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ABSTRACT

We analyze diagonal Expectation Propagation (EP) at fixed
points for linear inverse problems with separable priors and
right-orthogonally invariant (ROI) sensing. Starting from
exact finite-dimensional extrinsic identities, a simple leave-
one-out (LOO) concentration establishes equalization of the
likelihood-site precisions. A Haar-based central limit theorem
then shows that extrinsic residuals are Gaussian and white,
yielding an effective scalar AWGN channel. With Bayes
denoisers, the prior site equalizes and a single-scalar con-
sistency links the effective noise level to the Bayes MMSE,
so that the fixed-point mean-squared error attains the Bayes-
optimal value. Our analysis is deliberately simple: it requires
asymptotics only for the LOO step and avoids site uniformity
and free-probability averaging. We characterize fixed points
rather than convergence; algorithmic issues such as damping
or projection are left for future work.

Index Terms— Expectation Propagation, scalar decou-
pling, Bayes-optimal MMSE, leave-one-out analysis, right-
orthogonally invariant matrices

1. INTRODUCTION

Expectation Propagation (EP) is a flexible framework for ap-
proximate Bayesian inference with strong empirical perfor-
mance across signal processing and machine learning [1, 2].
Foundational works clarified EP’s fixed-point conditions
and their relation to expectation-consistent (EC) approxi-
mations [3], while extensions such as Power EP and damping
explored stability—accuracy tradeoffs [4].

Notations: For sequences of random variables, 2 denotes convergence
in probability and = denotes convergence in distribution. We write o(1)
for deterministic sequences that vanish as n — oo, and op (1) for random
quantities that vanish in probability. For a sequence (a;)/™,, diag(a;) de-
notes the m X m diagonal matrix with entries a1, ..., @m, on its main di-
agonal. Here, diag(M;;) denotes the diagonal matrix with diagonal entries
(M117 LR Mnn)-
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For high-dimensional linear inverse problems, rigorous
asymptotics are available for AMP-type algorithms via state
evolution, both under i.i.d. designs and, more generally,
under right—orthogonally invariant (ROI) matrices through
VAMP/OAMP [5-8]. Closer to EP itself, existing analyses
rely either on conditioning arguments for Haar matrices [9]
or on free-probability tools that provide deterministic equiva-
lents for covariance updates [10].

In this work we analyze diagonal EP at fixed points for
linear models with separable priors and ROI sensing. Start-
ing from the exact finite-dimensional EP equations, we show
how scalar decoupling emerges endogenously at fixed points
without assuming uniform sites or a priori averaging. The
key ingredients are: (i) exact extrinsic identities combined
with leave-one-out concentration, which yield equalization
of likelihood-site precisions; and (ii) Haar-measure con-
centration together with compact SVD arguments, which
establish a central limit theorem for extrinsic residuals and
thus Gaussianity/whiteness [11, 12]. With Bayes denoisers,
prior-site equalization follows and leads to a single-scalar
consistency relation whose mean-squared error matches the
Bayes—MMSE prediction of the induced scalar channel.

Compared with dynamics-based approaches [9] and free-
probability frameworks [10], our contribution is a concise
fixed-point theory that (a) avoids Gaussian surrogates, (b)
identifies precisely where asymptotics enter (only through
concentration), and (c) explains why scalar decoupling is an
intrinsic fixed-point property of diagonal EP under ROI. We
thus recover the same Bayes—MMSE scalar closure, but via
exact EP fixed-point identities plus LOO/Haar concentration,
rather than state evolution or free-probability averaging.

2. SYSTEM MODEL AND EXPECTATION
PROPAGATION

We consider the linear observation model
y=Ax+v, (1)

where A € R™*"™ is the sensing matrix, x € R" is the un-
known signal, and v ~ A(0, 021,,) is Gaussian noise. The
prior distribution is assumed to be separable, i.e., po(x) =

H?:l po(:).



Diagonal expectation propagation (EP) approximates the
posterior using two Gaussian site factors [1,2]

fl(x) ocexp(— (x—rl)—rl"l(x—rl)), 2)

fa(x) o<exp(f %(xfrg)TI‘g(xer)), 3)

N[ =

whererq,ro € R™ are mean parameters, and I'y = diag(v1,:),
I’y = diag(~2,;) are diagonal precision matrices. Combining
these sites yields the global Gaussian approximation with
mean and covariance

C=(I;+Ty) %

(€y)

On the likelihood side, given (r1,T'1), the Gaussian pos-
terior is

m = (T'; + )} (Tyr; + Tara),

=T+ ?ATA)", x,=3(Tir; +0 *ATy).
)
Writing ve ; = (X);; and ag; = (XT'1)44, the corresponding
extrinsic variance is

V2,i . (6)

Tl,’i = (1 . (1277;)2

On the prior side, given (rg ;,72,:), the scalar posterior is

p(xs | 72,6,72,0) < po(w;) exp( — Bt (2 — ?”2,2')2>~ @)
Its posterior mean defines the denoiser
w15 = f(r2;72,4) = E[X; | r24,72.], ®

with variance v;; and divergence o ;. The corresponding
extrinsic variance is

s — U1,i
2,1 (1 _ QL,L‘)Z .

Definition 1 (EP fixed point). A tuple (r1,r2,T'1,T's) is said
to be a diagonal-EP fixed point if, for every coordinate i, the
marginal mean and variance obtained from the likelihood-
side posterior and the prior-side posterior agree with those of
the global Gaussian approximation (4), i.e.,

(€))

T1; = Tag; = My, v, = v2,; = Cy, Vi (10)

Equivalently, the site precisions (71, 72,;) satisfy the consis-
tency relations

=) — =yt — e, Vi 11

Y2,i = V15 — Vi, Y14 = Vg — V2,i» 2. an

These equations characterize the fixed point of the EP itera-

tion. [2,3,13]

Equivalently, the iteration of diagonal EP can be summarized
as follows.

Algorithm 1 Diagonal Expectation Propagation (EP)

1: Input: sensing matrix A, observation y, prior po(z;),
noise variance 2.

2: Initialize: (r1,T';), (ro, I'2) with 'y, T'g > 0.

3: repeat
Likelihood update:
3y = (F1+U_2ATA)_1, X9 = E(F1r1+0'_2ATy).

(12)

Extract vg ;, cvo ; and form extrinsic (ri;, 71 ;).

5. Prior update: For each ¢, compute z1 ;,v1 4, a1 ; via
the scalar denoiser and extrinsic variance 7o ;.

6:  Site update:

Vo ¢ VI — Vs Vi vy — Y20 (13)
7: until convergence of (ry,re, T'1,T's).
8: Qutput: posterior mean m, covariance C from (4).
For later use, define the auxiliary matrix
Q= (o’ T+ AT 'AT) (14)

Applying the Woodbury identity gives [14]

ST =1-T7'ATQA, o AT =T'ATQ.
15)
At any fixed point, setting Dy = diag((XT'1);;) yields

(I-Dy)(r;—x) = (BT, —Dy)(rs—x)+ X0 2A v, (16)
an exact finite-dimensional identity.

3. ASSUMPTIONS AND LOO CONCENTRATION

In order to analyze diagonal EP under random sensing, we
work with an orthogonal-invariant design model. This setting
encompasses the i.i.d. Gaussian ensemble as a special case,
while allowing more general spectra through a deterministic
limit law. We also assume bounded site precisions on the like-
lihood side, which ensures stability of the resolvent. These
conditions enable concentration tools based on Haar measure
and leave-one-out (LOO) resolvents.

Assumption 1 (ROI sensing and bounded site-1). Lerm/n —
0 € (0,1) and consider the compact SVD [15, 16]

A =U [diag(v/A1,...,vVAn) O] VT,

where U € O(m) and V € O(n) are independent Haar
orthogonal matrices and independent of the singular val-
ues (Ag)ji,. Assume (i) spectral regularity: sup, A <
A < oo, the empirical distribution of (\;) converges,
and Ltr(AAT) — 1; and (ii) bounded site-1 precisions:
0<vy <y, <7<oc. DefineQ = (61 +AT['AT) !
and, for each 1, the leave-one-out (LOO) resolvent

_ Ty —
Q= (c’T+ Z’yl,;ajaj )7L
J#i

a7)

(18)



The next result shows that the quadratic form a;rQ,iaZ—
concentrates around the normalized trace of Q. This LOO
concentration property is the key step behind the equalization
phenomenon of site precisions.

Proposition 1 (LOO quadratic-form concentration). Let u =
%tr Q. Under Assumption 1, for every 1,

a, Q_ja; = u+oy(1). (19)

Proof. Conditioning on A_;, the remaining right singu-
lar vector v; is uniform on the unit sphere. Writing a;, =
Udiag(v/\)z; with E[z;2;'] = 11,,,, one obtains

Ela; Q_;a; | A_;] = 1tr(Q_,AAT). (20)

By Lévy’s lemma [11], the quadratic form z; ]§z,; (with
B = diag(v/A) UT Q_;U diag(v/)\)) concentrates around its
mean, since it is 2||B||-Lipschitz and ||Q_;|| < o~2. Hence

a; Q_;a; = 2tr(Q_;AAT) + 0,(1). 1)

To relate Q_; to Q, apply Sherman—Morrison—Woodbury:

Q_i(v aa)Q;

Q=q -~
' 1+ 7172'13iTQ7iai

(22)

Taking traces and using bounded ; ; together with [|Q_;[|% <
m/o* and ||a;||> = O, (1) yields

1 1
—trQ_; = —tr Q + o(1). (23)
m m

Finally, premultiplying the definition of Q_; by (%I +
AT{'AT — 47 }a;a]) and taking traces gives

1 1 1 Vi
Q= —2(1——tr(Q_ZvAI‘l_lAT)+ﬂaiTQ_iai).
m o m m

(24)
Combining (20)—(21) with the above identity and Assump-
tion 1 shows that

a Q_ia; — =trQ = o,(1). (25)

4. LIKELIHOOD-SITE EQUALIZATION

The leave-one-out concentration result in Proposition 1 im-
plies that the quadratic forms a; Q_;a; become asymptoti-
cally deterministic. We now use this fact to show that the
likelihood-site precisions 72 ; equalize across all coordinates
at any EP fixed point.

Proposition 2 (Equalization of I's). Let u = %tr Q. At any
diagonal-EP fixed point,

Y2,i LN u, Vi, hence | P 2, ul,. (26)

Proof. At a fixed point, the variance identity gives

1

S 27)
Y1,i + V2,4

V2,i

)

On the other hand, by the leave-one-out representation of EP,

1
V2,i

- 28
Yoyt al Qe ()

Equating the two expressions yields 2 ; = a/ Q_;a;. By
Proposition 1, a] Q_;a; = u + 0,(1), which establishes
Ya,; = u + 0,(1) for each 1. ]

S. EXTRINSIC DECOMPOSITION

Having established that the likelihood-site precisions equalize
(Proposition 2), we next analyze the structure of the prior-site
residual r; — x. The following lemma shows that it admits a
clean decomposition into a “mixing” term depending on ro —
x and a Gaussian noise term.

Lemma 1 (Extrinsic Decomposition). Let Dy = diag((XT'1);;)
and define as = %tr(EI‘l). At any diagonal-EP fixed point,
the following exact identity holds:

(I-Dy)(r;—x) = (BT —Dy)(r2—x)+ o 2ATv. (29)

D2_a21||max

Moreover, by orthogonal-group concentration,
0. Consequently,

(I- I‘IIATQA —agI)(ry — x)

f1=x= 1 — (g
+ I‘IIATQV + 0,(1),
(30)

where the Woodbury relations

T, =I-T;'ATQA, X0 2AT =T;'ATQ 31)

have been used.

Proof. The exact decomposition (29) follows directly from (16).
For the concentration step, note that each diagonal element of
3T is a Lipschitz function of the random orthogonal matrix
'V with Lipschitz constant 2||XT';|| = O(1) under Assump-
tion 1. By Lévy’s lemma, D5 concentrates around its mean
asl. Therefore, (I — Dy)~! = (1 — a2)7'I + 0,(1), and
substituting the Woodbury identities (15) yields (30). O

6. ANNEALED AWGN

With the equalization of site precisions (Proposition 2) and
the extrinsic decomposition (Lemma 1), we are now in po-
sition to analyze the distributional behavior of the residuals.
The next theorem establishes that the EP extrinsic errors
behave as effective additive white Gaussian noise (AWGN)
channels.

i/ﬁ



Theorem 1 (Annealed AWGN). Under Assumption 1 and
Proposition 2, there exist deterministic constants T1,To > 0
such that, for any fixed k and distinct indices i1, . . . , iy,

((r1 = X)iys-- . (r1 = %), ) = N(0,711), (32)
((1'2 —x)h,...,(rg —X)Zk) @N(O,Tglk), (33)

with vanishing cross-covariances across distinct indices and
annealed asymptotic independence from {X;,}.

Proof. From lemma 1,

(Tt + Tuoiee) +0p(1), (34)

r X = 1_ o
where Tpix = C(rz —x) with C =T -T7'ATQA — asl,
and Thoise = TT'AT Q.

The rows of C have bounded ¢5-norm and vanishing en-
trywise £, norm by spectral regularity and orthogonal-group
concentration. A leave-one-out replacement of a single col-
umn of V shows that, up to 0,(1), the coefficients of each
row are asymptotically independent of the coordinates of
(ro — x). This permits treating (Tix); as a weighted tri-
angular array with weights {c;;} satisfying 3 ¢ = op(1)
and max; |c;j| = op(1). By Lindeberg’s condition, the
central limit theorem applies, and the Cramér—Wold device
yields [17]

(Tmix)i = N(O, ’Um), (35)

with variance vy, = (lim,, +tr(CCT)) - 75, where 7, =
lim,, - 3, Var((ry — x);). For distinct i # ¢, cross-
covariances vanish since rows of C are asymptotically or-
thogonal under Haar mixing.

The noise term T',0;sc 1S Gaussian with covariance
0?(QAT )2 By the concentration of Lipschitz spectral
statistics under ROI [15, 16], its normalized trace converges
to a deterministic limit vg. Moreover, T'gisc is independent
of Tix in the LOO construction. Thus (r; — x); converges
in distribution to N (0, 71) with

Um + Vg

(=) e

T =
and whiteness follows from the vanishing cross-covariances.
Independence from X; is ensured by the LOO decoupling
argument, since the dependence on x in the ¢-th coordinate
is erased by replacement up to 0,(1). The same reasoning,
with the roles of sites 1 and 2 exchanged, yields an analogous
Gaussian limit for ro — x with variance 75 > 0. O

7. MAIN THEOREM

The annealed AWGN characterization (Theorem 1) enables
us to connect diagonal EP to Bayes-optimal estimation. In
particular, we can now establish that any fixed point of diag-
onal EP with a Bayes prior-site denoiser achieves the Bayes
MMSE performance.

Theorem 2 (Bayes—-MMSE optimality of diagonal-EP fixed
points). Let mmse(7) denote the Bayes mean-squared error
in the scalar AWGN channel

R=X+V12Z, Z~N(01), X ~py, (37

ie.,

mmse(7) = E[(X — E[X | R])?]. (38)

Under Assumption 1 with separable prior py of finite second
moment and Gaussian noise, any fixed point of diagonal EP
with a Bayes denoiser satisfies

Iy =1, (39)

and the empirical mean-squared error equals mmse(ty), i.e.,
1 & 5 P
- Z(xu —x;)° = mmse(T). (40)
i=1

Proof. By Proposition 2, the likelihood-site precision equal-
izes, i.e.,

Ly = 3L =o0Q @1
By Theorem 1, the extrinsic channel decouples as
r =X+ /721, 42)

with z; ~ N(0,1,) (annealed). For the Bayes denoiser
matched to pg, the resulting empirical MSE in the decoupled
scalar AWGN channel equals mmse(r ) [18], i.e.,

1 n
- E (xufxi)2 LN mmse(7y). (43)
n

i=1

This proves that any fixed point of diagonal EP with a Bayes
denoiser attains the Bayes-optimal value. O

Theorem 2 shows that diagonal EP fixed points are Bayes-
optimal in terms of the empirical MSE whenever the prior-site
denoiser is matched to the true separable prior. Importantly,
this conclusion does not require the site precisions to be scalar
during the iterations: the diagonal-site structure can accom-
modate coordinate-dependent posterior variances through
moment matching, while the global performance is still char-
acterized by a single effective noise level 71 via the decoupled
AWGN channel. Therefore, the annealed AWGN character-
ization (Theorem 1) provides a complete and tractable de-
scription of the asymptotic performance of diagonal EP at its
fixed points.

8. CONCLUSION

We showed that, under ROI sensing and LOO stability, di-
agonal EP exhibits endogenous equalization at fixed points.
This leads to scalar decoupling and Bayes—-MMSE perfor-
mance, established through exact identities, LOO concentra-
tion, and a Haar-type CLT. Our analysis characterizes fixed
points rather than algorithmic convergence; practical damp-
ing and projection strategies, as well as extensions to non-ROI
designs and non-Gaussian noise, are left for future work.
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