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ABSTRACT

Sparse Bayesian Learning is widely used for high-dimensional
inverse problems, yet fixed-point behavior in underdeter-
mined systems is poorly understood. We give a distributional
account of the hyperparameters at convergence under inde-
pendent Gaussian designs with deterministic heterogeneous
signals. Each coordinate follows a spike-and-tail law with
a translated noncentral chi-square tail. A quenched self-
averaging principle turns empirical averages into determin-
istic quantities and yields a compact closure based on three
resolvent-derived scalars, predicting activation, error, and de-
tection without a signal prior. With learned noise variance, a
simple balance fixes the effective activation threshold at one.
Simulations validate the coordinate law and the closure.

Index Terms— Sparse Bayesian Learning, deterministic
equivalents, self-averaging, large-system limit

1. INTRODUCTION

Sparse Bayesian Learning, also known as Automatic Rele-
vance Determination, is widely used for high-dimensional
linear inverse problems and is valued for automatic support
pruning and strong empirical performance [1, 2, 3]. It is
typically implemented via an expectation-maximization rou-
tine or Type-II evidence maximization. Yet the behavior of
individual coordinates at fixed points in underdetermined
systems remains unclear: practitioners observe large fluctua-
tions across coordinates without a distributional explanation
or a concise link to macroscopic performance. Our focus is
precisely on fixed points, so the results apply to both imple-
mentation families.

Prior work on approximate message passing offers sharp
predictions for iterative dynamics [4, 5, 6], but does not tar-
get SBL fixed points and usually assumes random signals.

We write a £ b for “a is defined as b”; X 2y for equality in dis-
tribution; and X,, = X for weak convergence. Op(-) denotes stochastic
order. The positive part is (¢)+ = max{t,0}. tr(-) denotes the trace and
diag(+) forms a diagonal matrix. E[-], Var(+), and Pr(-) denote expectation,
variance, and probability.

Classical SBL and ARD papers develop evidence maximiza-
tion, efficient updates, and hierarchical models [1, 2, 3, 7,
8, 9, 10], while related analyses via Bethe free energy study
convergence of approximate variants [11]. None provides a
coordinate-wise distribution at fixed points together with a
variance-mismatch-aware macroscopic closure. This paper
delivers three elements under independent Gaussian designs
with deterministic heterogeneous signals and Gaussian noise:
(i) a coordinate-wise limiting law with a spike at zero and a
translated, scaled noncentral chi-square tail; (ii) a quenched
self-averaging principle that yields a compact closure based
on three resolvent-derived summary quantities predicting ac-
tivation, error, and detection without a signal prior; and (iii)
a clean separation between algorithmic and data-generating
noise, including a simple balance under Type-II noise learn-
ing that fixes the effective activation threshold at one.

2. SYSTEM MODEL AND FIXED-POINT SETUP

We consider sparse linear estimation with an i.i.d. Gaussian
design in the underdetermined, high-dimensional regime. The
observation model is

Yy =Ax+ vy, (1)
where A;; ~ N(0,1/m), vy ~ N(0,021,,), and the signal
x € R"™ is deterministic (heterogeneous coordinates allowed).
We work throughout with m,n — oo and m/n — ¢ € (0, 1),
following the SBL/ARD setup [1, 2, 3].

A key modeling choice is to separate the algorithmic vari-
ance o used inside EM from the true variance o that gen-
erates the data (matched and mismatched cases are both al-
lowed). Let I = diag(~1, . . . ,7») and define the resolvent

Q2 (6%, + ATAT) . )

At any EM fixed point, the posterior mean and covariance of
x and the hyperparameters obey

nw=TATQy, S =T-TATQAT, (3a)
vi = 13 + [Zlis, (3b)

If the variance is learned (Type-II MLE), we use the standard
evidence update

1=1,...,n.

1
o? = —(lly - Apl + :(AZAT)). @)



Our statements and proofs concern fixed points of (2)-(3) (and
(4) when used), not the transient iterates; identities follow
from standard matrix inversion lemmas [12].

2.1. Three global scalars and a roadmap

We repeatedly use three resolvent-derived scalars:

n=~4tr(Q), 7=+tr(Q*), B==Ly'Q%.

®)
They play complementary roles: 7/B acts as the effective
activation threshold in the coordinate-wise law; (1, 7) sum-
marize first- and second-order resolvent information used by
our closure; and B carries the data-generating noise power
through 02. In Sec. 3 we characterize the coordinate-wise
limiting distribution of the ~y; at fixed points. Sec. 4 then
replaces sample averages by expectations under this law
(self-averaging in the regime § € (0,1)) to obtain a low-
dimensional deterministic closure for (7, 7, B), and to quan-
tify how variance mismatch shifts the threshold via n/B.

2.2. Asymptotic regime and scope

All results are stated in the high-dimensional limit m, n — oo
with m/n — 6 € (0,1). Questions of global uniqueness or
stability of the coupled system, as well as universality beyond
Gaussian designs, are left to an extended version.

3. COORDINATE-WISE LIMIT LAW AND
SELF-AVERAGING

We develop a distributional description of SBL fixed points
at the level of individual coordinates. In the underdeter-
mined regime, we (i) isolate an exact one-coordinate identity,
(ii) show a local Gaussian limit for the leave-one-out statis-
tics that feed it, and (iii) obtain the coordinate-wise limiting
law for the hyperparameters. Concentration inputs follow
standard high-dimensional probability [13, 14]; weak con-
vergence uses the continuous mapping theorem and Slutsky’s
lemma [15]; self-averaging relies on bounded-difference/
Efron-Stein arguments [16, 17]. Noncentral chi-square facts
are classical [18].

3.1. An exact single-coordinate identity

Let A = [ay,...,a,]. For the ith coordinate, define the
leave-one-out resolvent and statistics

—1
Q= (Lu+ Y ) )
i

si =a; Q_;a;,

(6a)

ri=a; Q_y. (6b)

Lemma 1 (Exact fixed-point identity). At any EM fixed point,

v = (ri 5_2 Si)+, equivalently ~y;s7+s;—r7 =0, v; > 0.
(7

K3

Proof sketch. By the matrix inversion lemma, aZT Qa; =
si/(1 +;s;) and a] Qy = 7;/(1 + 7;s;). Using (32)-(3b),
i = viri/(1+;si) and [E];; = v;/(1 4 7;s;). Substituting
into 7; = p? + [X];; and clearing denominators yields the
claim. O

3.2. Local Gaussian limit for leave-one-out statistics
Write y = a;z; +y—; withy_; = A_;x_; + vy

Lemma 2 (Concentration and local CLT). In the regime § €

(0,1),
Si :"7+O]P’(\/%); Ti :n$i+Ci+OP(@)>

®)
where, conditional on (Q_;,y—;),
Gi ~ N((), %”Q—iY—iH%) (%a)
1 X 12 — logn
—|Qiy—illf = B+0:(y/252). o)

Hence (r;,s;) = (nz; + ¢, n) with ¢ ~ N(0, B).

Proof sketch. Hanson-Wright and rank-one resolvent stabil-

ity imply s; = n + Op(y/logn/m) [13, 14]. Decompose
r; = X;S8; + a;r Q_;y_;; the second term is conditionally
Gaussian with variance m~'||Q_;y_;||3, which matches

B =m~ 'y " Q?y up to Op(+/log n/m) by matrix Bernstein
and a rank-one comparison. Slutsky’s lemma gives the joint
limit [15]. O
3.3. Limiting law of the hyperparameters

To account for coordinate heterogeneity, associate to each ¢
an auxiliary variable

2,..2
i T
SO |z NX%( B )

and define h(r,s) = ((r? — s);)/s? for s > 0.

(10)

Theorem 1 (Coordinate-wise limiting distribution). With
probability tending to one over (A,vy), at any EM fixed
point,

a B i Ul i o 17
L2 Sm_f) N TONE ( i

7 772( B+ |z ~ X3 B

). (11)

Moreover,

Vi = %(S(i) - %>+ + O]P’(\/@).

Proof sketch. By Lemma 1, v; = h(r;,s;). Lemma 2 gives
(riy8:) = (nx; + ¢,n) with ¢ ~ N(0, B). Continuity of
h on {s > 0} and the 1-Lipschitz property of the positive
part yield (11) via the continuous mapping theorem; a local
Lipschitz bound plus Lemma 2 gives (12). O

12)



The law combines a point mass at zero with a translated-
scaled noncentral x? tail. The activation threshold is /B,
while the noncentrality 222/ B sets how frequently and how
strongly coordinate ¢ turns active; both are macroscopic and
will be identified by the closure in Sec. 4.

3.4. Quenched self-averaging of sample means

Let ¥ : Ry x R — R be pseudo-Lipschitz of order 2 and
define

A B i
S0 2 E[Y(Ts,2) | 2], Tp2 7(5()_%)+

n
(13)
Proposition 1 (Self-averaging). For
2
b)) = s, talne) = (7)) 1
2

(7, 2) = T

one has

OP(\/@> +O]P’( 1/2).
15)

Proof sketch. View n™' Y. ¢(v;,x;) as a function of the
columns of A. Replacing one column by an i.i.d. copy
changes the average by O(1/n) (rank-one resolvent stability
and pseudo-Lipschitzness), so Efron-Stein/McDiarmid gives
Op(n~'/?) fluctuations. Replacing +; by its limit in Theo-
rem 1 contributes Op(1/logn/m) via Lemma 2; conditioning
on z; and integrating over S*) yields the right-hand side. [

=3 ) = - ]+
i=1 =1

(11)-(15) are the only ingredients needed for the clo-
sure: the ratio /B and the coordinate-wise noncentrali-
ties {n?xz?/B} enter through S, and self-averaging re-
places empirical sums by conditional expectations. Section 4
turns these into a deterministic, low-dimensional system for
(n,7,B).

4. DETERMINISTIC CLOSURE IN THE
UNDERDETERMINED REGIME

Using the coordinate-wise law from Sec. 3, the random EM
fixed point collapses to three deterministic scalars (1, 7, B).
The key is to replace empirical averages by conditional ex-
pectations under S | z; ~ x3(n?x?/B) from (10). We
record the induced functionals, state the closure, and note how
variance mismatch shifts the threshold n/B. Throughout we
work with 6 € (0,1).

4.1. Distribution-induced functionals

Letr = B/nand u £ n?/B. For s > 0, define

PR b VL) PP Clenl VL5
dr(sir) = 1+r(s—1/72“)+’¢2( i) = (1+r(s—1/r)4)?’
dw(s;r;a) = °

(T4r(s—=1/r)4)*
16)

For each coordinate 4, draw S | z; ~ x?(uz?) [18] and set

Si(1.B) = = - S Blon(SOin) | ],
Sa(n, B) = ,’;i : %ZLNE[@(S(“;T) | 2], D)
Xou(n, ):%Z E[ huw (S ();r;xi)|xi].

Proposition 2 (Sample-mean replacement). At any EM fixed
point with § € (0, 1), with probability — 1,

= $1(n, B) + Os( /%2 ) + Os(n1/2),

%Z;L:l (1 —:/in%)Q = Sa(n, B) + OP(\/T) + Op(n 1/2)’

lz’? 756’2 =X, )+01P’( logn> + Op(n=1/2).
n = (L4 ny)? 7 "

(18)

Proof sketch. Apply Proposition 1 with 1,12, %,, in (14)

and substitute T; < 7 (S () —1/r), from Theorem 1, condi-
tioning on x; to get (17). The error terms come from Propo-
sition 1. O

Each inner expectation in (17) is a one-dimensional integral
under a noncentral x? whose noncentrality depends on z;; the
outer average is merely across coordinates (no prior on {x;}
is assumed).

4.2. Closure and the cross term

We now state the deterministic relations satisfied by (1, 7, B);
the only subtlety is the mixed signal-noise term in B, which

vanishes at rate m~1/2.
Theorem 2 (Deterministic closure). With probability — 1 in

the underdetermlned regime, any EM fixed poznt satisfies

7771*02+6Sl(777 B), 7’*27’—7

I %Sg(n,B) (19)
1 —
B= T(ag + ng(n,B)).

In the matched case o2 = 0527, the same variance parameter

appears in all three equations.

Proof sketch. From (021 + ATAT)Q = I and its Q-right-

multiplied form, use a/ Qa; = o and a/ Q%a; =

'2 .. ..
(1+;75)2’ then replace empirical sums by Proposition 2 to
: . _ 1,TO2
obtain the first two relations. qu B ="y Q Y, ex.pand
y = Ax + vg; the cross term is mean zero with variance
O(m™") (Lemma 3), while the signal and noise terms yield
767X, and o, 7, respectively. O

Lemma 3 (Vanishing cross term). Let Cy, = 2xT ATQ%v,

with Q = (02L, + ATAT)"\. If 6% > opm > 0
and n_lzix? S g < OO then [ |A_7X] = O and
Var(C, | A, x) = Op(1/m); hence C,, Op(mfl/Q) N
0.



Proof sketch. Condition on (A, x). Since v, ~ N(0,071),
C,, is Gaussian with variance:

402 402
SExTATQAx < T AIPQIYIx]1* = Oe(1/m),

using [ A]| = Oz(1), Q| < 0,2, and [[x[]2 < m3/5. O

The functionals S;, S5, X, in (17) reduce to one-dimensional

expectations under noncentral x? and can be computed
by standard quadrature, Marcum-() representations, or the
Poisson-mixture with incomplete gamma functions [18].

4.3. Practical evaluation with noise learning

At a fixed point of the evidence update (4), usingy — Ap =
o?Qy and tr(AZA ") = o2m — otr(Q), (4) simplifies to
0?2 = o2+ ot (y"Q%y — tr(Q))/m, son = Band r =
B/n =1 at convergence. Then

o (s=1)y o (s=1)3
P1(s;1) = THs-1, Pa(s;1) = O+ G2
, (20
X
bu(s;lsz) = (ENCESINE 21
with SO | z; ~ x?(nz?). Define
Ui(n) = 230 Elgr(SW;1) | 2],
o) = LS o5 ). P

The closure becomes one-dimensional:

11 2
77_1:0-2“‘3'5\1/1(77)7 T = ir] ’
L= =Us(n) (23
11—
_ 2
n—T(Jngng(n,n) ,

where X,,(n,n7) = 23, El¢,(S@;1;2;) | z;]. One
may solve (23) for 7 alone and then recover o2 = 5~ ! —

571y~ (n) from the first equation.
5. NUMERICAL SIMULATION

We validate two claims without running SBL: (i) the coordinate-

wise law, and (ii) the scalar closure. We use A;; ~ N (0,1/m),
n =200, r; = 0.95°"!, and 02 = 0.05.

(i) Coordinate-wise law. Given (7, x;) and a view of B
(for learned noise we set B = 1), draw S; ~ x3(\;) with
\i = n?z?/B and map I'; = (S; — 1) /n. Fig. 1 overlays
the histogram of I'; on {I'; > 0} with the conditional den-
sity 7fyz(n) (1 + 1Y)/ (1 — Fy2()(1)), and reports the spike
mass at zero Fyz()(1) (empirical vs. theory). The QQ plot of
[; | T'; > 0 is near-linear across the bulk and upper tail. This
jointly validates the spike-at-zero and the translated noncen-
tral chi-square tail, showing that per-coordinate fluctuations
at fixed points are fully governed by macroscopic quantities
rather than idiosyncratic coordinates. (ii) Scalar closure. In
the fixed-noise case we solve

S10n) = %ZE[lJanF}

77_1 = 02 + 6_151(77)7

Hiset vs theory (spike: emp=0.68, th=0.68) QQ: Gamma positive tail

Empirical (MC)
Theory (conditional pdf)

0.8
0.6

pdf
pirical quantiles

0.4
£
5o2

0 0
0 1 2 3 0 02 04 06 08 1
bl Theoretical quantiles (y>0)

Fig. 1. Per-coordinate law. Left: histogram on {I'; > 0}
with the conditional density; the title reports Pr(I'; = 0) (em-
pirical vs. theory). Right: QQ-plot of T'; | T'; > 0 shows
quantile-level agreement, including the upper tail.

Scalar closure for 7 (fixed o?): theory vs Monte-Carlo
T T T T T T T

— —©— Theory (integral)
~ O Monte-Carlo

I I I I I I I I I
0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8
)

Fig. 2. Scalar closure for 1. Theory: solution to n~! =

0% 4+ 67151 (n) using the closed-form S;; MC: replacing S,
by a Monte-Carlo estimate. Agreement across d supports self-
averaging and the deterministic closure.

with S; ~ x3(nz?) and I; = (S; — 1)4/n. We evalu-
ate Sp via the Poisson-mixture for the noncentral chi-square
and incomplete gamma functions, and find n by fzero; as
a check we replace S; by a Monte-Carlo estimate (4k sam-
ples/coordinate). Fig. 2 shows close overlap between the de-
terministic curve and MC markers across 9.

6. CONCLUSION

We studied fixed points of Sparse Bayesian Learning under
independent Gaussian designs and gave a coordinate-wise
distribution for the learned hyperparameters. A quenched
self-averaging principle led to a compact closure that pre-
dicts activation, error, and detection without a signal prior.
When the noise variance is learned, the effective activation
threshold is fixed at one. Two small simulations, run without
the learning loop, confirmed both the law and the closure.
Future work includes universality beyond Gaussian designs
and finite-sample refinements.
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