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ABSTRACT

This paper studies stationary points arising from output-
domain Stein’s unbiased risk estimator (SURE) based hyper-
parameter optimization in sparse Bayesian learning from a
large-system perspective. By analyzing the coordinatewise
stationary conditions and leveraging tools from random matrix
theory, we show that the high-dimensional problem admits a
deterministic decoupling, leading to a distributional fixed-point
characterization of stationary solutions. This framework re-
veals that multiple stationary points may naturally coexist. We
further provide a local stability interpretation, clarifying which
stationary solutions are observable under coordinatewise opti-
mization. The analysis focuses on stationary-point structure
rather than specific algorithms or finite-dimensional perfor-
mance, and provides a principled theoretical understanding
of the stationary landscape of SURE-based hyper-parameter
learning in sparse Bayesian learning.

Index Terms— Sparse Bayesian Learning, deterministic
equivalents, self-averaging, large-system analysis

1. INTRODUCTION

Sparse Bayesian learning (SBL) is a widely used framework
for sparse signal recovery and linear inverse problems, owing
to its flexibility in modeling uncertainty and its strong empir-
ical performance. In its canonical formulation, SBL assigns
independent Gaussian priors to signal coefficients with un-
known variances and estimates these hyper-parameters from
the data, typically via type-II maximum likelihood or evidence
maximization [1, 2]. Despite its long history and extensive em-
pirical success, the theoretical properties of hyper-parameter
learning in SBL, particularly in high-dimensional settings,
remain only partially understood.

A central challenge in SBL lies in the selection and opti-
mization of the hyper-parameters that control sparsity. Stein’s

We write a £ b for “a is defined as b”. Equality in distribution is denoted

by X 4 Y, and weak convergence by X,, = X. The notation Op(-) denotes
stochastic order. The positive partis () £ max{t, 0}. The trace of a matrix
is denoted by tr(-), and diag(-) denotes a diagonal matrix. Expectation and
probability are denoted by E[-] and Pr(-), respectively.

unbiased risk estimate (SURE) provides a principled, data-
driven criterion for tuning parameters in linear estimators un-
der Gaussian noise [3, 4]. SURE-based approaches have been
successfully applied to regularization selection in a variety of
inverse problems and sparse recovery settings [5, 6]. Moti-
vated by these advantages, several recent works have explored
the use of SURE for hyper-parameter optimization within the
SBL framework, aiming to bypass explicit assumptions on the
signal prior and noise statistics [7, 8].

However, incorporating SURE into SBL leads to a highly
nonconvex objective function over a large number of hyper-
parameters. In practice, different optimization algorithms or
initializations often converge to distinct stationary solutions,
even when applied to the same data. While such behavior has
been repeatedly observed, a rigorous theoretical understanding
of the stationary landscape of SURE-based SBL objectives—
including the structure, multiplicity, and stability of stationary
points—is still largely missing. Most existing analyses of SBL.
focus either on algorithmic convergence properties or on re-
covery performance under specific assumptions, and do not di-
rectly address the geometry of SURE-driven hyper-parameter
optimization.

In parallel, large-system analyses based on random matrix
theory (RMT) have proved to be powerful tools for under-
standing high-dimensional estimators. By revealing effective
scalar decouplings and self-averaging phenomena, RMT has
enabled precise characterizations of ridge regression, approx-
imate message passing, and related linear estimators in the
high-dimensional regime [9, 10]. More recently, such tech-
niques have been used to analyze nonconvex objectives and
implicit regularization effects in large-scale learning problems.
Nevertheless, their potential for elucidating the stationary be-
havior of SURE-based hyper-parameter learning in SBL has
not yet been fully explored.

In this paper, we develop a large-system analysis of sta-
tionary points arising from output-domain SURE based hyper-
parameter optimization in sparse Bayesian learning based on
our prior works [11]. Our analysis focuses on the stationary
conditions themselves, rather than on any specific optimization
algorithm. By leveraging exact coordinatewise optimality con-



ditions, leave-one-out techniques, and random matrix theory,
we show that the high-dimensional stationary rules admit a
deterministic decoupling in the large-system limit. This decou-
pling leads to a distributional fixed-point characterization of
stationary solutions, revealing that multiple stationary points
may coexist and that their observability is governed by local
stability properties. Together, these results provide a principled
theoretical description of the stationary landscape of SURE-
based hyper-parameter learning in SBL, without relying on
simulations or algorithm-specific assumptions.

2. PROBLEM SETUP AND NOTATION

2.1. System Model

We consider the linear model

y=Axq+v, (D
where A € RM*N hag i.i.d. entries
1

and v ~ N(0,0%1,) is independent of A. We study the
large-system regime

%%56(0,1). 3)
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2.2. Hyper-parameters and estimators

Let A= (A1,...,An)" €[0,00)" and define
A & diag(\1, ..., \n). 4)
Define the regularized Gram matrix
HM2ATA +A. (5)

The associated linear estimator and predicted output are

KA 2HMN ATy, z2(A) 2 Ax(A\) =AH\) ATy,
(6)
The output-domain SURE [4] is

SURE.(X) £ |2(A)—y|3—Mo*+20” Tr(AH(X)'AT).

(7
2.3. Leave-one-out objects and stationarity
For each i € {1,..., N} define the leave-one-out matrix
H;(A) £ H(A) — Nege/ (8)
and the scalar
ai(X) 2 e/ H;(\) e )

Definition 1 (Coordinatewise stationary point). A vector A* €
[0,00]Y is a coordinatewise stationary point if for every i,
holding {)\;} j=i fixed, A7 minimizes SURE, along the i-th
coordinate.

3. COORDINATEWISE QUADRATIC FORM AND
STATIONARY RULE

Fix i and fix {\;};,. Write

H = I:Il + )\ieiej. (10)
By the Sherman—Morrison identity,
e ANi ol TE—
H 1:Hil—mHi 'eje/ HY',  (11)

where «; is defined in (9). Introduce the scalar reparameteri-
zation

A
A 7
A v oo,

Define
M, 2 AH;'AT,

Bi

-1
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12)

u; 2 AI:IZ-_lei7 s; & uiTy7 (13)
and the residual

r; 2 (I_; —Iy)y.

Multiplying (11) by A and A T yields the exact rank-one form

AH'AT =TI_; — 8, w;u; . (15)

(14)

Hence
Bi u;s;. (16)

Expanding the norm and the trace term gives

Z—y=r_;—

12 = ylI3 = vl — 26 (r—i, wi)s; + 67 |[will3s7,

(17)
Tr(AHT'AT) = Te(TL) — Biflwi3. (18)
Substituting (17)—(18) into (7) yields
SURE. (8;) = const — 2078, + C57) 82, (19)
with
Ci) 2 pu)si+ o? w3, CF 2 wl3st 0)

Theorem 1 (Coordinatewise stationary rule). Any coordinate-
wise stationary point (Definition 1) satisfies, for every 1,

Oa C{;Zz) S 07
C(Zl)
A= o > Ok Cf}? >0, Cé,zi) > ainB, @D
2, — il
“+00, 02(;) < aiCﬁ),

where «; is defined in (9) and (Cfi), Céi»)) in (20).

Proof. Since (19) is a scalar quadratic over 3; € [0, a; 1), the
minimizer is: (i) 8; = 0 if C{’? < 0; (ii) the unconstrained
minimizer 8} = C’ﬁ) / 02(';) if feasible, i.e., C’Q(i.) > aiC’fi);
otherwise (iii) the boundary 3; 1 o ! corresponding to A —
+o0 via (12). Mapping 3} back to A} yields (21). O



4. LARGE-SYSTEM DECOUPLING VIA RANDOM
MATRIX THEORY

In this section, we analyze the large-system behavior of the
leave-one-out quantity a; defined in (9), which plays a central
role in the coordinatewise stationary rule derived in Section 3.
Our main goal is to show that «; admits a deterministic equiv-
alent depending only on the local hyper-parameter \; and a
global scalar that captures the collective effect of all other
coordinates.

We assume that finite (non-pruned) hyper-parameters are
uniformly bounded: 0 < \; < Apax < o0, and that the
empirical measures

1
Fyoo & ; Ox, (22)
converge weakly to a limit Fy supported on [0, A\yax]. This
assumption rules out pathological growth of individual coor-
dinates and ensures that normalized traces of the associated
resolvents are well behaved.

Theorem 2 (Deterministic equivalent of «;). Under (1)-(3)
and the boundedness assumption above, there exists a deter-
ministic scalar & > 0 such that for any deterministic index
sequence i = i(N),

T—-1, P 1
i =€; Hi e, — . 23
“ Ai +§ @)
Moreover, £ is the unique solution of
E=96 (1 + / LdF ()\)) (24)
- Are MY

Theorem 2 shows that, in the large-system limit, the depen-
dence of «; on the entire hyper-parameter vector A collapses
to a simple scalar form. The global parameter £ acts as an
effective regularization induced by the aggregate empirical
distribution Fy.

Proof sketch. Let Q = (ATA + A)"tand T = (Ip/ +
AA~'AT)~! A standard leave-one-out identity gives

(Q)ii = (N + az—'rT—iai)ila

where a; denotes the ith column of A and T _; removes the
contribution of a; from the resolvent.

Conditioned on T_;, the vector a; is independent of
T_; and distributed as N (O, ﬁl) Consequently, Gaussian
quadratic-form concentration yields

1 P
-
; T_;a; — — Tr(T—;) — 0.
al a M ( )
Since T and T _; differ only by a rank-one update, their nor-
malized traces are asymptotically equivalent, i.e.,
1 1 P

i Tr(T_;) — i Tr(T) — 0.

Defining ¢(N) = % Tr(T), standard self-averaging arguments
imply £V) — ¢ deterministically, and thus (Q);; — (X\; +
€)1 in probability.

Finally, 1_1;1 differs from H~! by a diagonal rank-one
perturbation, which implies i; — (H™');; — 0 in probability
and yields (23). The trace identity relating £ and % Tr(Q)
leads to the fixed-point equation (24). O

Remark 1. The decoupling result in Theorem 2 is the key step
that enables a distributional characterization of stationary
points in the subsequent sections.

5. DISTRIBUTIONAL FIXED POINTS OF
STATIONARY SOLUTIONS

5.1. Empirical stationary distributions

Let AN be any sequence of stationary points and define the
empirical distribution

N
1
Froo & 5> 0,00 (25)
i=1

Along any convergent subsequence we write F'y vy = Fy.

5.2. Deterministic equivalents needed for the limiting map

Besides «;, the coefficients in Theorem 1 depend on ||u;||3
and s; in (13). The next lemma records their large-system de-
terministic equivalents at the level needed to define a limiting
scalar map.

Lemma 1 (Deterministic equivalent of ||u;||3). Under the
assumptions of Theorem 2, for any deterministic i = i(N),

Jwl2 = AR L2 5 v(h) £ a(h)—Aa(h)? = —°

(26)
where a(\) = (A\+&*) "1 and &* is the self-consistent solution
associated with F}.

Proof sketch. Using ATA = H; — 3, \jeje/ and the
identity I, 'FI,FH{; ' = H; ', one obtains ||u;[|3 = a; — \;a?.
Apply Theorem 2. O

5.3. Limiting scalar stationary map

Let £* denote the solution of (24) with Fy, = F}. Define the
scalar function

1
NE .
In the large-system limit, the coordinatewise stationary rule
(21) induces a deterministic scalar map 7 (-; £*) obtained by
replacing the random quantities in (21) by their determinis-
tic equivalents (e.g., (27), (26), and analogous DEs for the

27)

remaining terms in Cﬁi) and C’Q(;)).

(A +£%)27



Theorem 3 (Distributional fixed-point characterization). Let
E} be any weak limit of stationary empirical distributions (25).
Then a random variable A* ~ F} satisfies

A LT (A% ), (28)

where £* is the self-consistent solution of (24) associated with
Proof sketch. By Theorem 2 and Lemma 1, the coordinate-
wise rule (21) converges (in probability) to a deterministic
scalar update depending on \; and £*. Since A(Y) is station-
ary for each NV, its empirical measure must be invariant under
the limiting update, yielding (28). 0

Proposition 1 (Existence and potential non-uniqueness).
Equation (28) admits at least one solution F. In general,
uniqueness is not guaranteed due to the piecewise, thresholded
nature of T and the self-consistent dependence on £*.

Proof sketch. Existence follows from continuity of the in-
duced pushforward map on a compact, convex set of probabil-
ity measures and Schauder’s fixed-point theorem [12]. Non-
uniqueness is not ruled out since the map is generally not
contractive. O

6. LOCAL STABILITY OF DISTRIBUTIONAL FIXED
POINTS

This section provides a local stability interpretation of the
distributional fixed points characterized in Section 5. While
Section 5 establishes the existence of stationary distributions
and highlights their potential non-uniqueness, stability anal-
ysis is essential for understanding which of these stationary
solutions are actually observable under coordinatewise hyper-
parameter optimization.

The key difficulty is that the fixed-point equation (28)
is self-consistent: the distribution I, determines the scalar
parameter &, which in turn governs the induced mapping on
distributions. Local stability therefore depends on how small
perturbations of the empirical distribution propagate through
this coupled mechanism.

Let F} satisfy the distributional fixed-point equation (28).
To probe its local stability, we consider small perturbations of
the empirical distribution of hyper-parameters. Specifically,
define

F& 2 (1 —e)Ff +¢G, (29)

where G is any probability measure supported on [0, Apax] and
£ € (0,1). Let £() denote the solution of the self-consistent
equation (24) associated with F' (),

Lemma 2 (Linear response of £). As ¢ | 0, the perturbation
of the global coupling parameter satisfies

CJAHE)THAGR) — [+ &) dFR(N)

(8) _ex — _
et T [+ &) 2aF; ()

(30)

+o(g

Proof. Define ®(&; F) =& —6/(1+ [(A+ &)~ 'dF). Since
O @(&*; FY) > 0, the result follows from the implicit function
theorem. [

Lemma 2 quantifies the first-order sensitivity of the global
parameter ¢ to perturbations of the empirical distribution.
Since ¢ fully parametrizes the scalar mapping 7 (-; £) in (28),
this linear response characterizes how distributional perturba-
tions propagate through the self-consistent fixed-point mecha-
nism.

Proposition 2 (Local stability). A distributional fixed point
Fy is locally stable if the induced mapping T (-; §) contracts
sufficiently small perturbations of the empirical distribution.

Proposition 2 formalizes the notion that only stable distri-
butional fixed points can be reached and maintained under co-
ordinatewise hyper-parameter optimization in the large-system
limit.

Proposition 3 (Interpretation). The presence of multiple sta-
tionary solutions in SURE ,-based sparse Bayesian learning
is an intrinsic consequence of the self-consistent, piecewise-
defined stationary conditions, rather than an artifact of a
particular algorithm or initialization.

Together, the results of this section link the multiplicity of
stationary solutions to stability properties of the underlying
distributional fixed-point mapping, thereby clarifying which
solutions are observable in practice.

7. CONCLUSION

This paper studied stationary points of output-domain SURE
(SURE,) based hyper-parameter optimization in sparse
Bayesian learning from a large-system perspective. By analyz-
ing the coordinatewise stationary conditions and leveraging
random matrix theory, we showed that the high-dimensional
problem admits a deterministic decoupling, leading to a distri-
butional fixed-point characterization of stationary solutions.
This analysis reveals that multiple stationary points may coex-
ist and that their observability is governed by local stability
properties. The scope of this work is intentionally limited
to stationary-point analysis. We do not study specific opti-
mization algorithms, convergence rates, or finite-dimensional
performance. Nevertheless, the results provide a princi-
pled theoretical understanding of the stationary landscape of
SURE-based hyper-parameter learning, and offer a useful
foundation for future studies on algorithmic dynamics and
stability mechanisms.
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