed the quality metric (FID,FAD, or FMD) using the
conditionally generated modality and the real data. For joint generation, we used the
randomly generated modality and randomly selected the same number of samples from the
real data. For CUB, we used 10, 000 samples to evaluate the generation quality in terms of
FID. In the remaining experiments, we used 5000 samples to evaluate the performance in
terms of FID, FAD, or FMD.

A.4 Implementation Details

In this section, we report the implementation details for each benchmark. We used the
same unified code base for all the baselines, relying on the PyTorch framework. The VAE
implementation was adapted from the official code whenever available (MVAE, MMVAE
and MoPoE, as in !, Multi-view Total Correlation Autoencoder (MVTCAE) * , and NEXUS
(NEXUS) °. To ensure fairness, MLD and all VAE-based models used the same autoencoder
architecture. We used the best hyperparameters suggested by the authors. Across all the

datasets, we used the Adam optimizer (Kingma and Ba, 2014) for training.

lhttps://github.com/thomassutter/MoPoOE
https://github.com/gr8joo/MVICAE
Shttps://github.com/miguelsvasco/nexus_pytorch
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A4.1 MLD

MLD uses the same autoencoder architecture as for VAE-based models, except that the
latter are deterministic autoencoders. The autoencoders were trained using the same re-
construction loss term as for the VAE-based models. Tables A.5 and A.6 summarize the
hyper-parameters used during the two phases of MLD training. Note that data augmentation
was necessary for the image modality in the CUB dataset in order to overcome overfitting
when training the deterministic autoencoder. For this, we used TrivialAugmentWide from

the Torchvision library.

Table A.5: MLD: hyperparameters used for the deterministic autoencoders.

Dataset Modality Latent SpaceBatch Size Lr EpochsWeight Decay
MNIST-SVHN MNIST 16 128 1x1073 150
SVHN 64
Image 64
MHD Trajectory 16 64 1x1073 500
Sound 128
POLYMNIST All modalities 160 128 1x1073 300
Caption 32 1x1073 500
coe Image 64 128 11074 300 1x 1076
Image 256
CelebAMask-HQ Mask 128 64 1 x1073 200
Attributes 32

Table A.6: MLD: score network hyperparameters.

Dataset d BlocksWidthTime EmbedBatch Size Lr  Epochs
MNIST-SVHN 05 2 512 256 128 150
MHD 03 2 1024 512 128 3000
POLYMNIST 05 2 1536 512 256 1 x10™* 3000
CUB 0.7 2 1024 512 64 3000
CelebAMask-HQ0.5 2 1536 512 64 3000

A.4.2 VAE-Based Models

For MNIST-SVHN, we followed (Sutter, Daunhawer, and Vogt, 2021; Shi et al., 2019) and

used the same autoencoder architecture and pretrained classifier. The latent space size was
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set to 20, 5 = 5.0. For MVTCAE o = %. For both modalities, the likelihood was estimated
using the Laplace distribution. For NEXUS, we used the same modality latent space size as
in MLD, the joint NEXUS latent space was set to 20, 3; = 1.0, and 5. = 5.0. We trained all
the VAE-models for 150 epochs with a batch size of 256 and learning rate of 1 x 1073,

For MHD, we reused the autoencoder architecture and pretrained classifier from (Vasco
et al., 2022). We adopted the hyperparameters from (Vasco et al., 2022) to train the NEXUS
model with the same settings while discarding the label modality. For the remaining VAE-
based models, the latent space size was set to 128, 5 = 1.0, and o = % for MVTCAE. For all
the modalities, Mean square error (MSE) was used to compute the reconstruction loss, similar
to (Vasco et al.,, 2022). The models were trained for 600 epochs with a batch size of 128 and

learning rate of 1 x 1073,

For POLYMNIST, we used the same autoencoder architecture and pretrained classifier
used by (Sutter, Daunhawer, and Vogt, 2021; Hwang et al., 2021). We set the latent space
size to 512, § = 2.5, and a = % for MVTCAE. For all the modalities, the likelihood was
estimated using the Laplace distribution. For NEXUS, we used the same modality latent
space size as in MLD, the joint NEXUS latent space was 64, 3; = 1.0, and 5. = 2.5. We
trained all the models for 300 epochs with a batch size of 256 and learning rate of 1 x 1073.

For cUB, we used the same autoencoder architecture and implementation settings as
in (Daunhawer et al., 2022). The Laplace and one-hot categorical distributions were used to
estimate the likelihoods of the image and caption modalities, respectively. The latent space
size was set to 64, 8 = 9.0 for MVAE, MVTCAE, and MoPoE, and = 1 for MMVAE. We
set a = % for MVTCAE. For NEXUS, we used the same modality latent space sizes as in
MLD, the joint NEXUS latent space was set to 64, 3; = 1.0, and 3. = 1. We trained all the
models for 150 epochs with a batch size of 64. We used a learning rate of 5e — 4 for MVAE,
MVTCAE, and MoPoE and 1 x 1073 for the remaining models.

Finally, we note that in the official implementation of (Sutter, Daunhawer, and Vogt, 2021)
and (Hwang et al., 2021) on the POLYMNIST and MNIST-SVHN datasets, the classifiers
were used for evaluation with dropout. In our implementation, we made sure to deactivate

dropout during the evaluation step.

For CelebAMask-HQ, in our MLD experiments we used deterministic autoencoders

instead of variational autoencoders (Lee et al., 2019).
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A.4.3 MLD with Powerful Autoencoder

Here, we provide more detail about the CUB experiment using a more powerful autoencoder,
denoted MLD* in Figure 3.5. We used an architecture similar to (Rombach et al., 2022)
adapted to (64 x 64) resolution images. We modified the autoencoder architecture to be
deterministic and trained the model with a simple mean square error loss. We kept the same
configuration as the CUB experiment described in the previous experiment on the same
dataset, including the text autoencoder, score network, and hyperparameters. We performed
further experiments with the same settings on 128 x 128 resolution images. We include the

qualitative results in Fig. A.21.

Day Night

Train114251 16620
Test 3840 524

Table A.7: nuScenesdataset sample size after preprocessing.

A.4.4 MLD for improved Night Vision

The model is initialized with weights pre-trained on the ImageNet dataset (Deng et al., 2009).
We extend the model by adding additional tokens for each modality and fine-tuned using
multimodal sensor data. The fine-tuning process is conducted on 5122512 image resolution
for 200, 000 iterations, with a batch size of 24 and a learning rate of le~%. We employ
the randomized approach described in § 3.4.3 to learn the reconstruction of the camera
modalities given the availability of either LiDar, RaDar, or both. In all the experiments, we
used classifier free guidance (Ho and Salimans, 2022) with guidance set to 2.0 and DDIM
(Song, Meng, and Ermon, 2020) sampler with 50 steps.

A.4.5 Computation Resources

In our experiments, we used four A100 GPUs for a total of roughly four months of experi-

ments.

A.5 Additional Results

In this section, we report detailed results for all of our experiments, including the standard

deviation and additional qualitative samples for all the datasets and all the methods we
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compared in our work.

A.5.1 MNIST-SVHN

Self-Reconstruction

In Table A.8, we report the results on self-coherence, which we use to support the arguments
from § 3.3. This metric is used to measure the loss of information due to latent collapse
by showing the ability of all competing models to reconstruct an arbitrary modality given
the same modality or a set thereof as an input. For our MLD model, self-reconstruction
is done without using the diffusion model component; the modality is encoded using its

deterministic encoder, and the decoder is fed the latent space to obtain the reconstruction.

We observe that the VAE-based models fail to reconstruct SVHN given SVHN. This is
especially visible for the models based on the product-of-experts approach (MVAE and
MVTCAE). In MLD, the deterministic autoencoders do not suffer from such weakness, and

achieve the best overall performance.

Figure A.9 shows the qualitative self-generation results. We remark that the digits in
certain samples generated using VAE-based models differ from those in the input sample
(for example, generation of the MNIST digit 3 in the case of MVAE and the SVHN digit 2

in the case of MVTCAE), indicating information loss due to latent collapse.

Table A.8: Self-generation coherence and quality for MNIST-SVHN ( M: MNIST, S: SVHN). The generation
quality is measured in terms of FMD for MNIST and FID for SVHN. Bold and underlined numbers indicate the
best and second best scores respectively.

Coherence (%7) Quality ({)
M—>MMS—>M S-S MS—-> S M—-—MMS—M S—S MS—S

MVAE 86.921(.8 88.034+0.7840.620.9968.0111.9910.7541.0410.7941.0260.2211.01 59.0406
MMVAE 87.2241 8777.3544.1967.3146.9339.4413 4312.1541.9520.24 41 04 58.143.14 171.421 4 55
MoPoE 89.9540.8491.714+0.77 67.2640.8 83.58 15 44 9-3940.76 10.140.73 53.19+1.06 57.34+1.35
NEXUS 92.6310.45 93.59+0.4 68.31 1§ 4683.13+0.58 4.9240.61 5.16+0.59 85.67+2.74 97.86+2.86¢
MVTCAE94.33 1 1895.18.(1947.47+0.76 86.6+0.23 4.67 135 4.94, 037 52.2941 17 53.5541 19

MLD  96.73.0.96.731+0.082.19 09 82.1910.0 2.2510.03 2.2540.0348.47 .63 48.47 1063

Models
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Figure A.9: Self-generation qualitative results for MNIST-SVHN. For each model, we report MNIST-to-MNIST
conditional generation on the left and SVHN-to-SVHN conditional generation on the right.

Detailed Results

Table A.9: Generative coherence for MNIST-SVHN. We report the detailed version of Table 3.1 with the
standard deviation for five independent runs with different seeds. Bold and underlined numbers indicate the
best and second best scores respectively.

Models

Coherence (%1) Quality ({)

Joint M—S S—M JointM) Joint(S) M—S S—M

MVAE
MMVAE
MoPoE
NEXUS
MVTCAE

38.19:‘:242748.21:&2_5628.57:5.4613.34i0_93 68.0:&0.99 68.9:|:1.84 13.66:&0.95
37.8241.1911.7243367.5519.9225.8910.46 146.82 1476 393.33£4.86 93.3711.87
39.93415412.2716368.8210.3920.1110.96 129.216.33 373.73196.4243.3411 72
40.01974 16.68.15.9370.6710.7713.84 4141 98.13459 281.28116.0793.414154
48.7841 81.97,3249.78.10.8812.98 1065 52.921139 69.481164 13.5510s

MMVAE+ (MMVAE+)1764¢412 13~23:|:4.96 29-69:|:5.0826~6O:|:2.58121-77i37.77240-90i85,7435-11:|:4,25
MMVAE+(K = 10) 41-59:t4.89 55-3:t9.89 56-41:|:5.3719~05:|:1.10 67.13:5:4,58 75~9:|:12.91 18.16i2,20

MLD

85.22, 5 83.79106279.13 1035 3.93.0 19 56.36,, g3 5721147 367,014
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Figure A.10: Additional qualitative results for MNIST-SVHN. For each model, we report MNIST-to-SVHN
conditional generation on the left and SVHN-to-MNIST conditional generation on the right.

A.5.2 MHD

Table A.10: Generative coherence for MHD. We report the detailed version of Table 3.2 with the standard
deviation for five independent runs with different seeds. Bold and underlined numbers indicate the best and
second best scores respectively.

Models

I (Image) T (Trajectory) S (Sound)
T S TS I S LS I T LT

Joint

MVAE
MMVAE
MoPoE
NEXUS
MVTCAE
MMVAE+

37.77133211.6840.3526.46.11 84 28.441.47 95.55.41.3926.6611.7096.5811.0658.87+4.8910.39£0.4258.16 1524
34.7810.83 99.710.03 69.6941.6684.7410.95 99.3 .07 85.46.41.5792.39.40.9549.9510.7950.14 4 8950.17 10,99
48.84.40.3699.64 1 1368.67+2,0799.69. 1 0499.2810.0887.42, 9 4;99.351+0.0450.73 13,72 51.543.50 56.9716.34
26.5641.7194.58.10.34 8311 74 95.2710.5288.51.40.6476.8213,6393.2710.9170.06.42.8375.84 .12 5389.48 13 24
42.2841.1299.5410.0772.0510.9599.6310.0599.2210.08 72.0310.4899.39 1 1992.58 1 4793.07 1 3694.78 1 o5
41.6712398.0540.1084.1610.57 91.88+ 97.47108981.16122489.31415464.3414.4665.42154264.8814.93

MMVAE+(K = 10) 42.60i2‘5 99.44:(:0'0789.75:(:0.75 94-7j:0.72 99-44j:0.18 89.58. 0.4 95.013:0,30 87.153:2‘81 87.99i2‘55 87.573:2‘09

MLD

98.34.10.2299.45.40.0988.91 1 ) 5,99.88.:0.0499.58.0.0388.92,  5399.91.10.0297.6310.14 97.710.34 98.01.10.21
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Figure A.11: Qualitative results for MNIST-SVHN joint generation.

Table A.11: Generative quality for MHD. We report the detailed version of Table 3.3 with the standard
deviation for five independent runs with different seeds. Bold and underlined numbers indicate the best and
second best scores respectively.

Models

I (Image) T (Trajectory) S (Sound)

Joint T S TS Joint I S LS Joint I T LT

MVAE
MMVAE
MoPoE
NEXUS
MVTCAE
MMVAE+

94.9 747 93.734544 92.551737 91.08410.2439.5146.0420.42444238.7716.2919.2514.9614.14£0.9514.13 1 1914.0840.2414.17 1426
224.0111258 226143 789.1241258170.41450616.521117 0.540.05 30.39+1.35 6.070.37 22.840.39 22.61.00.7523.72.00.8623.01 10,67
1478141057 16292055 838.38110.81 15.8911.96 13.92, 0,06 0.524015 33384114 053101 18.535027 2411504 2411041 23934057
281.76412.69116.65.£9 99282.34 112 69117.24 1.8 5318.5919.16 6.67£0.23 33.01 1341 7.5440.20 13.99,19.52401418.7110.24 16.310.59
121»85i3,44 &ﬂ)‘w Mi7_79 &10_26 19-49i0.67 0462i0.1 Mil_u 0»75i0,13 15»88101914-22i0.27w10,1dwﬂ)_23
971941237 2.801042 128.56414.47 11434114 22374187 1.2100.02 21. 741340 15.251 15 16.1240.4017.3120.6217.9220.1917.56 1048

MMVAE+(K = 10) 85.98,105 1.834006 70.724176 6243454 21.104105 1.380031 8.524070 7.22416 14.5840.4714.33105114.3410.40 14.32.40.

MLD (ours)

7.984141 171014 4541045 1.844027 3.184015 0.831003 2.071026 0.61005 2.39+01 2.31:007 2.3310.11 2-2940.06
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Figure A.12: Joint generation qualitative results for MHD. The three modalities were randomly generated
simultaneously. Top row: image; Middle row: trajectory vector converted into image; Bottom row: sound
mel-spectrogram).
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Figure A.13: Sound-to-image and trajectory conditional generation qualitative results for MHD. For each
model, the Top row reports the sound mel-spectrograms of the digits {0,1,2,3,4} from left to right and the Lower
rows report the generated image and trajectory samples.
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A.5.3 POLYMNIST

Table A.12: Generation coherence (%) for POLYMNIST (higher is better) used for the plots in Figure 3.3 and
Figure A.5. We report the average leave-one-out coherence as a function of the number of observed modalities.
Joint refers to random generation of the five modalities simultaneously. Bold and underlined numbers indicate
the best and second best scores respectively.

Coherence (%71)
Joint 1 2 3 4

MVAE 4.0:|:1_49 37.51:‘:3.1648.06:&3_5553.19i3.3756.09i3_31
MMVAE 25.8i1_43 75-15:|:2.5475'14:|:2.47 75-09:|:2.6 75-09:|:2.58
MoPoE 17'32i2.4769-37:‘:1.8581-29:|:2.3485-26i2.36 86.7i2.39
NEXUS 18.24.10.8960.61 49 51 72. 1415 70 76.81 49 75 78.9219 64
MVTCAE 0214005 5766410678444, 5185.97., 1388.81. 4
MMVAE+ 26.28:‘:2.19 54.74:&0.5 54.06:|:0.33 55.2;&1_32 53.17:|:0_75
MMVAE+ (K = 10)14.53:‘:4.94 58.93:|:6_3 59-42:|:8.8 60.77:|:8.03 58.24:|:7.42

MLD in-paint 51'6511.16 52.85:‘:0,23 77.65:|:0,2485.66:|:0,43 87.29:|:0_29
MLD uni 48.7910.43 65-12i0.7 79-52i0,8 82.03i1,1981.86i2.09
MLD 56.23 10 5268.58.10.7084.87 10 1988.56 10 1289.43 (.27

Models

Table A.13: Generation quality (FID |) for POLYMNIST (lower is better) used for the plots in in Figure 3.3
and Figure A.5. Similar to Table A.12, we report the average leave-one-out FID as a function of the number
of observed modalities. Joint refers to random generation of the five modalities simultaneously. Bold and
underlined numbers indicate the best and second best scores respectively.

Quality ({)
Joint 1 2 3 4

MVAE 108.74 1573 108.06 1279 108.0549 73 108.1419 71 108.1842 g5
MMVAE 165.74 154 208.16110.41 207.5110.57 207.354£10.59207.38110.58
MoPoE 11377:&1.62 173.87:|:7.34 185'06110.21191-72:|:11.26196'17:i:11.66
NEXUS 91.6619.93 207.141 771 205.54186 204.461908 202.43 1949
MVTCAE 106.55:‘:3_83 78.3:|:2_35 85.55:‘:2.51 92-73:|:2.65 99.13:|:2_72
MMVAE+ 168.8810.12 165.67 1014 166.54018 165.53 1055 165.340.33
MMVAE+ (K = 10)156.5543 58 154.4250 75 153.14301 153.064088 154.940

MLD in—paint 64.78:‘:(]‘33 65.41:&0.43 65.42:‘:0.41 65.5210.46 65'55:|:0.46
MLD 63.05, 005 62.89i02 62.531001 62.221039 61.9410¢;5

Models

Additional Experiments with the Architecture from (Palumbo, Daunhawer, and
Vogt, 2023)

In our experiments on POLYMNIST, we used the same architecture as in (Sutter, Daun-

hawer, and Vogt, 2021; Hwang et al., 2021) in order to ensure a fair settings for all the
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Figure A.14: Top: Generation coherence (%) for POLYMNIST (higher is better). Bottom: Generation quality
(FID) (lower is better). We report the average leave-one-out performance as a function of the number of observed
modalities for each modality X*. Joint refers to random generation of the five modalities simultaneously.
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Figure A.15: Top: Generation coherence (%) for POLYMNIST (higher is better).Bottom: Generation quality
(FID) (lower is better). We report the average leave-one-out performance as a function of the number of observed
modalities for each modality X*. Joint refers to random generation of the five modalities simultaneously.

baselines. In (Palumbo, Daunhawer, and Vogt, 2023), the experiments on POLYMNIST were

conducted using a different autoencoder architecture based on Resnet instead of a sequence

of autoencoder-based convolutional layers. In this section, we investigate the performance
of MMVAE+ and our MLD using this architecture. For MMVAE+, we kept the same settings

as in (Palumbo, Daunhawer, and Vogt, 2023), including the autoencoder architecture, latent

size, and importance sampling K = 10 with doubly reparameterized gradient estimator

(DReG). For MLD, we used the same autoencoder architecture with a latent size equal to

160. In Figure A.18, can be observed that while the new autoencoder architecture enhances

the performance of MMVAE+, the performance our MLD is improved as well. Similar to the

previous results, MLD simultaneously achieves the best generative coherence and the best

quality.
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MMVAE MoPoE NEXUS MLD (ours)

Figure A.16: Conditional generation qualitative results for POLYMNIST. Modality X? (first row) is used as
the condition to generate the four remaining modalities (the rows below).

L |7
olr|2|el|«|5]¢
O|l|2]|e|4|8|8
1elz|2(2 £
o|r|a]|z2]4|s[ef?

MMVAE

I3
6
)

NEXUS MLD (ours)

o P N

AR
517
3,

Figure A.17: Conditional generation qualitative results for POLYMNIST. The subset of modalities
X1 X2 X3 X* (first four rows) are used as the condition to generate modality X (the rows below).
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Figure A.18: Results for the POLYMNIST dataset. Left: Comparison of the generative coherence ( 1) and
quality in terms of FID (J) as a function of the number of inputs.

A54 CUB

Table A.14: Generation coherence (Clip-s: higher is better) and quality (FID: | lower is better) for the CUB
dataset. MLD* denotes the version of our method using a more powerful image autoencoder. Bold numbers
indicate the best scores.

Coherence (1) Quality ()
Models
JointImage — CaptionCaption — ImageJoint — ImageCaption — Image

MVAE 0.66 0.70 0.64 158.91 158.88
MMVAE 0.66 0.69 0.62 277.8 212.57
MoPoE 0.64 0.68 0.55 279.78 179.04
NEXUS 0.65 0.69 0.59 147.96 262.9
MVTCAE  0.65 0.70 0.65 155.75 168.17
MMVAE+  0.61 0.68 0.65 188.63 247.44
MMVAE+ (K=10) 0.63 0.68 0.62 172.21 178.88
MLD in-paint 0.69 0.69 0.68 69.16 68.33
MLD uni 0.69 0.69 0.69 64.09 61.92
MLD 0.69 0.69 0.69 63.47 62.62
MLD* 0.70 0.69 0.69 22.19 22.50

A.5.5 CELEBAMASkK-HQ

In this section, we present additional experiments on the CELEBAMASK-HQ dataset (Lee
et al,, 2019).
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MVTCAE MLD (ours)

Figure A.19: Qualitative results for joint generation on the CUB dataset.(Better viewed zoomed)
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Figure A.20: Qualitative results of MLD* on the CUB dataset with powerful image autoencoder. (Better
viewed zoomed)
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Figure A.21: Qualitative results of MLD* on the CUB dataset with 128 x 128 resolution images and powerful
image autoencoder. (Better viewed zoomed)
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Figure A.23: (Mask — Image ) Conditional generation of MLD on CELEBAMASK-HQ.
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Blond_Hair,
Heavy_Makeup,
Mouth_Slightly_Open,|
Straight_Hair

Brown_Hair, Brown_Hair, Brown_Hair, Brown_Hair, Brown_Hair,
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Figure A.24: (Image — Attribute, Mask). Conditional generation of MLD on CELEBAMASK-HQ.
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Appendix B

Appendix for Chapter 4

B.1 Proofs

B.1.1 Details of Eq. (4.2)

For an SDE of the form:
dXt = M(Xtv t)dt + O-(Xtv t)th7 (Bl)

the probability density p;(x) satisfies the general Fokker—Planck equation:

2 2 () + § ey 70, ). ®2

Comparing with the given SDE (4.1), we identify: pu(z,t) = f(t)z, o(z,t) = g(t). The

drift term in (B.2) is:
0

S (X ()). ®3)
Applying the product rule:
0 . apt
a—x(xpt) =petXo (B.4)
we obtain: 5 5
Pt
—&(f(t)xpt) = —f(t)(pe + Xa_x) (B.5)
Then we compute Second-Order Derivative:
1 0?
5 32 9O Pi(x). (B.6)
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Since g(t) depends only on ¢, it factors out:

1 2 02pt
§g<t) Ox2 :
Substituting these into (B.2), we obtain:
Opy . apt 1 2821%

Using vector notation:

i

2 ((exp) + 500t A

2

B.1.2 Proof of Proposition 1

We aim to demonstrate that :

dr
/ —tdt /pt 9(t)* |V log p; — V log q||*dxdt

Using the Leibniz rule (Under smoothness assumptions), we can write:

drt d 0
a dt/pt log - dx_/8t<pt 1°gq )dx

Using the partial derivative product rule:

8( 1og7ﬁ>—%1 Pe(x)

— = )
e\t % ) T oy BTy,

Substituting back into the integral and integrating with respect to ¢ we get :

ot ot

d
/ﬁdt aptlgg—irta<log >d dt.
\—,_/

(1)

(1) is simplified as follows :
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d. b dlogp;  Ologg,

1) = —log & = — dzdt B.14
( ) Dt ot 0g % /pt ( ot ot T ( )
Opy 1 Jg 1
= —— — — p, — —dadt B.15

ygs ot pe yg; ot ¢ T ( )
Opy Pt Ogy
= | —dadt — | — —dzdt B.16

The last simplification in Eq. (B.16) is possible by noticing that :

Op, . . [O([pdx)  [OQ),
We have then :
Op; Pt /pt dq;
_ loo &2 — [ £ 22 B.1
C / o og " ey dxdt (B.18)

p¢ and ¢; evolve according to the Fokker—Planck equations which allows to write:

% =-V. (f(t)Xpt> + %9(?5)2 Apy, (B.19)
dq
U~ v (F0)xa) + 5 9 D (5.20)

Substituting Eq. (B.20) into Eq. (B.18) and rearranging the different the terms we can
write C' = C + C5 with :

C, = —/log%V(f(t)pr +%V~ <f(t)xqt> dx dt. (B.21)
1

Ca= 5 [ 90" dp tog ™ — P g(0)* Agiaxtr (B.22)
2 q G

The first term C; We should first recall that densities p;, ¢; are equal to zero at infinite
values of |x| — oc. This means that p;, ¢; and their products with any polynomial factors
(like x) decay sufficiently fast so that the boundary integral is zero which permits us to

apply integration by parts.

By applying integration by parts, we can show that the first term equal to zero :
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o= /—log%V(f(t)xpt> n % V(f(t)th) dx dt (B.23)

-0 (B.24)

Indeed by manipulating the first term in Eq. (B.24): applying integration by part two times
in Eq. (B.25) and Eq. (B.28) then substituting the logarithm partial derivative in Eq. (B.26):

/ log%V<f (t) Xpt) dxdt = — / V(log%)f (1) x prdxdt (B.25)
- _ / V(%) ]%if(t) x ppdxdt (B.26)
= —/V<%) x qpdxdt (B.27)
= / V( f(t)x qt> %dxdt (B.28)

The term C; can be simplified in a similar manner :

1
Ch = B /g(t)z Apy log& - ﬁg(t)z Ag, dx dt.
q qt

1 2 Dy D

== [ g(t)°| =Vp, Vleg=— + V= Vg, | dxdt. (B.29)
2 qt qt
1

=5 /g(t)2 {—thVIOg]& + &Vthlogﬁl dx dt.
2 qt qt qt
1

= —/]Otg(t)QVIOg]2 {—E +E1 dx dt.
2 4t 2 qt
1

= —/ptg(t)ZVIOg& l—Vlog &} dx dt. (B.30)
2 qi qt

In Eq. (B.29), we start by applying integration by parts and then in the remaining

operations, we use V log % = % - %. We obtain :

1
€2 =5 [ n(x) 9t [VIogn(0 - Viega()*dxdt O @31
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B.1.3 Proof for Eq. (4.14)

To prove such claim, it is sufficient to start from the r.h.s. of Eq. (4.13), substitute to
the parametric scores their definition with the errors sP(x,t) = e} (x) + s?(x,t), and
s1(x,t) = si(x,t) + e}(x), and expand the square. We consider that T is large enough such

that KL (pr || gr) = 0 is a vanishing term.

o ! (91 q 2
KL [19) = | Exenio | 5~ 18700, 1) = s(x, £)[17 dt

_ ’ -gz(t) P D q q 2
- EXNPt(X) 2 ||et (X) + S* (Xv t) - 3*(X7 t) - et (X) || dt
0 L

' (o°(1)
2

st 8) — st0e. )12~ E P el 3) — e

[e=]

— 2(sP(x,t) — sU(x,t), €Y (x) — e} (x) )} dt

KL 10~ [ B [QT(t)Hef(x)—e?(x)HQ

— 2(sP(x,t) — sU(x, 1), € (x) — e} (x) >} dt (B.32)

B.1.4 Proof for Eq. (4.28)

Starting from the three-term score-based KL decomposition (cf. (4.26)), and letting x; ' — 0

as 0 — oo, we drop all reference-score terms to obtain

T
2 2
I(X,Y) ~ / E [—QT“) |s™Y (x¢, 31, 1) | (B.33)
0
2
+ L0 | (i, y0, ) (B.34)
2 2
+ 92@ H5Y|X(yt,xo,t)H } dt. (B.35)
Define for brevity:
a=sY(x,yt), (B.36)
¢ = s (x, yo, 1), (B.37)
d=sYX(y,, x0,1). (B.38)
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Then algebraically

—~llall® + llel® + I? = [|a = [e; d]||” + 2 {a, [e; d]) — 2 e d). (B.39)

However, each score has zero mean under its own sampling law. Indeed, for any density

p with it’s score function s = V, log p(z).

Epp[s(z)] = /p(x) V. logp(x)dx (B.40)
— /pr(:v) dz since V, log p(z) = V;(Z()C’”)) (B.41)
—0 (B.42)

The last operation can be verified by applying integration by parts by choosing u(x) =
landv(x) = p(x).

XY XY Y|X
b

Applying this to the score functions s , and s*'*, each of which has zero
mean under its own sampling distribution, and using the independence of the conditional
processes given the initial condition (X, yo), all cross-terms in the expanded square vanish

in expectation.

E{a, [¢;d]) = E[a] "E[c;d] = 0, (B.43)
E{c,d) = E[c] "E[d] = 0. (B.44)

It follows that
—E|a|? + El|¢|® + EE||d||? = E||a — [¢d]||". (B.45)

Substituting back into the time-integral yields the single-difference we recover (4.28). [

B.2 Implementation details

In this Section, we provide additional technical details of MINDE. We discuss the different
variants of our method their implementation details, including detailed information about

the MI estimators alternatives considered in § 4.6.
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Algorithm 6: MINDE-c (Single Training Step)

Data: [xo,yo] ~ p™¥
parameter:netf(), with 6 current parameters

t ~U[0,T] x¢ ~ pot(.|x0) // diffuse the variable X to timestep ¢t
¢ ~ Bernoulli(d) // Sample binary variable ¢ with probability d
if ¢ = 0 then

‘ X nety([xq, 0], ¢, ¢ = 0) // Estimated unconditional score

else

‘ XY« nety([xs, yo),t,c = 1) // Estimated conditional score

L+ Eq.(4.12) // Compute the denoising score matching loss

return Update 0 according to gradient of £

Algorithm 7: MINDE-c

Data: [xg,yo] ~ p*Y
parameter:o, option
tNU[O,T] // Importance sampling can be used to reduce variance

Xth()t(.|X0) // diffuse the variable X to timestep ¢
5% « nety([x4,0],t,c = 0) // The marginal score
§X|Y<—netg([xt,yo],t,cz 1)) // The conditional score

if option = 1 then
// Eq. (4.27)
7 TR - )
else
// Eq. (4.25)

j<—fTQ%Q[”éx—FXtX;1H2—-H§XDf+—xtX;WF} /] See § 4.4 for y

formulation which depends on o.

return Z

B.2.1 MINDE-c

In all experiments, we consider the first variable as the main variable and the second variable
as the conditioning signal. A single neural network is used to model the conditional and
unconditional score. It accepts as inputs the two variables, the diffusion time ¢, and an
additionally binary input ¢ which enable the conditional mode. To enable the conditional
mode, we set ¢ = 1 and feed the network with both the main variable and the conditioning

X|Y X

signal, obtaining 5*!*. To obtain the marginal score 5, we set ¢ = 0 and the conditioning

signal is set to zero value.

A randomized procedure is used for training. For each training step, with probability
d, the main variable is diffused and the score network is fed with the diffused variable, the
conditioning variable, the diffusion time signal and the conditioning signal is set to ¢ = 1.

On the contrary, with probability 1 — d, to enable the network to learn the unconditional
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score, the network is fed only with the diffused modality, the diffusion time and ¢ = 0. In
contrast to the first case, the conditioning is not provided to the score network and replaced

with a zero value vector. Pseudo-code is presented in Algorithm 6.

Actual estimation of the MI is then possible either by leveraging Eq. (4.27) or Eq. (4.25),
referred to in the main text as difference outside or inside the score respectively (MINDE-c(o),

MINDE-c). A pseudo-code description is provided in Algorithm 7.

B.2.2 MINDE-j

The joint variant of our method, MINDE-J is based on the parametrized joint processes in
Eq. (4.24). Also in this case, instead of training a separate score network for each possible
combination of conditional modalities, we use a single architecture that accepts both vari-
ables, the diffusion time ¢ and the coefficients o, 5. This approach allows modeling the joint
score network EfC’Y by setting a = = 1. Similarly, to obtain the conditional scores it is

X|Y Y|X

sufficient to set a« = 1,3 = 0 or &« = 0, § = 1, corresponding to § and s respectively.

Training is carried out again through a randomized procedure. At each training step,
with probability d, both variables are diffused. In this case, the score network is fed with
diffusion time ¢, along with X;, Y; and the two parameters a« = $ = 1. With probability
1 — d, instead, we randomly select one variable to be diffused, while we keeping constant
the other. For instance, if A is the one which is diffused, we set « = 1 and 8 = 0. Further

details are presented in Algorithm 8.

Once the score network is trained, MI estimation can be obtained following the procedure
explained in Algorithm 9. Two options are possible, either by computing the difference
between the parametric scores outside the same norm (Eq. (4.26) MINDE-J(0) or inside
(Eq. (4.28) MINDE-J). Similarly to the conditional case, an option parameter can be used to

switch among the two.

B.2.3 Technical settings for MINDE-c and MINDE-j

We follow the implementation of (Bounoua, Franzese, and Michiardi, 2024) which uses
stacked multi-layer perception (MLP) with skip connections. We adopt a simplified version
of the same score network architecture: this involves three Residual MLP blocks. We use
the Adam optimizer (Kingma and Ba, 2014) for training and Exponential moving average
(EMA) with a momentum parameter m = 0.999. We use importance sampling at train and

test-time. We returned the mean estimate on the test data set over 10 runs.
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Algorithm 8: MINDE-J (Single Training Step)

Data: [xo,yo] ~ p™¥
parameter:nety(), with 6 current parameters

t ~U[0,T]
[XD}Q]Ame(ﬂbm,yd) // Diffuse modalities to timestep ¢
¢ ~ Bernoulli(d) // Sample binary variable ¢ with probability d
if ¢ = 0 then
‘ XY« neto([xs, y4), ¢, [1,1]) // Estimated Joint score
else

if Bernoulli(0.5) then

‘ XY« nety([x¢, yol. 1, [1,0]) // Estimated conditional score

else

§YIX «— nety([xo0, ¥4, t, [0, 1]) // Estimated conditional score

L+ Eq.(4.12) // Compute the denoising score matching loss

return Update 6 according to gradient of £

The hyper-parameters are presented in Table B.1 and Table B.2 for MINDE-J and
MINDE-c respectively. Concerning the consistency tests (§ 4.6.2), we independently train

an autoencoder for each version of the MNIST dataset with r rows available.

B.2.4 Neural estimators implementation

We use the package benchmark-mi' implementation to study the neural estimators. We use
MLP architecture with 3 layers of the same width as in MINDE. We use the same training
procedure as in (Czyz et al., 2023), including early stopping strategy. We return the highest

estimate on the test data.

B.3 Ablations study

B.3.1 o Ablation study

We hereafter report in Table B.3 the results of all the variants of MINDE, including different
values of ¢ parameter. For completeness in our experimental campaign, we report also the
results of non neural competitors, similarly to the work in (Czyz et al., 2023). In summary,
the MINDE-c/j versions (“difference inside”) of our estimator prove to be more robust
than the MINDE-c/j(o) (“difference outside”) counterpart, especially for the joint variants.

Nevertheless, it is interesting to notice that the “difference outside” variants are stable and

Thttps://github.com/cbg-ethz/bmi
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Algorithm 9: MINDE-j

Data: [xo,yo] ~ p™¥
parameter:o, option
tNU[O,T] // Importance sampling can be used to reduce variance

[Xt,yt] Npot( HXD,yO]) // Diffuse modalities to timestep ¢

Y%net(;([xt,yt] ,[1,1]) // Estimated Joint score
XY < nety([xs, yo, 1, [1,0]) // Estimated conditional score
§YX « nety([x0, ¥4, 1, [0,1]) // Estimated conditional score

if option = 1 then

// Eq. (4.28)
7+
else

Y [§X|Y7 §Y|X]||2

// Eq. (4.26)
T =TI [[95Y + peya | = |3 o P = Y%+ v

// See § 4.4 for x; formulation which depends on o.

return 7

Table B.1: MINDE-j score network training hyper-parameters. Dim of the task correspond the sum of the
two variables dimensions, whereas d corresponds to the randomization probability.

d Width Time embed Batch size Lr Iterations Number of params

Benchmark (Dim < 10) 0.5 64 64 128 le-3 234k 55490

Benchmark (Dim = 50) 0.5 128 128 256 2e-3 195k 222100

Benchmark (Dim = 100) 0.5 256 256 256  2e-3 195k 911204
Consistency tests 0.5 256 256 64 le-3 390k 1602080

competitive against a very wide range of values of ¢ (ranging from 0.5 to 10), with their

best value typically achieved for o = 1.0.
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Table B.2: MINDE-c score network training hyper-parameters. Dim of the task correspond the sum of the
two variables dimensions, and d corresponds to the randomization probability.

d Width Time embed Batch size Lr Iterations Number of params

Benchmark (Dim < 10) 0.5 64 64 128 le-3 390k 55425

Benchmark (Dim = 50) 0.5 128 128 256 2e-3 290k 220810

Benchmark (Dim = 100) 0.5 256 256 256 2e-3 290k 898354
Consistency tests 0.5 256 256 64 le-3 390k 1597968
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B.3.2 Full results with standard deviation

We report in Table B.4 mean results without quantization for the different methods. Fig-

ures B.1 and B.2 contains box-plots for all the competitors and all the tasks.
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Figure B.1: We report MI estimate results over 10 seeds for N =10000 for our method and competitors for
training size 100k sample. A method absent from the depiction implies either non convergence during training
or results out of scale
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Figure B.2: We report MI estimate results over 10 seeds for N =10000 for our method and competitors for
training size 100k sample.
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CONCLUSION

B.3.3 Training size ablation study

We here report, in Figures B.3 to B.6 the results of our ablation study on the training size,
varying in the range 5k,10k,50k,100k.
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Figure B.3: Training Size ablation study : We report MI estimate results for our method and competitors as a
function of the training size used (5k,10k,50k,100k). For readability, we discard the baselines with estimation
(error > 2 * GT) or high standard deviation. All results are averaged over 5 seeds. Due the benchmark size, we
split the results into 4 figures each containing 10 benchmarks. A method absent from the depiction implies
either non convergence during training or results out of scale. In this first plot we report tasks 1-10.
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Figure B.4: Part 2 of Figure B.3, tasks 11-20.
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Figure B.5: Part 3 of Figure B.3, tasks 21-30.
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Figure B.6: Part 4 of Figure B.3, tasks 31-40.
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Appendix C

Appendix for Chapter 5

C.1 Proofs

C.1.1 Detailed proof of Proposition 2

Here we provide the full proof for Proposition 2 (to avoid unnecessary complications, we

assume the 1-d case, the vector proof is identical). Starting from the equation :

dpy Dy d
= [ —1 +pi—1
C /dt og(q) ptd og(q)d dt

Concerning the first part of the integral:

/ CZZH (%)d:vdt— / A(pt)log(qt>dxdt / A(log(qt))dwdt

Where the first equality is simply due to dpt = Apy, and the second is obtained by
properties of the adjoint of the A operator. In particular, we need to perform a double
application of integration by parts, where we should remember that densities p;, ¢; are equal

to zero at infinite values of z and that A = VV .

Focusing on the second part of the integral:

d dlogp, dlogq, / dg lfiqtt
—1 dzxdt = — drdt = At — Ehdxdt
/ptdt 0g< ) x / (=, il pt(pt qt) x
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dpy

The first summand pt;:Z simplifies to 9t

dt

Since [ %dwdt = [4([ pdx)dt = [ 24(1)dt = 0, this term is cancelled.

The second is transformed as :

dg
t

o~

— prda _ pe i dgr
== Ag; where again we leveraged Gl = Ag;.

I

P,

&

Consequently, we obtain:

We apply one step of integration by parts on both A operators and obtain :

/—thVIOg (&) + V(&)Vqtdxdt
a 4t

The remaining missing clarification in the sketch proof of Proposition 2 is that :

VT = T ) =
V;i)t)v(%) - pt(%)Q = Vp:V(log(a:)) — pi(V(logg1))* =

PV (log )V (log(ar)) — pe(V (log ¢:))* = piV (log ¢,) (V(log pr) — V(log 41)) = p,V (log ¢:)(V (log %))

C.1.2 TC and DTC equivalences

We here prove the equivalences about TC and DTC. Starting from TC :

> HX) - H(X) = Z’H(XZ) - Z’H(Xi | X%
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Concerning DTC:
HX)— Y HXIXY) = H(X') + HXMN [ X') = HXXMN) =Y HXXY)
=1 1=2

N
= Z(XH XM + (XX = DT HXXY)
=2

= Z(XH XM + (X2 | XY + H(XN 2 X X?) - H (XX

=) HXXY)

1=3
N
= Z(XH XM) 4 Z(X% X7 X2) 4 (XM XD X)) = ) (XX
=3
N-—1

= = I(X;5 X7 X)) =D(X)

i=1

Where for the last equality it suffices to consider trivial reordering arguments:

N N—-1
=2 i=1

C.2 Details of SOI

In the section we provide additional implementation details about SC2I.

C.2.1 Computing O-information

In § 5.3.1, we presented how TC and DTC can be estimated using denoising score functions.

Our estimators requires different score functions which can be obtained by learning different

denoisers. More particularly, TC requires the joint denoiser E[X | X;] and the marginals
E[X*| X!] fori € {1,..., N}. DTC estimation is obtained using the joint and the following
conditional terms E[X? | X?, X\| fori € {1,..., N}. Our formulation in § 5.3.1 is general

and can be applied to a wide range of denoising score learning techniques. For the imple-

mentation of S(2I, we adopt VP-SDE framework (Song and Ermon, 2019). The latter perturbs

the data using an SDE parameterized by a drift f(¢) and a diffusion coefficient g(t).
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Muti-variate denoising score network. We extend the work from (Bounoua, Franzese,
and Michiardi, 2024) to amortize the learning of all the required terms using a unique
denoising score network. The denoising score network €y accepts as input the concatenation
of the variables each perturbed at different times. The second input is a vector of size N
which describes the state of each variable and allows a parametrization of different denoising

score functions.

The joint term corresponds to the case where all the variables are perturbed with the
same intensity ¢ and all the elements of the vector 7 = [t, . . ., t] are set equivalently to ¢. The
conditional terms correspond to the case where only the conditioned variable 7 is perturbed
with intensity ¢ whereas the remaining conditioning variables \ iy, are kept unperturbed at

t = 0. Consequently the parameter describing this case is of the form [0, ..., ¢,...,0].

While (Bounoua, Franzese, and Michiardi, 2024) framework is not able to learn the
marginal denoising score, it’s possible via an additional parameterization to include this
configuration. This corresponds to the case where the marginal variable ¢ is perturbed
with intensity ¢ while all the other variables are made uninformative. The non marginal
variables \ iy, are replaced with pure noise corresponding to a maximal perturbation at ¢ = 7.

Consequently the parameter describing this case is of the form [T, ... t,... T].

Training. The training is carried out through a randomized procedure. At each training
step, we select randomly a set of the denoising score functions required for the O-information
estimation (joint, conditional or marginals). These denoising scores function are learned by
the unique network following Algorithm 10. In total, estimating O-information requires

calling 2N + 1 denoising score functions which we learn using a unique denoising network.

Inference. Once all the denoising score functions are learned, it’s possible to estimate
TC and DTC via a Monte Carlo estimation of the integral over ¢ in Proposition 3 and
Proposition 5 . The outer integration w.r.t. to the time instant is possible by sampling
t ~U(0,T), and then using the estimation fOT(-)dt = TEs w0, [(+)]. In practice we adopt
10 steps for the computation of the expectation. The procedure to estimate O-information is
described in algorithm 11. First, samples from x ~ p(x) are considered, then sampling the
time ¢ ~ U[0, T|. A perturbed version of the variables X; is computed using the VPSDE.
The joint, conditional and marginal denoising scores are computed leveraging the unique
denoising score network. This is possible by choosing different perturbation times and
manipulating the vector 7 as described earlier. Computing the difference of the denoising
scores functions (see Proposition 3 and Proposition 3 ) allows the computation of TC and

DTC respectively. Please note that it is possible to implement importance sampling schemes
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Algorithm 10: SQI Training step

Data: X = {X'}¥,

t ~U[0,T] // Importance sampling schemes (Huang, Lim, and
Courville, 2021; Song et al., 2021) can be adopted to reduce
variance

if Joint then

Xy ~ po // Obtain noisy version of all the variables using
VPSDE (Song and Ermon, 2019) with drift f(¢) and diffusion
coefficient g(¢).

(X)) = eo([XL, . XN, r =t ..t t])

Return Vy||s;(X;) — Vlog po:(X;|X)
of all the variables

if Conditional then

] // Denoising score matching

Xft ~ Dot // Obtain noisy version of the variable i while the
remaining variables are kept unperturbed at (¢=0)
s(XXN) = o ([X', ..., XL XX XN r=10,...,¢,...,0])
Return VgHs(XﬂX\i)—Vlongt(XﬂX")” // Denoising score
matching of the conditioning variable i

if Marginal then
X} ~ pot
X\Tz +— pr = N(0,1) // Obtain noisy version of the variable i

while the remaining variables are replaced with pure noise
(t=1T).

‘ 1 i il N
s(Xi) = ep([ Xk, .., XU XL X X =T, ...,t,...,T))

Return V||s(X?) — V log pos (XX || // Denoising score matching
of the marginal variable i

to reduce the variance, along the lines of what described by Huang, Lim, and Courville

(2021).

C.2.2 Computing gradient of O-information

To compute the gradient of O-information recall that 9;Q(X) = Q(X) — Q(X\Y). The

first order gradient of O-information requires the estimation of O-information of all the

subsystems of size N — 1.
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Algorithm 11: SQI inference time
Data: X = {X}¥,
t ~U[0,T] // Importance sampling scheme can also be adopted

X;~pe // Obtain the noisy version of all the variables using
VPSDE (Song and Ermon, 2019) with a diffusion coefficient g(¢).

s(Xy) (XL, ..., XN, 7 =[t,...,t,...,t]) // Compute the joint score

fori=1toN// Compute the conditional and marginal terms

do

s(XEXN) = g ([XE, ..., XL XE X XN =10,...,¢,...,0])
S(XD) (XL, XiUXE X XN = [T, t. . T])
// Similarly to Algorithm 10 the non marginal variables are
replaced with pure noise X}-"' ~ N(0,1)

end

T(X) e 20 |s(%0) — (XD,

2
‘ // See Proposition 3

ZA)(X) 22(t s(Xy) — [St(XﬂX\Z)} 1H2 // See Proposition 5
Q(X) ¢ T(X) - D(X)
Return (}(X)

QX)) = T(XV) — D(XV) (C.1)
N
= ) H(XI) - H(XV) (C2)
J=1,j#i
1 N
— (H(XY) = Y HEI X)) (C3)
J=1,j#i

It’s possible to use an alternative formulation to estimate the gradient of O-information

based on MI terms:

N
X)) = (2- NI(X, XV) + Y (X', XM (C.4)
j=1,j#i
= (2 N) [H(X') = H(X|X\)] + Z H(XT) — H(X XM (C.5)
J=L,j#
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Many denoising score functions in Eq. (C.3) were also used to estimate the global O-
information. To learn the additional necessary terms to compute (X \*), the randomized set
of scores adopted during the training step (see Appendix C.2.1) is extended to account for the
new requirements. Please note that we still use a unique denoising network that considers all
the terms necessary to compute O-information and its gradient. A large number of learned
denoising score functions is a potential reason for the bias observed in our experiment
Figure 5.4. A highly flexible architecture capable of fitting large number of scores may be

needed to infer gradient of O-information.

C.3 Experimental settings

C.3.1 Canonical multivariate Gaussian system

In this section we provide additional details about the construction of the synthetic bench-
mark § 5.4.1.

Redundancy benchmark. All the variable of the system are composed of a redundant

component and unique information specific to each variable.

We modulate the redundant inter-dependency strength by setting different values for o.
We consider a standardized system where all the variables mean is 0 and standard deviation

equal to I. This results in the following covariance matrix:

I pl : pl
I I ... pl

P P (C.6)
s ol

pl pl ... I

With p = H% which modulates the interactions strength in the system.

-173 -



Synergy benchmark. We consider a standardized system where all the variables mean is

0 and standard deviation equal to L. This results in the following covariance matrix :

_ 1 _
I L1 0 0

v LR Y o L
0 LI I 0 (€7)
0 2 0 0

BT N

Where p = ﬁ modulates the interactions strength in the system.

Mixed benchmark. The covariance matrix is easy to obtain as the mixed benchmark is

made of independent subsystems.

Ground Truth. Having access to the covariance matrix of the system, computing entropy

in close form for Gaussian distribution is possible. For X ~ N (1, 0) :

H(X) = %log(%raz) + % (C.8)

For a multivariate Gaussian distribution X¢ ~ Ny(u, X))
D 1
H(X) = 5(1 + log(2m)) + 5 log det (%) (C.9)

C.3.2 SQI implementation details

We provide code-base for SQI implementation at '. The training of SQI is carried out using
Adam optimizer (Kingma and Ba, 2014). We use Exponential moving average (EMA) with
a momentum parameter m = 0.999. Importance sampling (Huang, Lim, and Courville,
2021) * at train and test-time. The hyper-parameters are presented in Table C.1. To estimate
the gradient of O-information (Figure 5.4) the model width is double the one presented in
Table C.1 to account for the additional necessary terms to learn. Concerning the experiments
in Figure 5.5 , we use the same architecture used for the canonical examples and follow
the same procedure to choose the model capacity( see Table C.1 for the hyper-parameters
details).

Thttps://github.com/MustaphaBounoua/soi
https://github.com/CW-Huang/sdeflow-1light
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Table C.1: SQI network training details. Dim of the task correspond the sum of the dimensions of all variables
of the system. For the neural data application we report the number of training iterations (.,.) corresponding
the "change" case and "No change" case. The number of iteration used for the "No change" is higher since the
dataset contains more "no change" flashes compared to "change" flashes.

Width Time embed Batch size Lr Iterations Number of params

(Dim < 50) 128 128 256 1le-2 195k 320k
(Dim < 100) 192 192 256 le-2 195k 747k
(Dim > 100) 256 256 256 le-2 195k 1003k
Neural application
(Dim < 30) 128 128 256 le-2 (100k,160k) 320k
(Dim < 75) 192 192 256 le-2 (100k,160k) 737k
(Dim < 150) 256 256 256 le-2 (100k,160Kk) 1300k
(Dim > 150) 384 384 256 le-2 (100k,160Kk) 3000k

C.3.3 Baselines

(Bai et al., 2023) decomposes TC into N — 1 MI terms which are estimated using pairwise
neural MI estimator. Similarly by leveraging Eq. (C.12) DTC can also be retrieved by
estimating N — 1 additional MI terms.

T(X) = 2 (X% X7 (C.10)
D(X) =8(X) - T(X) = > I(X;X") - T(X) (C.11)
D(X) =) I(X;XV) - i (X' X>) (C.12)

Our implementation in based on the the official codebase * of (Bai et al., 2023). We use the
same architecture and hyper parameters from (Bai et al., 2023): LR = le — 3, Batch size = 64.
We use an MLP architecture for all the variants of the baseline with 3 linear layers with
varying width. For each MI term, the capacity of the neural network is aligned to the input
dimension. Adam optimizer (Kingma and Ba, 2014) is used for training. We increase the
width of the hidden layer to accommodate the data dimension. For the variant of the baseline
implemented with MINE, we used smaller layer size as large capacity led to divergence
during training. To ensure the best performance, we train each MI estimator model for

80k steps for a number of variables N = 10 and 40k for number of variables N = 6. In

Shttps://github.com/Linear95/TC-estimation
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the different experiments, we reported the performance results averaged over 5 seeds and

dropped the baseline in case of divergence during training.

Limitations of the baseline in computing gradients of O-information It’s possible to
leverage the decomposition of (Bai et al., 2023), using the compact gradient of O-information

formulation Figure C.1.

This will require N MI term for each 9;2(X). Consequently to compute all the terms,
it’s required to train N x N pairwise MI models. While it’s possible to leverage some MI
terms, if already estimated for the computation of O-information, the overall complexity

remains of order O(N?).

This naturally raises a scalability problem in training a large number of neural estimator
models. Moreover, as the number of MI terms increases, this approach is likely to suffer

from cumulative errors observed when estimating O-information.

To compute the gradient of O-information with SQI, we are instead required to ap-
proximate an additional number of denoising score functions. However, our method S{2I
amortizes the training costs : we use a unique score network to approximate all the required

score functions.

C.3.4 The Visual Behavior Neuropixels

Hereafter we describe the different pre-processing steps applied on the Visual Behavior
Neuropixels in § 5.4.2. We follow the same procedure described by (Venkatesh et al., 2023).
The selected mice are the ones with both familiar and novel sessions and a minimum number
of 20 units in each of the six brain regions: VISp, VISL, VISAL ,VISRL, VISAM and VISpm.
Only the units of good quality are kept. The selection criteria was based on an SNR at least
1, and with fewer than 1 inter-spike interval violations. The non-change flashes correspond
to the ones where the image does not change and happen between 4 and 10 flashes after
the trial start. Trials corresponding to a change are naturally the ones when the image has
changed. Only flashes that occurred while the animal was engaged ( based on the reward
information) is kept, while the ones corresponding to an omission, or after an omission, and

flashes during which the animal licked, were all removed.

The trials were aligned to the start of each stimulus flash, and the 250ms recordings were
divided into 5 bins of 50 ms duration averaged over the units of the same region. We use
different step sizes to count the spikes which resulted in different dimensional representation

but resulted in the same intuition (See Figure C.17,Figure C.16 and Figure C.15). Please note
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that unlike (Venkatesh et al., 2023), we don’t use PCA to reduce the dimension of the data,
and count the number of spikes per unit by averaging the activity over the units of the same

region indexed by time.

C.4 A transformer based S{1

Throughout our experimental campaign as referenced in § 5.4, we employed an MLP structure
enhanced with skip connections. While this setup reliably estimated O-information, it
produced perfectible gradient of O-information estimation. We address this shortcoming
by integrating a more robust architecture capable of scaling with an increased number of
denoising score functions. Our approach is based on the latest developments in denoising

score matching, incorporating a transformer-based model.

Our method is simple: we adopt the architecture from (Peebles and Xie, 2023) to learn the
denoising score functions, treating each modality as a distinct token, while substituting any
non-marginal modality with a NULL token (a token with zero value). A transformer block is
employed to learn the conditional signal, which is subsequently merged with the temporal
signal. This conditioning employs the adaLN-Zero configuration. Our model consists of
4 Blocks, each with 6 attention heads, and the width of the transformer’s linear layers is
scaled according to the dimension size of the benchmark. The training follows a randomized
approach akin to that detailed in Appendix C.2 eliminating the need for a multi-time vector.

To compute gradient of O-information, we utilize the formulation presented in Eq. (C.5).

The results presented in Figure C.1 demonstrate the ability of SQ2I to accurately estimate
the gradients of O-information, provided that the denoising network has sufficient capacity

to approximate all the denoising score functions.

C.5 Beyond Normal Benchmarks

In this section, we evaluate Sl and alternatives across more challenging distributions.
To construct such settings we apply MI-invariant transformations to the benchmarks es-
tablished in Section § 5.4. Since TC and DTC can be written in terms of MI terms, the

in-variance of O-information to MI invariant transformations is self-evident.

Half-cube 1z — z+/|z| is recognized as an MI invariant transformation, which serves to

lengthen the tail of the distribution. Addressing the long tail distribution poses a significant
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Figure C.1: Gradient of O-information using a transformer based architecture for the mixed benchmark,
for a system of 6 variables, and a system of 10 variables, and different dimension of variables.

challenge for neural MI estimators, as highlighted in recent studies by(Franzese, Bounoua,
and Michiardi, 2024; Czyz et al., 2023). InFigure C.2,Figure C.3 and Figure C.4, we showcase
the performance outcomes of SQ)I and other baselines on half-Cube transformed benchmarks
that exhibit similar interactions as detailed in § 5.4. Our approach stands out by delivering
superior performance. Notably, the synergistic transformed benchmark emerges as the most
demanding scenario: competitors suffer particularly with high-dimensional variables, while
SO shows bias, especially in cases of high synergistic interactions, indicated by very low

O-information values.
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Figure C.2: Redundant system with 10 variables, organized into subsets of sizes {3, 3,4} and increasing
interaction strength. A half-cube transformation is applied on-top of the multi-normal distribution

CDF The second transformation we consider is the application of a normal cumulative
distribution function (CDF), which uniformizes the distribution margins (See (Czyz et al.,
2023)). InFigure C.5,Figure C.6 and Figure C.7, we present the performance results of SQI
and alternatives on CDF-transformed benchmarks with a similar configuration used in

§ 5.4. Our method outperforms competitors, especially for high-dimensional variables. On
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the challenging synergistic benchmark, SQI shows perfectible performance for very low

O-information, while competitors fail completely in this setting.
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Figure C.6: Synergistic system with 10 variables, organized into subsets of sizes {3, 3,4} and increasing
interaction strength. A CDF transformation is applied on-top of the multi-normal distribution
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C.6 Additional results

C.6.1 Additional baseline

(Franzese, Bounoua, and Michiardi, 2024) have shown that the KL divergence between two
distributions can be computed using the denoising score function enabling the proposition of
an MI estimator. In Figure C.8, we present results on the mixed benchmark (redundancy and
synergy) extended with the new baseline called Line-MINDE, that computes O-information
using the MI estimator from (Franzese, Bounoua, and Michiardi, 2024). Note that this
approach requires learning a set of independent score models, one for each MI term: this
increases the total number of parameters to learn, resulting in a more computationally
heavy training process compared to our proposed method. In these new experiments, we
follow the authors hyper-parameters and score network architecture. We observe that while
Line-MINDE outperforms other pairwise MI based estimators, S2I stands out with the best
performance. Our findings indicate that the superiority of SC2I is due to efficiency of score
based models in estimating information theoretic measures, which explains the superiority

of SQI and Line-MINDE against other neural estimators. Secondly, the direct estimation of
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TC and DTC and the amortized training using a unique network is more efficient which

explains why SQI outperforms Line-MINDE.
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Figure C.8: Additional Line-MINDE (Franzese, Bounoua, and Michiardi, 2024) baseline. Mixed-
interaction system with 10 variables, organized into a redundancy-dominant subsets of size 3,4 variables
and one synergy-dominant subset with 3 variables. O-information is modulated by fixing the synergy inter-
dependency and increasing the redundancy.

C.6.2 Ablation study

Data size

In Figure C.9, we present a training size ablation study on the mixed benchmark. The
considered number of training samples are of 5k,10k,25k,50k,100k samples. We fix the testset
to 10k samples, except when the training size is 5k, for which we use 5k test samples. We
observe that for data size superior to 10k, SQI obtains very good estimates in terms of bias
and variance; when the training size has 10k samples, SC2I estimates have increased variance;
when we use only 5k training samples, S{)I have increased bias. These results are to be

expected, since neural estimators, in general, require sufficient training data to shine.
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Figure C.9: SQ)I training size ablation study : 100k,50k,25k,10k,5k. We use a test size of 10k for all the settings
except when the train set size is equal to 5k where we use test size of similar size. The considered benchmark
is a mixed-interaction system with 10 variables, organized into a redundancy-dominant subsets of size 3, 4
variables and one synergy-dominant subset with 3 variables. O-information is modulated by fixing the synergy
inter-dependency and increasing the redundancy.
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Number of training iterations

In Figure C.10, we present the training curves contrasted with MI estimate mean squared
error. Clearly, the number of iterations required to achieve satisfactory results depends on

the dataset complexity.

0.5 6
12 25 5
04
10 20 A
0.8
w03 w wis a3
w %) 0.6 wv
= = = =
02 10 2
0.4
0.0 0.0 0.0 0
0 25k 50k 75k 100k 125k 150k 175k 200 k 0 25k 50k 75k 100k 125k 150k 175k 200 k 0 25k S0k 75k 100k 125k 150k 175k 200k 0 25k 50k 75k 100k 125k 150k 175k 200 k
Train step Train step Train step Train step
(a) Dim=5 (b) Dim=10 (c) Dim=15 (d) Dim=20
s 7 %
25
40 80
200 60
g5 8® 250 2"
8 o o o
S0 S30 3 Seo
125 25 “° 50
100 20 30 0
0 25k 50k 75k 100k 125k 150 k 175 k 200 k 0 25k 50k 75k 100k 125k 150 k 175k 200k 0 25k 50k 75k 100k 125k 150 k 175k 200k 0 25k 50k 75k 100k 125Kk 150 k 175k 200k
Train step Train step Train step Train step
(e) Dim=5 (f) Dim=10 (g) Dim=15 (h) Dim=20

Figure C.10: Training Loss curve Vs Estimation of O-information MSE. Mixed-interaction system with
10 variables, organized into a redundancy-dominant subsets of size 3, 4 variables and one synergy-dominant
subset with 3 variables. For different benchmark dimensions, we report: Top: O-information estimation mean
square error as a function of the training iterations. Bottom: Training loss curve.

Monte Carlo integration steps

In Figure C.11, we present an ablation on the number of Monte Carlo steps, for the case of
a mixed (redundancy and synergy) benchmark with N = 10 random variables. We notice
that an increased number of steps improves the estimation variance and bias. Naturally, this

depends on the data dimension and complexity.
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Figure C.11: Estimation of O-information as a function of Monte Carlo Averaging steps run over
10 seeds. Mixed-interaction system with 10 variables, organized into a redundancy-dominant subsets of
size 3,4 variables and one synergy-dominant subset with 3 variables. Dashed line represents ground truth
O-information.
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C.6.3 Additional synthetic experiments
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Figure C.12: Redundant system with 6 variables, organized into subsets of sizes {3,3} and increasing

interaction strength.
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Figure C.13: Synergistic system with 6 variables, organized into subsets of sizes {3,3} and increasing

interaction strength.
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synergy inter-dependency and increasing the redundancy.

C.6.4 The neural application additional experiments
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stimulus flash across 72 trial sessions. Left: Analysis using three brain region areas, Right: Extended analysis
using six brain region areas. The step size is set to 1ms which results in 50 dimensional data for each bin per
area.
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Figure C.17: O-information and S-information estimate in the visual cortex region activity after two types of
stimulus flash across 72 trial sessions. Left: Analysis using three brain region areas, Right: Extended analysis
using six brain region areas. The step size is set to 5ms which results in 10 dimensional data for each bin per

area.
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D.1 Implementation Details

D.1.1 Diffusion Models Training with Reinforcement Learning

Our methodology begins by training unconditional diffusion models for both data modalities.
We then use a reinforcement learning technique to train two conditional models (initialized
from the first step) in a cooperative manner, allowing them to learn from each other to
optimize the joint coupling under MEC constraints and objectives. We formulate this second
phase as training diffusion models with reinforcement learning and KIL-regularization. We
follow the training scheme presented by Fan et al. (2023), where samples are generated
conditionally using classifier guidance (Ho and Salimans, 2022) with a DDIM sampler (Song,
Meng, and Ermon, 2020). The generated trajectories are then used to update the diffusion
model, which is framed as a Markov Decision Process (MDP), using a policy gradient RL

algorithm.

Reward Estimation In DDMEC, the reward signals are log-likelihood values mutually
generated by the two conditional models. Accurately estimating this signal is crucial for
steering training towards the optimal MEC solution. To achieve this, we use multiple Monte

Carlo steps to estimate Equation 6.9.

Policy Gradient Training We follow the training procedure of Fan et al. (2023), where, at
each step, a batch of samples is generated using DDIM (Song, Meng, and Ermon, 2020). These
generated trajectories are then used to perform multiple gradient updates. Additionally, we
apply importance sampling and ratio clipping (Schulman et al., 2017) to improve training

stability.

Classifier-Free Guidance We employ classifier-free guidance (Ho and Salimans, 2022) in
all experiments. This technique enables conditional sampling in Line 2. The denoising loss
in 4 is optimized to account for the guidance mechanism by randomly dropping 10% of the

conditional signal, thereby stabilizing the unconditional model.

D.1.2 Technical Details and Hyperparameters

Single-Cell Alignment We use the SNARE-SEQ dataset available in the official code
repository of (Demetci et al,, 2022) https://github.com/rsinghlab/SCOT,
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along with the provided preprocessing steps and evaluation procedure. We find it ben-
eficial to normalize the data by subtracting the mean and standardizing it to unit variance.
In this experiment, we employ a simple MLP network as described in Table D.1. The model
is initially trained unconditionally for 2000 steps using DDPM with 7" = 50. Subsequently,
we train the two conditional models for 350 steps, where each step corresponds to a single
iteration of Algorithm 1, involving one policy update and one application of the denoising
loss. For importance sampling, we set the clipping hyperparameter to 0.01. We use a batch

size of 64, a learning rate of 5 x 1073, and the Adam optimizer (Kingma and Ba, 2014).

Layer Details
Input Embedding Linear (dim, 128)
Condition Embedding Linear (input_dim, 128)

Time Embedding  Positional Encoding (128)
Fully Connected 1 Linear (256) + ReLU
Fully Connected 2 Linear (256) + ReLU
Fully Connected 3 Linear (256) + ReLU
Fully Connected 4 Linear (256) + ReLU

Output Layer Linear (input_dim)

Table D.1: Architecture of the denoising network used in § 6.4.1.

Unpaired Image Translation - CAT—Do0G and WILD—Do0G Tasks: We utilize
the pre-trained model from the official implementation of Choi et al. (2021) (https://
github.com/jychoil18/ilvr_adm) to initialize the dog modality conditional
model. For the other domains (CAT, WILD): We train a diffusion model from scratch using

the same architecture and hyper-parameters as done in the target domain.

To introduce additional conditioning into the pre-trained diffusion model, we follow
the work in (Zhang, Rao, and Agrawala, 2023), where the encoder part of the U-NET is
duplicated and used as a conditional encoder. The various hyperparameters are summarized
in Table D.2. We follow the evaluation protocol described in (Zhao et al., 2022).
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General Settings Dataset
AFHOQ
Batch Size 16
Learning Rate: 2e — 5
Optimizer ADAM
Training Steps 2000
Weight Decay 0.0
Diffusion Model
Noise Scheduler Linear
Number of Diffusion Timesteps (7)) 1000
Sampler DDIM
Guidance Scale (training) 7.0
Sampling steps 50
Exponential moving average Yes
Reinforcement Learning
Reward (Monte Carlo steps) 3
Policy Update Steps 4
Importance Sampling Clipping  1le — 4
A1, Ao le—3
Gradient Accumulation 12
Gradient Clipping 1.0

Table D.2: Hyperparameters used for training.

D.2 Additional Results
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Source Output Source Output

Figure D.1: DDMEC (guidance=7) CAT—Do0G (Left) and WILD—DOG image (right) translation examples.
Source domain image is used to generate the target dog image.
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Source Output Source Output

Figure D.2: DDMEC (guidance=7) DOG—CAT (Left) and DOG—WILD image (right) translation examples.
Source domain image is used to generate the target Cat/Wild image.
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Source Output Source Output

Figure D.3: DDMEC MALE—FEMALE (Left) and FEMALE—MALE image (right) translation examples. Source
domain image is used to generate the target female image.
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