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Abstract—Generalized Approximate Message Passing (GAMP)
enables Bayesian inference in linear models with non-identically
and independently distributed (n.i.i.d.) priors and n.i.i.d. mea-
surements of the linear mixture outputs. It represents an efficient
technique for approximate inference, which becomes accurate
when both rows and columns of the measurement matrix can
be treated as sets of independent vectors and both dimensions
become large. The fixed points of GAMP correspond to the
extrema of a large system limit of the Bethe Free Energy (LSL-
BFE), which represents a meaningful approximation criterion
regardless of whether the measurement matrix exhibits the
independence properties. However, the convergence of (G)AMP
can be problematic for certain measurement matrices. In this
paper, we revisit the LSL-BFE and its Lagrangian function. We
derive an augmented GAMP algorithm by alternately enforcing
the Karush-Kuhn-Tucker (KKT) conditions, called KKT-GAMP
(KGAMP). To avoid matrix inversions, we introduce Adaptive
(Accelerated) Gradient Descent (A(A)GD) techniques. Analysis
shows convergence under relaxed conditions. Simulations indicate
accelerated convergence compared to existing low complexity
methods and illustrate the importance of adaptation.

I. INTRODUCTION

Low complexity Bayesian inference techniques are required
for large dimensional sparse signal recovery. Sparse Bayesian
Learning (SBL) is a Bayesian inference algorithm proposed
by [1] and [2]. SBL is based on a hierarchical prior on
the sparse signal, inducing sparsity in an underdetermined
scenario by the fact of having to estimate the prior variance
hyperparameters. The Linear Minimum Mean Squared Error
(LMMSE) estimation step in SBL at each iteration involves
matrix inversion, which makes it computationally complex [3].
The Approximate Message Passing (AMP) algorithm can be
interpreted as Belief Propagation under the large system limit
(LSL) [4], which represents messages by beliefs. Generalized
AMP (GAMP) enables non-Gaussian priors and measurement
processes. However, the convergence of (G)AMP can be prob-
lematic for some measurement/model matrices A. Existing
converging AMP versions before [5]: 1) adding the Alternating
Direction Method of Multipliers (ADMM) [6] leading to
a higher complexity ADMM-GAMP, 2) exploiting part of
the singular value decomposition (SVD) of the measurement
matrix in Vector AMP (VAMP) [7], [8] or esp. Unitarily
Transformed UT-AMP [9] (but which do not allow to handle
n.i.i.d. priors conveniently), 3) introducing damping [10], but
with typically difficult to determine damping requirements.
A. Contributions of this paper
‚ We propose a version of GAMP that alternatingly enforces
the KKT conditions (KGAMP) of the large system limit of
the Bethe free Energy (LSL-BFE) [11].
‚ To avoid solving the least-squares subproblem through
matrix inversion, we introduce Adaptive Accelerated Gradient
Descent (AAGD).
‚ We provide a convergence analysis of the algorithm under
relaxed conditions.
‚ Simulations show that the proposed KGAMP converges

substantially faster than existing low-complexity methods,
including AMBGAMP proposed in [5].

II. SYSTEM MODEL

We consider here a generalized linear model

pxpxq“

N
ź

i“1

pxipxiq, z“Ax, py|zpzq “

M
ź

j“1

pyj |zj pzjq, (1)

where A is M ˆ N . We interpret the linear mixing as a
conditional probability

ppz|xq “ δpz ´ Axq. (2)

In the signal recovery problem, we want to recover x from
known y and A. In later discussions, we introduce . as
element-wise multiplication, .{ as element-wise division, and
S “ A.A.

III. LARGE SYSTEM LIMIT BETHE FREE ENERGY
(LSL-BFE)

In [5], we arrived at a converging version of GAMP with a
twist on ADMM, where, similarly to [10] and [6] , we exploit
a Lagrangian that is augmented with quadratic versions of
the mean constraint while introducing an extra variable u for
the estimated posterior mean of x to facilitate the alternating
minimization. However, unlike ADMM for which the weights
are almost arbitrary, the approach requires introducing very
precise quadratic moment weights, which furthermore get
ignored when optimizing over the corresponding variables.
In the KKT approach pursued here, we can do away with
the quadratic moment terms by introducing u in the variance
expressions. Below, px “ Erx|qxs and τx “ varpx|qxq will
denote the vectors of means and variances of approximate
posterior qx, and similarly for z.
After the LSL simplifications [15], the BFE with marginal
pdf consistency constraints leading to belief propagation can
be seen to become equivalent to the following LSL-BFE with
moment consistency constraints [5], [11]:

minqx,qz,τpDrqx}pxs ` Drqz}py|zs` HGpqz, τpq

s.t. pz “ A px , τp “ S τx, where
HGpqz, τpq“ 1

21
T pτz.{τpq` 1

2

ř

k lnpτpk
q

(3)

Here 1 denotes a vector of 1’s. We introduce the following
mean square value (msv) definitions

p1.{τrqT msvpx|qxq “

ż

}x}2τr
qxpxqdx

p1.{τpqT msvpz|qzq “

ż

}z}2τp
qzpzqdz

(4)

where }x}2τ “ xT px.{τ q and msvpx|qxq on a vector x
operates elementwise. Also, varpx|qxq “ msvpx ´ Ex|qxq.
The Lagrangian of (3) becomes



L “ Drqx}pxs ` Drqz}py|zs` 1
2p1.{τpqT msvpz ´ Au|qzq

` 1
2

ř

k lnpτpk
q ` sT ppz ´ A pxq ´ 1

2τ
T
s pτp ´ Smsvpx ´ u|qxq.

(5)
Here, we have introduced a new optimization variable u to
fluidify the alternating optimization, and dual variables s and
τs. The proposed algorithm corresponds to alternating enforc-
ing of the Karush–Kuhn–Tucker (KKT) conditions for (5). We
define diagonal matrices Dp “ diagpτpq, Dr “ diagpτrq, and

τr “ 1.{pST τsq . (6)

In (5), the weighting of msvpx´u|qxq can therefore be written
as 1

2p1.{τrqT , similar to the weighting of msvpz ´ Au|qzq.
In the following discussion, we use pDp,Drq and pτp, τrq

interchangeably.

Proposition 0.1. If the KKT conditions of (5) are satisfied,
then @τp, τr

p1.{τpqT msvpz ´ Au|qzq “ p1.{τpqT varpz|qzq

p1.{τrqT msvpx ´ u|qxq “ p1.{τrqT varpx|qxq.
(7)

In the following, we use superscript ` to denotes solutions q`
x ,

q`
z , and u` satisfying the KKT conditions. The main idea of

the proof is to show that the KKT conditions of (5) imply

u` “ Eq`
x

rxs; Au` “ Eq`
z

rzs. (8)

Proof. We have in general

p1.{τpqT msvpz ´ Au|qzq “ p1.{τpqT varpz|qzq

` ppz ´ AuqTD´1
p ppz ´ Auq,

(9)

p1.{τrqT msvpx ´ u|qxq “ p1.{τrqT varpx|qxq

` ppx ´ uqTD´1
r ppx ´ uq.

(10)

Due to the mean constraint, we have

pz` “ Apx`, where pz` “ Eq`

y|z
rzs; px` “ Eq`

x
rxs. (11)

As we can see, the quadratic terms in (9) and (10), and hence
in (5) become zero and hence are minimized for u` “ px`.
Thus, at the optimal points, we have

Eq`
z

r}z ´ Au`}2τp
s “ p1.{τpqT varpz|q`

z q

Eq`
x

r}x ´ u`}2τr
s “ p1.{τrqT varpx|q`

x q.
(12)

and hence (7).

To satisfy the KKT conditions, we not only set the partial
derivatives of (5) w.r.t. qxpxq, qzpzq, τp, and u to zero, but
also satisfy the equality constraints. The KKT conditions are
equivalent to the following system of equations [5]

Bt }px ´ u}2τr
` }pz ´ Au}2τp

u

Bu
“ 0 (13)

pzpsq “ A pxpsq (14)
qxpxq 9 pxpxqN px|r,Drq (15)
τp “ S τx (16)
qzpzq 9 py|zpzqN pz|p,Dpq (17)
τs “ p1 ´ τz.{τpq.{τp (18)

where
px “ Eqxrxs; pz “ Eqzrzs; τx “ varqxrxs; τ

pz “ varqzrzs

p “ Au ´ Dp s; r “ u ` Dr A
T s; τr “ 1.{pST τsq.

(19)

In (16) and (18), the variances τx, τz should in principle be
the msv terms from (5), but we can replace them with the
varp¨q expressions due to the KKT conditions mentioned in
the Proposition. This simplification corresponds to ignoring
the dependence of the ADMM quadratic moment weights on
the optimization variables τp, τs in [5], but at least now we
know what this simplification corresponds to. In (14), we
explicitly write pzpsq, pxpsq because this is the constraint we
use to update the Lagrange multiplier s. Based on the above
discussion, we will propose a low complexity algorithm in the
following section.

IV. PROPOSED KGAMP ALGORITHM

The overall idea is to enforce the KKT conditions (13)-(18)
alternatingly. We update 3 groups: u, pqx, τp, qz, sq, and τs in
an alternating manner. We first update u based on (13). Then
pqx, τp, qz, sq are updated by satisfying (14)-(17) at the same
time. Finally, τs is updated based on (18).
A. Update of u by Adaptive Accelerated Gradient Descent
To avoid having to solve the linear system of equations in (13),
consider at iteration t the quadratic cost function representing
the terms in the Lagrangian (5) depending on u:

F tpuq “
1

2
}pzt´1 ´ Au}2

τ t´1
p

`
1

2
}pxt´1 ´ u}2

τ t´1
r

. (20)

We introduce a momentum auxiliary variable w. The general
form for (Nesterov) Accelerated Gradient Descent (AGD) is
[16]

ut “ wt´1 ´ α∇F tpwt´1q

wt “ ut ` βput ´ ut´1q,
(21)

where the stepsize α and momentum gain β will be made
adaptive (AAGD) by alternating line search. Define

Ht “ Dp1.{τ t´1
r q ` ATDp1.{τ t´1

p qA

gtpuq “ ∇F tpuq “ gtp0q ` Ht u

“ ´AT pppzt´1 ´ Auq.{τ t´1
p q ´ ppxt´1 ´ uq.{τ t´1

r

(22)

The quadratic cost function in (20) can be rewritten as

F tpuq “ 1
2u

THtu ` uTgtp0q ` const.

gtpwt´1q “ ∇F tpwt´1q “ Htwt´1 ` gtp0q.
(23)

Due to the linearity of ∇F , (21) can be reformulated into a
second-order recurrence for u:

ut “ut´1 ´ α pHtut´1 ` gtp0qq ` β put´1 ´ ut´2q (24)

` αβHtput´1 ´ ut´2q .

α and β should be adapted by minimizing F tputq after substi-
tuting (24) into F tpuq in (23). However, to avoid high-order
equations, stepsize α and momentum gain β are optimized
by alternating line search with a small inner loop. We have
actually tried introducing an extra variable γ “ αβ and
minimizing the resulting quadratic criterion in α, β, γ, but
this does not appear to work as well.



1) Adaptive Accelerated Gradient Descent Inner Loop: We
use t1 to denote the inner loop iterations. Based on (24), define

dt
1pβq “ ut´1 ` β put´1 ´ ut´2q

dt
2pβq “ pHtut´1 ` gtp0qq ` βHtput´1 ´ ut´2q

dt
3pαq “ ut´1 ´ α pHtut´1 ` gtp0qq

dt
4pαq “ put´1 ´ ut´2q ´ αHtput´1 ´ ut´2q.

(25)

Therefore, (24) becomes

ut “ dt
1pβq ´ αdt

2pβq “ dt
3pαq ` βdt

4pαq . (26)

By setting the derivative of F tput|αt1

, βt1
´1q with respect to

αt1

to zero, we obtain

αt1

“
dt
2pβt1

´1qT pHtdt
1pβt1

´1q ` gtp0qq

dt
2pβt1´1qTHtdt

2pβt1´1q
. (27)

Next, we set the derivative of F tput|αt1

, βt1

q w.r.t. βt1

to zero,
and we obtain

βt1

“ ´
dt
4pαt1

qT pHtdt
3pαt1

q ` gtp0qq

dt
4pαt1

qTHtdt
4pαt1

q
. (28)

We propose to include an inner loop to find α and β iteratively
based on (27) and (28). During the first sweep of the inner loop
for AAGD, the complexity is OpMNq due to the matrix-vector
multiplication. However, after that, each consecutive sweep of
the inner loop within one outer iteration has a complexity of
Op1q.

B. Update of qx, τp, qz, s

By treating u “ ut as given in (19), we have

τ t
p “S varrx|qtxs; pt “Aut´Dt

ps
t; rt “ut`Dt´1

r AT st (29)

Therefore, the updates for beliefs qtxpxq and qtzpzq in (15) and
(17) are uniquely determined by the Lagrange multiplier st.
We find st by solving for st from the mean constraint

Eqtz|st,utrzs “ AEqtx|st,utrxs. (30)

However, solving (30) directly may lead to high complexity.
We can also update st by line-search-aided gradient descent
on a quadratic version of (30).
After that, we obtain the belief mean and variance by substi-
tuting ut and st into qx and qz.

qtxpxq “ pxpxqN px|rt,Dt´1
r q

qtzpzq “ py|zpzqN pz|pt,Dt
pq

(31)

Therefore, we have

pxt “ Eqtx
rxs; τ t

x “ varqtxrxs

pzt “ Eqtz
rzs; τ t

z “ varqtzrzs
(32)

1) Updating s in the Gaussian Case: Define diagonal matrices
Σx and Σv of prior variances. With Gaussian px and py|z

pxpxq “ N px|mx,Σxq; py|zpzq “ N pz|y,Σvq. (33)

In the Gaussian case, the update of τp by (16) is independent
of the value of s. Therefore, we have

τ t
x “ diagrpΣ´1

x ` pDt´1
r q´1q´1s

τ t
p “ Sτ t

x; Dt
p “ Diagpτ t

pq

τ t
z “ diagrpΣ´1

v ` pDt
pq´1q´1s

(34)

Equation (30) is equivalent to
Q s “ b, (35)

where

pΣt
pq´1 “ pΣv ` Dt

pq´1; Dt
z “ ΣvpΣv ` Dt

pq´1Dt
p

pΣt
rq´1 “ pΣx ` Dt´1

r q´1; Dt
x “ Dt´1

r pΣx ` Dt´1
r q´1Σx

bt “ Dt
ppΣt

pq´1y ` ΣvpΣt
pq´1Aut

´ ADt´1
r pΣt

rq´1mx ´ AΣxpΣt
rq´1ut

Qt “ ADt
xA

T ` Dt
z.

(36)

To solve (35) in a low complexity manner, we adopt line
search (AGD) to the quadratic problem for which (35) can
be considered the KKT condition

argmin
s

1

2
sTQts ´ sTbt. (37)

Thus, by line search, st is updated by

st “ st´1 ´
phtqTht

phtqTQtht
ht (38)

where ht “ Qtst´1 ´ bt.

C. Update of τs
Finally, we update τs from BL{Bτp “ 0, leading to (18):

τ t
s “ p1 ´ τ t

z.{τ
t
pq.{τ t

p. (39)

By definition in (19), τ t
r “ 1.{pST τ t

s q, which actually follows
from asymptotic Belief Propagation [15].

V. CONVERGENCE ANALYSIS

We consider a relaxed algorithm in which,
‚ Both px and py|z are Gaussian, as in (33),
‚ ut is obtained by zeroing the gradient of (20):

ut “ pHtq´1gp0q , (40)

‚ st is obtained by solving (30), and hence (35).
It has been shown in [5] that the variance subsystem (which
is independent of the mean subsystem in the Gaussian prior
case) is guaranteed to converge. In [19], it is shown that under
the large system assumption, τ8

x converges to the LMMSE
posterior variances:

τ8
x “ diagrpATΣ´1

v A ` Σ´1
x q´1s. (41)

In the following, we will show that the mean subsystem of the
relaxed version of KGAMP also converges.



Although this is not essential for the convergence analysis,
as the variance susbsystem converges fairly fast, let’s assume
that it has converged already: @t, τ t

p “ τp, and τ t
r “ τr, and

hence also Qt :“ Q. At the end of each iteration, due to the
second and third relaxation assumptions, and (30), we have

pzt “ A pxt; ut “ pxt´1. (42)

Furthermore, with the second relaxation assumption, we have

st “ Q´1bt, (43)

On the other hand, with fixed τp, τr, and the Gaussian prior,
we have

pxt “ DrpΣx ` Drq´1mx ` ΣxpΣx ` Drq´1rt, (44)

where rt is computed in (29). Substituting (42) and (43) into
(29) and substituting the resulting (29) into (44), we have

pxt “ Φpxt´1 ` const, (45)
where

Φ “ pATD´1
z A ` D´1

x q´1pATD´1
p A ` D´1

z q,

Dx “ pD´1
r ` Σ´1

x q´1;

Dz “ pD´1
p ` Σ´1

v q´1.

(46)

We use Θ1 ď Θ2 to denote that Θ2 ´ Θ1 is positive semi-
definite. From (46), we can verify that Dz ď Dp and Dx ď

Dr. Therefore, we have Φ ď I. Hence, the update from pxt´1

to pxt is a contraction and converges.

VI. SIMULATIONS

We consider an M ˆ N “ 5 ˆ 10 measurement model. The
input signal follows an exponential decay xn „ N p0, σ2

xn
q,

where σ2
xn

“ 0.01pn´1q. The elements of A are drawn i.i.d.
N p0, 1

N q. We consider white Gaussian noise with power σ2
v “

10´4. We randomly generate 1000 realizations of x, v and
A. For AAGD, we adopt an inner loop of 50 iterations. Since
the novelty of KGAMP (w.r,t, AMBGAMP) is in the mean
subsystem and we limit the simulations to the Gaussian case,
we first obtain τr and τp by running the variance updates for
500 iterations. After that, we keep them fixed during the mean
subsystem iterations. Furthermore, the same set of τr and τp
is used in different methods to be compared.
In addition to the benchmark methods ADMM [20] and
AMBGAMP [5], we also compare different low complexity
methods for updating u in (31).
In Fig. 1, we plot the normalized mean squared error (NMSE)
with respect to the ground-truth x. Whereas in Fig. 2, we plot
the NMSE to the MMSE estimate

pxMMSE “ pATΣ´1
v A ` Σ´1

x q´1ATΣ´1
v y. (47)

In all “KGAMP-” based algorithms, we only update u once
per iteration. The proposed method is “KGAMP” in the
figures, short for “KGAMP-AAGD”. In “KGAMP-Nesterov”
and “KGAMP-GD”, we use a fixed stepsize 1{L, where L “

max reigpQtqs. “KGAMP-Nesterov” uses standard Nesterov
accelerated Gradient descent for updating u, while “KGAMP-
GD” uses the standard gradient descent algorithm for updating
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u. “KGAMP-GD-line-search” (which is ‘KGAMP-AGD” in
fact) uses gradient descent with line search stepsize for updat-
ing u [5]. The dashed curves are methods that require matrix
inversion. “KGAMP Least Squares” uses (43) to update s and
hence ut “ pxt´1 to update u.
“KGAMP Least Squares” provides an indication of how fast
the algorithm can converge, as only the alternating optimiza-
tion component remains to be further accelerated. ADMM-
GAMP converges at a comparable rate; however, more realistic
gradient-based implementations exhibit slower convergence
than the other algorithms. The simulations also demonstrate
that optimizing the stepsizes in Nesterov’s method leads to
substantial additional acceleration.

VII. CONCLUSIONS

We propose KGAMP based on alternatingly enforcing the
KKT conditions of the LSL-BFE. To avoid solving the systems
of linear equations through matrix inversion, we introduce
Adaptive (Accelerated) Gradient Descent (A(A)GD). With
Gaussian priors and Gaussian noise, the proposed algorithm
converges (very fast) when the KKT conditions in each alter-
nating step are satisfied exactly. In low complexity GAMP
versions, convergence can be slowed down due to (i) GD
for updating u, (ii) (GD) for updating s, (iii) or a GD-style
update for s in ADMM algorithm versions. It appears that (i)
is the dominating slow down factor. Finally, there is also the
alternating optimization nature of GAMP which may pose the
ultimate convergence speed challenge.
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