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Abstract—Generalized Approximate Message Passing (GAMP)
enables Bayesian inference in linear models with non-identically
and independently distributed (n.ii.d.) priors and n.i.i.d. mea-
surements of the linear mixture outputs. It represents an efficient
technique for approximate inference, which becomes accurate
when both rows and columns of the measurement matrix can
be treated as sets of independent vectors and both dimensions
become large. The fixed points of GAMP correspond to the
extrema of a large system limit of the Bethe Free Energy (LSL-
BFE), which represents a meaningful approximation criterion
regardless of whether the measurement matrix exhibits the
independence properties. However, the convergence of (G)AMP
can be problematic for certain measurement matrices. In this
paper, we revisit the LSL-BFE and its Lagrangian function. We
derive an augmented GAMP algorithm by alternately enforcing
the Karush-Kuhn-Tucker (KKT) conditions, called KKT-GAMP
(KGAMP). To avoid matrix inversions, we introduce Adaptive
(Accelerated) Gradient Descent (A(A)GD) techniques. Analysis
shows convergence under relaxed conditions. Simulations indicate
accelerated convergence compared to existing low complexity
methods and illustrate the importance of adaptation.

I. INTRODUCTION

Low complexity Bayesian inference techniques are required
for large dimensional sparse signal recovery. Sparse Bayesian
Learning (SBL) is a Bayesian inference algorithm proposed
by [1] and [2]. SBL is based on a hierarchical prior on
the sparse signal, inducing sparsity in an underdetermined
scenario by the fact of having to estimate the prior variance
hyperparameters. The Linear Minimum Mean Squared Error
(LMMSE) estimation step in SBL at each iteration involves
matrix inversion, which makes it computationally complex [3].
The Approximate Message Passing (AMP) algorithm can be
interpreted as Belief Propagation under the large system limit
(LSL) [4], which represents messages by beliefs. Generalized
AMP (GAMP) enables non-Gaussian priors and measurement
processes. However, the convergence of (G)AMP can be prob-
lematic for some measurement/model matrices A. Existing
converging AMP versions before [5]: 1) adding the Alternating
Direction Method of Multipliers (ADMM) [6] leading to
a higher complexity ADMM-GAMP, 2) exploiting part of
the singular value decomposition (SVD) of the measurement
matrix in Vector AMP (VAMP) [7], [8] or esp. Unitarily
Transformed UT-AMP [9] (but which do not allow to handle
n.i.i.d. priors conveniently), 3) introducing damping [10], but
with typically difficult to determine damping requirements.

A. Contributions of this paper
e We propose a version of GAMP that alternatingly enforces

the KKT conditions (KGAMP) of the large system limit of
the Bethe free Energy (LSL-BFE) [11].

e To avoid solving the least-squares subproblem through
matrix inversion, we introduce Adaptive Accelerated Gradient
Descent (AAGD).

e We provide a convergence analysis of the algorithm under
relaxed conditions.

e Simulations show that the proposed KGAMP converges

substantially faster than existing low-complexity methods,
including AMBGAMP proposed in [5].
II. SYSTEM MODEL

We consider here a generalized linear model
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where A is M x N. We interpret the linear mixing as a
conditional probability

p(z|x) = 0(z — Ax). )

In the signal recovery problem, we want to recover  from
known y and A. In later discussions, we introduce . as
element-wise multiplication, ./ as element-wise division, and
S=A.A.

III. LARGE SYSTEM LIMIT BETHE FREE ENERGY

(LSL-BFE)

In [5], we arrived at a converging version of GAMP with a
twist on ADMM, where, similarly to [10] and [6] , we exploit
a Lagrangian that is augmented with quadratic versions of
the mean constraint while introducing an extra variable u for
the estimated posterior mean of x to facilitate the alternating
minimization. However, unlike ADMM for which the weights
are almost arbitrary, the approach requires introducing very
precise quadratic moment weights, which furthermore get
ignored when optimizing over the corresponding variables.
In the KKT approach pursued here, we can do away with
the quadratic moment terms by introducing w in the variance
expressions. Below, T = E[xz|¢z] and T, = var(x|g,) will
denote the vectors of means and variances of approximate
posterior g, and similarly for z.
After the LSL simplifications [15], the BFE with marginal
pdf consistency constraints leading to belief propagation can
be seen to become equivalent to the following LSL-BFE with
moment consistency constraints [5], [11]:
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Here 1 denotes a vector of 1’s. We introduce the following
mean square value (msv) definitions

(1./72) T msv(|gy) = J |12, g () de
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where |z|2 = x”(x./T) and msv(z|gz) on a vector x
operates elementwise. Also, var(z|qz) = msv(x — Ex|qz).
The Lagrangian of (3) becomes
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Here, we have introduced a new optimization variable w to
fluidify the alternating optimization, and dual variables s and
Ts. The proposed algorithm corresponds to alternating enforc-
ing of the Karush—-Kuhn-Tucker (KKT) conditions for (5). We
define diagonal matrices D,, = diag(7,), D, = diag(:.), and

7 =1./(ST7). (6)

In (5), the weighting of msv(x—wu|g,) can therefore be written

as 4(1./7:)7, similar to the weighting of msv(z — A ulg,).

In the following discussion, we use (Dp,D,) and (7, 7y)
interchangeably.

Proposition 0.1. If the KKT conditions of (5) are satisfied,
then Y1p, Ty
(1./7p) msv(z — A u|g,) = (1./7p)  var(z|q,)

(/) P msv(e — ulgs) = (L/70) Tvar(algs).

In the following, we use superscript * to denotes solutions ¢,
qf, and u™ satisfying the KKT conditions. The main idea of
the proof is to show that the KKT conditions of (5) imply

ut =E i [z]; Au” =E ¢ [z]. (8)

q az
Proof. We have in general
(1./7p) ' msv(z — Aulgs) = (1./7p)" var(z|gs)

+(z - Au)"D, "z — Au), 2

(L/m) msv(e — ulgy) = (1/70) var(elas) o
+ (& -w)TDIYE — u). (10)

Due to the mean constraint, we have

zT = AZY, where 2T = Eq;‘z[z]; zt = E + [x].

(1)

As we can see, the quadratic terms in (9) and (10), and hence
in (5) become zero and hence are minimized for u™ = z+.
Thus, at the optimal points, we have

Ellz — Au™|?] = (1./7)" var(zlq; )

12)
Elle —u]7] = (L./7) var(z|qF).

and hence (7). O]

To satisfy the KKT conditions, we not only set the partial
derivatives of (5) w.r.t. g»(x), ¢,(z), Tp, and u to zero, but
also satisfy the equality constraints. The KKT conditions are
equivalent to the following system of equations [5]

o2 - ul?, + 2 - Aul?,}

=0 (13)

ou
7(s) = A Z(s) (14)
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where
T =Eq,[z]; 2 = Eq,[2z]; 7o = varg,[z]; 72 = var,[2]
p=Au—-D,s;r=u+D,ATs; 7. = 1./(ST 7).
In (16) and (18), the variances T, T, should in principle be
the msv terms from (5), but we can replace them with the
var(-) expressions due to the KKT conditions mentioned in
the Proposition. This simplification corresponds to ignoring
the dependence of the ADMM quadratic moment weights on
the optimization variables 7, 75 in [5], but at least now we
know what this simplification corresponds to. In (14), we
explicitly write Z(s), Z(s) because this is the constraint we
use to update the Lagrange multiplier s. Based on the above
discussion, we will propose a low complexity algorithm in the
following section.

IV. PROPOSED KGAMP ALGORITHM

The overall idea is to enforce the KKT conditions (13)-(18)
alternatingly. We update 3 groups: u, (¢, Tp, ¢z, S), and 7s in
an alternating manner. We first update w based on (13). Then
(¢z, Tp, 42, s) are updated by satisfying (14)-(17) at the same
time. Finally, 75 is updated based on (18).

A. Update of u by Adaptive Accelerated Gradient Descent

19)

To avoid having to solve the linear system of equations in (13),
consider at iteration ¢ the quadratic cost function representing
the terms in the Lagrangian (5) depending on u:

1, . 1, ..
Fhu) = 5|37 = Aufs + 52 —ulf @0

We introduce a momentum auxiliary variable w. The general
form for (Nesterov) Accelerated Gradient Descent (AGD) is
[16]
ut — wt—l _ aVFt(wt—l)
w' = u' + B(ul —u'h),
where the stepsize o and momentum gain S will be made
adaptive (AAGD) by alternating line search. Define

H' =D(1./7f7) + ATD(1. /7 HA
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g'(u) = VF'(u) = g'(0) + H'u (22)
=-AT(@""' - Au)./r ) = (@ —w)
The quadratic cost function in (20) can be rewritten as

F'(u) = LuTH'u + uTg!(0) + const. 23)

gt(wt—l) — VFt(,wt—l) _ th,wt—l + gt(o)
Due to the linearity of VF', (21) can be reformulated into a
second-order recurrence for u:

u' =u't — o (H'u T 4+ gh0) + B (uf T —ulT?) (24)
+afH (u't —uT?).

« and 3 should be adapted by minimizing F*(u') after substi-
tuting (24) into F'*(w) in (23). However, to avoid high-order
equations, stepsize « and momentum gain 3 are optimized
by alternating line search with a small inner loop. We have
actually tried introducing an extra variable v = «af and
minimizing the resulting quadratic criterion in «, (3, -, but
this does not appear to work as well.



1) Adaptive Accelerated Gradient Descent Inner Loop: We
use ¢’ to denote the inner loop iterations. Based on (24), define

di(ﬁ) _ ut—l + 6 (ut—l _ ut—2)

d5(8) = (H'u'"" +g"(0)) + SH (u'™! —u'?) 25)
dj(e) = u' —a(H'u'"" +g'(0))

di(a) = (u'™' —u'™?) —aH (u —ulT?).

Therefore, (24) becomes

u’ = dj(B) — ady(B) = dj(a) + fdi(e).  (26)
By setting the derivative of F*(u’|a!’, 5% ~1) with respect to
ot to zero, we obtain

o _ (8T (B ) + 8'(0)

2
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Next, we set the derivative of F'(u'|a!, 3) w.rt. B! to zero,
and we obtain

dj(a”)"(H'd}(a") + g'(0))

28
a1 (0 THd, (a7 28)

G

We propose to include an inner loop to find o and S iteratively
based on (27) and (28). During the first sweep of the inner loop
for AAGD, the complexity is O(M N) due to the matrix-vector
multiplication. However, after that, each consecutive sweep of
the inner loop within one outer iteration has a complexity of

o(1).

B. Update of 4z, Tp, Gz, S

By treating w = u! as given in (19), we have
7, =Svar[z|q,]; p' =Au'—DLs"; r' =u'+ DL AT (29)

Therefore, the updates for beliefs ¢, () and ¢ (z) in (15) and
(17) are uniquely determined by the Lagrange multiplier s’.
We find st by solving for st from the mean constraint

Eq;‘st’ut [Z] =A Eq;‘ﬂ|st,ut [33] . (30)
However, solving (30) directly may lead to high complexity.
We can also update s’ by line-search-aided gradient descent
on a quadratic version of (30).

After that, we obtain the belief mean and variance by substi-
tuting u? and s’ into g, and gj.

0 () = po(@)N (z|r', D7)

(31
4, (2) = pyz(2)N (z|p’, Dp)
Therefore, we have
' =K, 5 ! = varg
& = Eyg[al: 4 = vary [o] )

z' = Eq[z]; 7, = varg [z]

1) Updating s in the Gaussian Case: Define diagonal matrices
3, and 3, of prior variances. With Gaussian p; and py,

pz(x) = N(w|mm7 3z); py\z(z) = N(z|yvzv)'

In the Gaussian case, the update of 7, by (16) is independent
of the value of s. Therefore, we have

(33)

73 = diag[(Xz" + (DL 7)™
7}, =87.; D = Diag(t}) (34)
7, = diag[(Z;' + (D))~
Equation (30) is equivalent to
Qs=Db, (35)

where
ty—1 t\=-1. Tyt — t\—1yt
(2,) = (2 +D,)"; D, = 3,(%, + D) "D,
(Z1) 7= (8 + D)7 Dy =D (S + D) TS,
b’ = DL (Z0) 'y + 2o (Z)) ' Au!
— ADIH(ED) T imy — AZL(2) !
Q' = AD! AT + D!,
(36)
To solve (35) in a low complexity manner, we adopt line
search (AGD) to the quadratic problem for which (35) can
be considered the KKT condition

1
arg min isTQts —sTpt. (37
S

Thus, by line search, s is updated by

t t—1 (h")™h*

S =S8 — W h (38)

where h = Q?st~! — bt.
C. Update of T
Finally, we update 75 from 0L/dT, = 0, leading to (18):

Ti=(1- th./th,)./TIt,. (39)

By definition in (19), 7 = 1./(ST7?), which actually follows
from asymptotic Belief Propagation [15].
V. CONVERGENCE ANALYSIS

We consider a relaxed algorithm in which,

« Both p; and p,, are Gaussian, as in (33),
« u! is obtained by zeroing the gradient of (20):

u' = (1) "'g(0),

« st is obtained by solving (30), and hence (35).
It has been shown in [5] that the variance subsystem (which
is independent of the mean subsystem in the Gaussian prior
case) is guaranteed to converge. In [19], it is shown that under
the large system assumption, 7,° converges to the LMMSE
posterior variances:

o = diag[(ATZ,TA + 207

(40)

(41)

In the following, we will show that the mean subsystem of the
relaxed version of KGAMP also converges.



Although this is not essential for the convergence analysis,
as the variance susbsystem converges fairly fast, let’s assume
that it has converged already: V¢, 7';, = Tp, and 7! = 7, and
hence also Q! := Q. At the end of each iteration, due to the
second and third relaxation assumptions, and (30), we have

(42)

z'= Az u =23

Furthermore, with the second relaxation assumption, we have
s' =Q7'b, 43)

On the other hand, with fixed 7, 7, and the Gaussian prior,

we have
2 =D (Zp + D) 'my + B4 (2, + D)7t (44)

where r! is computed in (29). Substituting (42) and (43) into
(29) and substituting the resulting (29) into (44), we have

! = ®zt + const, (45)
where
®=(A"D,'A+D," )" (ATD,'A + D, "),
D, =D ' +3H)7 (46)

D, =D, +3,;")"

We use ®; < ©O5 to denote that @5 — @ is positive semi-
definite. From (46), we can verify that D, < D, and D, <
D,. Therefore, we have ® < I. Hence, the update from zt1
to Z? is a contraction and converges.

VI. SIMULATIONS

We consider an M x N = 5 x 10 measurement model. The
input signal follows an exponential decay z,, ~ A (O,ain),
where 02 = 0.01("~1). The elements of A are drawn i.i.d.
N(0, %) We consider white Gaussian noise with power o2 =
10~*. We randomly generate 1000 realizations of x, v and
A. For AAGD, we adopt an inner loop of 50 iterations. Since
the novelty of KGAMP (w.r,t, AMBGAMP) is in the mean
subsystem and we limit the simulations to the Gaussian case,
we first obtain 7, and 7, by running the variance updates for
500 iterations. After that, we keep them fixed during the mean
subsystem iterations. Furthermore, the same set of 7 and 7,
is used in different methods to be compared.

In addition to the benchmark methods ADMM [20] and
AMBGAMP [5], we also compare different low complexity
methods for updating w in (31).

In Fig. 1, we plot the normalized mean squared error (NMSE)
with respect to the ground-truth . Whereas in Fig. 2, we plot
the NMSE to the MMSE estimate

Zymse = (ATSTA + ) TATS ly. @47)

In all “KGAMP-" based algorithms, we only update u once
per iteration. The proposed method is “KGAMP” in the
figures, short for “KGAMP-AAGD”. In “KGAMP-Nesterov”
and “KGAMP-GD”, we use a fixed stepsize 1/L, where L =
max [eig(Q?)]. “KGAMP-Nesterov” uses standard Nesterov
accelerated Gradient descent for updating u, while “KGAMP-
GD” uses the standard gradient descent algorithm for updating

\ - - - - ADMM
5[ AMBGAMP
KGAMP

KGAMP-GD
KGAMP Least Squares
KGAMP-GD-Line-Search

KGAMP-Nesterov

NMSE to True Data (dB)

lteration

Fig. 1. NMSE-to-x vs Iterations

- === ADMM

AMBGAMP

KGAMP
KGAMP-Nesterov
KGAMP-GD

KGAMP Least Squares
KGAMP-GD-Line-Search
I I I

NMSE to MMSE (dB)

I I I L - — S

0 50 100 150 200 250 300 350 400 450 500
Iteration

Fig. 2. NMSE-to-Z v se vs lterations

u. “KGAMP-GD-line-search” (which is ‘KGAMP-AGD” in
fact) uses gradient descent with line search stepsize for updat-
ing u [5]. The dashed curves are methods that require matrix
inversion. “KGAMP Least Squares” uses (43) to update s and
hence u! = '~ to update wu.

“KGAMP Least Squares” provides an indication of how fast
the algorithm can converge, as only the alternating optimiza-
tion component remains to be further accelerated. ADMM-
GAMP converges at a comparable rate; however, more realistic
gradient-based implementations exhibit slower convergence
than the other algorithms. The simulations also demonstrate
that optimizing the stepsizes in Nesterov’s method leads to
substantial additional acceleration.

VII. CONCLUSIONS

We propose KGAMP based on alternatingly enforcing the
KKT conditions of the LSL-BFE. To avoid solving the systems
of linear equations through matrix inversion, we introduce
Adaptive (Accelerated) Gradient Descent (A(A)GD). With
Gaussian priors and Gaussian noise, the proposed algorithm
converges (very fast) when the KKT conditions in each alter-
nating step are satisfied exactly. In low complexity GAMP
versions, convergence can be slowed down due to (i) GD
for updating u, (ii) (GD) for updating s, (iii) or a GD-style
update for s in ADMM algorithm versions. It appears that (i)
is the dominating slow down factor. Finally, there is also the
alternating optimization nature of GAMP which may pose the
ultimate convergence speed challenge.
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