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Abstract—Device-to-device (D2D) communication is a promis-
ing technique for next-generation wireless cellular communica-
tion systems. This paper studies coded caching in a partially
cooperative D2D network, where only a subset of users transmit,
while all request files. In all existing partially cooperative D2D
coded caching schemes, each file must be divided into subfiles, re-
ferred to as the subpacketization level, which grows exponentially
with the total number of users. For practical implementations,
it is desirable to have schemes with reduced subpacketization
levels. We propose an array known as a partially cooperative
D2D placement delivery array (PC-DPDA), which describes
the placement and delivery phases of a partially cooperative
D2D coded caching scheme. Low subpacketization level schemes
can be obtained by constructing appropriate PC-DPDAs. The
placement delivery array (PDA) was proposed as a tool for
designing coded caching schemes for broadcast networks. A wide
range of PDA classes has been constructed in the literature. We
propose a construction of a PC-DPDA from any given PDA,
thereby obtaining several classes of PC-DPDAs. We show that
an existing partially cooperative D2D coded caching scheme,
which has an advantage over other known schemes in terms of
operating memory regime, corresponds to a class of PC-DPDAs.

Index Terms—D2D communication, coded caching, placement
delivery array, partially cooperative network, subpacketization.

I. INTRODUCTION

Device-to-device (D2D) communication is a key enabler
of the Internet of Things (IoT) in future 5G and beyond
wireless networks [1], [2]. Cache-aided D2D networks have
been widely studied due to their importance in both cellular
and IoT systems. Inspired by the coded caching scheme of
Maddah-Ali and Niesen [3] (referred to as the MAN scheme)
for an error-free broadcast network, Ji, Caire, and Molisch
[4] introduced coded caching for wireless D2D networks
(referred to as the JCM scheme). A D2D coded caching
scheme operates in two phases: a placement phase followed
by a delivery phase. In the placement phase, a central server
places content in all user caches. In the delivery phase, the
central server is not present, and the demands of all users are
served through inter-user coded multicast transmissions.

Both the MAN scheme and the JCM scheme require each
file to be divided into subfiles, referred to as the subpack-
etization level, which grows exponentially with the number
of users for a given memory. This demands the file size to
be very large when the number of users is large. Even if the
number of users is less, any practical scheme requires header
information for each subfile to enable decoding [5]. The

placement delivery array (PDA) [6] and its D2D counterpart,
the DPDA [7], were introduced to achieve such schemes in
broadcast and D2D networks, respectively. Many PDA-based
low-subpacketization schemes have since been proposed, in-
cluding those via strong edge coloring of bipartite graphs
[8], concatenating constructions [9], combinations of strong
edge colorings [10], row index matrices and direct product
sets [11], combinatorial designs [12], [13], proper orthogonal
arrays [14], and Cartesian products [15]. In [7], a method to
construct DPDAs from PDAs was given, with further DPDA
constructions in [16]-[18].

Most existing D2D coded caching schemes, including the
JCM scheme and those based on DPDAs, assume all users
participate in transmission during delivery. In practice, how-
ever, some users may act selfishly—avoiding transmission to
conserve energy or protect privacy—while still requesting files
[19]. Such users are called selfish users, and a D2D network
containing selfish users is termed a partially cooperative D2D
network (PC-D2D network). Tebbi and Sung [20] first studied
coded caching in this setting. A (K,S, N) PC-D2D network
consists of K cache-aided users, S of whom are selfish, and
a central server with a library of N files. Coded caching
schemes for a PC-D2D network were also discussed in [21]-
[23]. The scheme in [21] improves the transmission load
compared to the deterministic caching scheme in [20]. Subse-
quently, Guan et al. [22] proposed three partially cooperative
D2D schemes (Schemes A, B, and C). Among them, Scheme
A achieves a lower transmission load than both [20] and [21];
however, all three schemes ( [20], [21], and Scheme A) are
restricted to higher memory regimes, i.e., M > %(S +1).
In contrast, the scheme in [23] is applicable to all feasible
memory regimes. Furthermore, Schemes B and C in [22]
require prior knowledge of the selfish users already at the
placement phase.

Existing partially cooperative D2D coded caching schemes
require subpacketization levels that grow exponentially with
the number of users, given fixed memory. For practical
implementation, schemes with reduced subpacketization are
desirable. To address this, we introduce a combinatorial struc-
ture called the partially cooperative D2D placement delivery
array (PC-DPDA) and present corresponding constructions.
The main contributions of this paper are:

e We introduce an array called partially cooperative D2D
placement delivery array (PC-DPDA), which describes the



placement and delivery phases of a partially cooperative D2D
coded caching scheme. Low subpacketization level schemes
can be obtained by constructing appropriate PC-DPDAs.

e We propose a construction of a PC-DPDA from any given
PDA. Since several classes of PDAs have been constructed in
the literature, one can obtain several classes of PC-DPDAs,
which give low subpacketization level schemes. The existing
partially cooperative D2D coded caching scheme recently
proposed in [23], which has an advantage over other known
schemes in terms of operating memory regime, corresponds
to a class of PC-DPDAs obtained from the class of PDAs
representing the MAN scheme.

Notations: For any positive integer n and any integer m <
n, [n] denotes the set {1,2,...,n} and [m : n] denotes the
set {m,m + 1,...,n}. For sets A and B, A\B denotes the
elements in .4 but not in B.

II. SYSTEM MODEL

A (K, S, N) PC-D2D network consists of a central server
with a library of N files {W,, : n € [N]} each of size B
symbols over a finite field F, I and K < N cache-aided
users {Uj, : k € [K|}, among which S users are selfish. The
partially cooperative D2D coded caching scheme operates in
two phases.

e Placement phase: During this phase, the server populates
the caches of the users with file contents. For every k € [K],
the cache of user Uy can store up to M B symbols, and the
content store is denoted by Zj. During the placement phase,
the later demands of the users are unknown. We assume that
only the number of selfish users, and not their identities, is
known before the placement phase.

o Delivery phase: During this phase, each user requests a
file, with the set of requested files represented by a demand

vector d = (dq,...,dk). Even though all users request a
file, only the (K — .S) non-selfish users participate in the
data transmission. Let Ux = |J,{Ux ke KK C

[K], |[K] = K — S} be the set of non-selfish users. For
a given demand vector J each non-selfish user U, € Uk
transmits a coded message X k.4 constructed from its cache
content. The worst-case transmission load is then defined as
R £ max; (Zkzukeu\us |Xk’d~|) /B, where | X, ;| denotes the
size of the transmission by user Uy.

Additionally, the number of subfiles into which each file is
partitioned is called the subpacketization level. Our goal is to
design schemes with low subpacketization.

Remark 1. Since any set of K — S users must be able
to satisfy the demands of all users, the entire file library
should be recoverable from the caches of any K — S users.
Consequently, the cache memory must satisfy M > %

ITI. PARTIALLY COOPERATIVE D2D PLACEMENT
DELIVERY ARRAY (PC-DPDA)
In this section, we first introduce a combinatorial structure
called a partially cooperative D2D placement delivery array

'We assume that g is large enough such that all MDS codes considered in
this work exist over [y

(PC-DPDA). Then, we show that corresponding to any PC-
DPDA, there exists a partially cooperative D2D coded caching
scheme.

Definition 1 (Partially cooperative D2D placement delivery
array (PC-DPDA)). For positive integers K, S, F, F', Z and
S" such that S < K and Z < F' < F, an F x K array
Q = (gjx), j € [F] and k € [K] whose entries are in the set
{(x}US, where S = {s*s) . s € Z k, € [K]}, ks denote
the unique column index associated with s and |S| = S,
is called a (K,S,F,F',Z 5") PC-DPDA if it satisfies the
following conditions:

Cl. The symbol * appears Z times in each column.

C2. Each element in S occurs at least once in the array.

C3. For any two distinct entries qj, k, and Qj, kyr G515y =
Qo ks = sk<) only if (a) j1 # jo, k1 # ko, i.e., they lie in dis-
tinct rows and distinct columns, and (b) qj, k, = Qj, k1 = *
C4. If g1 = s(52) | then Qj ke, = *.

C5. For any K C [K] : |[K| = K — S, there exist at least
F' — Z entries s*<) € S in every column of Q such that
ks € K.

When S = 0 and F = F’ in Definition 1 of PC-DPDA,
it reduces to the DPDA defined in [7]. Next, we show that
corresponding to any (K, S, F, F', Z,S") PC-DPDA Q, there
exists a partially cooperative D2D coded caching scheme, as
stated in the following theorem.

Theorem 1. Given a (K,S,F,F',Z,S") PC-DPDA, a
(K, S, N) partially cooperative D2D coded caching scheme
with subpacketization level F' and memory ratio % = %
can be obtained using Algorithm 1. For any demand vector
cZ the demands of all users are met with a transmission load
max{| S|}

R = % where Sy = U{s(ks) ks € KK C
(K], K| = K — S}.

The proof of Theorem 1 is given in Appendix A. An
example illustrating Theorem 1 is provided next.

Example 1. It can be verified that the array Q (given in
the next page) is a (5,2,20,14,8,30) PC-DPDA. Based on
this PC-DPDA, one can obtain a coded caching scheme for
a (5,2, N) PC-D2D network, using Algorithm 1, as follows.
e Placement phase: From line 2 of Algorithm 1, each file is
divided into 14 packets, i.e., Wy, = {W,, 1, Wy 9,..., Wy 14}
for every n € [N]. By line 3 of Algorithm 1, these subfiles
are then encoded using a [20,14] MDS code. The 20 coded
subfiles of file W,, are denoted by {Y,,1,Yn 2, ..., Yn 20} The
20 rows of Q represent these 20 coded subfiles. By lines 4—6
of Algorithm 1, the coded subfiles placed in the caches are:

Zl = {Yn,la Yn,Q, Yn,{)‘a Yn,47 Yn,Sa Yn,lQa Y;L,lﬁ; }/77.,20}3
Zo={Yn4,Yn5 Yne Yo7, Yns, Yu11, Yo 15 Yoo},
Zs ={Yn3, Y07, Yn0,Yn 10, Yn11, Yn12, Y14, Y18},
24 = {Yn,27 Yn,G» Yn,lOa Yn,lSa Yn,147 Yn,157 Yn,167 Yn,l'?}a
Zs ={Yn1,Yn5,Yno, Y13, Yo7, Yo18, Y19, Yo 20}



1 2 3 4 5
1 * 1@ 4 6 *
2 [« 20 50 x 6M
3|«  3W x5 4
4 * * 3 2 1M
5 | 1® x 4@ 6@ *
6 |2 x 53 * 63
7 3@ * x5 4@
8 | « x 3@ 2 (3
9 |1®  4® * 6B *
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Q= 11 |3® w53 4®
12 x  3® x 2 1®
13 [1® 4 @ * *
14 [2® 5™ * x 6@
15 |3« 5@ 4™
16 [ « 3® 2@ * 1
17 [1® 4 6> * *
18 |20 54 * 6 *
19 | 3® x 55 4 *
20 \ % 3 2 1) *

Therefore, we have M/N = Z/F' = 8/14 = 4/1.
e Delivery phase: Let Us and Us be the selfish users. Thus,
Upisay = {U1,Us, Us} is the set of three transmitting
users. Let the demand vector d = (1,2,3,4,5). By lines
10 to 12 of Algorithm 1, corresponding to the elements
1M 20 30 41 501 6(MY jn Q, user U, does the trans-
missions Y21 ® Y54, Yoo @ Yy, Yo3 @ Y34, Y31 @ Y53,
Y30 ®Yss and Yy 1 @ Ys o, respectively. Similarly, corre-
sponding to the elements {13 23) 33) 43) 56) ()} jn
Q, Us transmits Y19 @ Y512, Y1,1o @ Yy 12, Y1,11 @ Ya,12,
Yo 9@ Y511, Yo,10DYa,11 and Yy 9 ® Y5 10, respectively. And,
corresponding to the elements {1(4) 2(4) 34 4@ 5(4) 6(4)1
in Q, Uy transmits Y113 ® Y516, Y114 @Y3,16, Y1,15 @Y2,16,
Y213 @ Y515, Yo,14 ® Y315 and Y3 13 © Y5 14, respectively.

Now, let us consider a selfish user Uy and check
how it gets the demanded file Wsy. It already has
8 coded subfiles of Wy in its cache, given by
{Y24,Y25,Y26,Y27,Yas8,Y211,Y2,15, Y210}  From  the
transmissions Yo 1 @Y5 4, Yo 2 ®Y, 4, Y2 3DY34, Y1,11DY2,12,
Y0 ® Y511, Y210 @ Y411, Y115 ® Y2,16,Y2,13 @ Y515 and
Y214 @ Y315, user Uy gets the coded subfiles Y31, Ya o,
Y23, Yo12, Yoo, Yo 10, Yo 16, Yo,13 and Y5 14, respectively.
That is, user Uy receives 9 coded subfiles of Wy from the
transmissions. Together with the 8 coded subfiles already
cached, Uy has a total of 17 coded subfiles of Ws. Since only
F' = 14 distinct coded subfiles are required for decoding, Uy
can recover Wy. Similarly, for a non-selfish user such as Uy,
the transmissions provide 6 additional coded subfiles of W1,
and together with the 8 cached subfiles, Uy obtains exactly
14 distinct coded subfiles, which is sufficient to decode W1.

In the sequel, we propose a novel construction of PC-
DPDAs from PDAs. Before getting into the details of the
construction, we review the definition of a PDA.

Definition 2 (Placement Delivery Array (PDA) [6]). For
positive integers K, F,Z and ¥, an F x K array P = (pj 1),
j € [F] and k € [K], composed of a specific symbol x and

Algorithm 1 Partially cooperative D2D coded caching scheme
based on a (K, S, F,F’', Z,S") PC-DPDA Q

1: procedure PLACEMENT(Q, W)

2: Divide each file W,, € W into F’ subfiles: W,, =
{Wh,i i€ [F']}

3 Encode the F” subfiles of each file W,,,n € [N],
into F' coded subfiles using an [F, F’] MDS code with
generator matrix G of size F’' x F:

[Yo,:j€F]] =G[Wy,;:ic[F]].

for k € [K] do
Zk — {ij S 45k
end for
end procedure
: procedure DELIVERY(Q, W, S, J}
Let Ux = J {Ur : k€ K, K C [K], |K| =
be the set of transmitting users.
10: Let Sf = |J,{s®) : ks € K}.

=x*,n € [N],j€[F]}

R A AN

K-S}

1:  for s%) € Sk do
12: User Uy, transmits:
@ Yd}mj'
qj.1=s""), jJE[F],ke[K]
13: end for

14: end procedure

Y positive integers [X), is called a (K, F,Z, %) PDA if it
satisfies the following conditions:

Cl. The symbol * appears Z times in each column.

C2. Each integer occurs at least once in the array.

C3. For any two distinct entries pj, i, and pj, i,

Div s = Dinks = 0 is an integer only if (a) j1 # ja, k1 # ka,
i.e., they lie in distinct rows and distinct columns, and (b)
Dji ks = Pia,ky = %

Since several classes of PDAs have been developed in
the literature (as noted in the introduction), this construc-
tion yields multiple classes of PC-DPDAs. From these, low-
subpacketization coded caching schemes can be derived for
PC-D2D networks.

Construction 1. Let P = (p; 1), j € [F1] and k € [K;] be
a (Kl,Fth,Sl) PDA. Let v = (*)lel denote the Kl-
length column vector whose entries are all . For the given
PDA P, we define an array P(¥<) obtained by replacing each
non- entry p;, where p;, € [S'],j € [Fi],k € [Ki], with
Pﬁ‘ﬁi), where ks € Z*. Let p,&ks) : k € [K,] denote the k"

column of P(*<)_ Then, for each k, € [K; + 1], we construct

(’f) (ks) (ks) (ks) _(ks)
¢ DRI ¢ A 7"'7qK17qK1+1]

where q,(cks) denotes the k" column of Q*<), k € [K; + 1],
which is defined as follows.

p*) i k < ks,
v, if k= ks, (1)

an array Q(*s) =

ks
ot =

p) it k> k.



Now, we construct an array Q by vertically concatenating the
K + 1 arrays Q(ks) : ks € [Ky + 1] in the increasing order
of ks, i.e.,
QWM
Q®@
Q=| . |. @
QUE1+1)

This array Q is in facta (K;+1,5 < Ky, (K1 +1)Fy, (K +
1-— S)F1 + SZl, F1 + K1Z1, (Kl + 1)81) PC-DPDA, pI'OOf
of which is given in Appendix B.

Construction 1 results in the following theorem.

Theorem 2. Given a (Ki,Fy,7Z1,51) PDA, there exist a
(K14+1,8 < Ky, (Kq+1)Fr, (K +1-8S) 1 +S7y, K1 Z1 +
F1,(Ky 4+ 1)S1) PC-DPDA which gives a (K1 + 1,5, N)
partially cooperative D2D coded caching scheme with sub-
packetization level F' = (K1+1—S8)F,+SZ; and achieving
the memory-load pair (M, R) =
( N(K1Zy + I) (K1 +1-2S)5; )
(Ki+1-8)F+82," (K1 +1-S)F + 57,
Proof: Given a (K1, Fy,Z1,51) PDA, using Construc-
tion 1, we obtained a (K7 + 1,5 < K1, (K7 + 1)Fy, (K1 +
— S)F]_ + SZl, Fl + I(1Z]_7 (Kl + 1)51) PC-DPDA. From
this PC-DPDA, Theorem 1 gives a (K; + 1,5, N) partially
cooperative D2D coded caching scheme with subpacketization

level F' = (K1 +1—S)F, + 57, memory ratio W = % =

. N mac{| St}
W, and transmission load R = #,
where S = J{s*) : k, € K,K C [K],|K| = K1 +1- S}

From Construction 1, we know that U{s(ks)} for a given ks

is S’. Therefore, and since \IC| = ;(1 + 1 — 5, we have,
K1 1-5)S
||

The following example illustrates Construction 1.

Example 2.

1
P:(§

From this PDA, using

W X Ut

) is a (4,4,1,6) PDA.

—~ N Uk O
s O ¥

1), one can obtain the following 5
* 1) 41 (1)
* 21 51 o gD

€ [5]. That is, @ = | x 30« 5B 4@ [
x % 31 o 1M

arrays Q(’“a‘), k

1@ 5 4@ 6@ 13 43 , 63

*

22 4, 5@ L 32 23 53 » « 63

Q(2) = 3@ x % 532 4@ 7Q(3) —13® & %53 4B
*

* 3(2) 9(2) 1(2) x 33 4 2 1(®
14 44 g4 o & 105) 46) 6B o &
o(4) 5(4) L L g4 203) 5(B) L g5B) 4
QW = [3®W x 5@ 4 4@ | Q®) = |3®) x 56 46G) ]
% 3@ o) L 1) % 33 o) 165) ,

By vertically concatenating these arrays as given in (2), we
obtain the (5,2,20,14,8,30) PC-DPDA Q in Example 1.

IV. PERFORMANCE ANALYSIS

In this section, we analyze the performance of the schemes
obtained from the PC-DPDA constructions in Section III. We
first demonstrate that the partially cooperative D2D coded
caching scheme proposed in [23], which outperforms exist-
ing schemes in terms of operating memory regime, can be
represented as a special class of PC-DPDAs.

In [6], the authors showed that, for any K; € Z' and
te[0: K, there exista (Ko, (%), (551), (/5)) PDA,
which corresponds to the MAN scheme. Given this class of
PDA, using Theorem 2, one can obtain a (K7 + 1,5 <
Kl,(Kl—i—l)(K) (K1+1 S)(BH)+S(Bh), Kl(Kl o
(51, (K + 1) ([~ bl '.)) PC-DPDA. For any K; € Z" and
t € [0: K], this PC-DPDA gives a (K7 + 1,5, N) partially
cooperative D2D coded caching scheme with subpacketlzatlon

level F' = (K; +1— 8)(%) + 5(%","), memory ratio
Mz _ K () +(5) nd transmission load
N TP T mries)(Kas(ce) 2 ansmission loa
R= (K 1-5)(i3)) Upon substituting K1 +1 = K,

(K1 +1=-8)(%1)+s(511)”
we can rewrite the previous statement as follows. For any
KeZ" and t € [0: K —1], there exist a (K, S, N) partially
cooperative D2D coded caching scheme with subpacketization
level F' = (K — S)(K;l) + S(It(__f), memory ratio X =
(K*I)(TQQ)JF(KZI) (t+1)(K—1)
(K=9)(";H)+s(520) (K—S)(K—1)+tS*
B (K (KA (K=S)(K—=1) K—t-1
load R = (Kit1— S)(Kl)ﬁg(m 1) (K—S)(K—1)+tS t+1
This is exactly the scheme proposed in [23].

and transmission

Next, we show the advantage of schemes obtained from
PC-DPDAs in terms of subpacketization level over exist-
ing schemes. In Theorem 3 of [15], a PDA construction
is proposed using the Cartesian product method for any
positive integers ¢, z, and m with 2 < g. By choosing the
parameters m = 5,¢ = 11 and z € [1 : 10] in PDA in
[15], n = 11,4 = 2 and 5 € [2 : 9] in PDA in [13],
the parameters n = 11 and ¢+ = 2,9 in the first variant
MAN PDA in [24], and using Theorem 2 with S = 10,
we obtain coded caching schemes for a (56, 10, 56) PC-D2D
network, at various memory points. Schemes at other memory
points can be obtained by memory sharing. The load and
subpacketization levels of these schemes, along with those
in [20]-[23], are plotted in Fig. 1 and Fig. 2, respectively.
Thus, using different classes of PDAs, partially cooperative
D2D coded caching schemes with different subpacketization
levels can be obtained. For a given number of users and
cache size, as the subpacketization level decreases, the coded
multicasting opportunities reduce, and hence the transmission
load increases. Thus, as shown in the figures, the gain in
subpacketization is inevitably achieved at the expense of an
increased transmission load. Consequently, the selection of a
PDA family can be guided by the system’s tolerance to this
trade-off between subpacketization and transmission load.
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Fig. 1: The transmission loads as a function of memory of
schemes in [20], [21], [22], [23] and the proposed scheme in
Theorem 2 using various PDAs.
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Fig. 2: The subpacketization levels as a function of memory
of schemes in [20], [21], [22], [23] and the proposed
scheme in Theorem 2 using various PDAs.

V. CONCLUSION

In this work, we introduced the partially cooperative D2D
placement delivery array, from which coded caching schemes
for partially cooperative D2D networks can be obtained. We
further proposed a method to construct PC-DPDAs from any
PDA, enabling the design of low subpacketization schemes
and subsuming the scheme in [23] as a special case. A natural
direction for future work is to establish lower bounds on the
subpacketization needed to achieve a given transmission load.
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APPENDIX A
PROOF OF THEOREM 1

We show that from a given (K, S, F, F', Z,S") PC-DPDA
Q. Algorithm 1 gives a (K, S, N) partially cooperative D2D
coded caching scheme. The scheme operates in two phases.

o Placement phase: From lines 1-3 of Algorithm 1, in the
placement phase each file is first divided into F” subfiles, i.e.,
W, ={W,,; :i € [F']},Vn € [N], giving a subpacketization
level of F’. These F” subfiles are then encoded into F' coded
subfiles using an [F, F'] MDS code with generator matrix G
of order F' x F, ie., [Y, ;:j€[F]] = G[W,, i€ [F'].
The ;% row of Q corresponds to the j** coded subfile of
all files, while the k" column corresponds to user Uy. From
line 5 of Algorithm 1, the cache of user Uy, is 2, = {Y,,; :
pjk = *n € [N],j € [F]}. Thus, p; ; = * implies that Uy
stores Y,, ; for all n € [N]. By condition C2 of Definition 1,
each column of Q has Z stars, and since each coded subfile
has % of a file size, the memory ratio is % = %

e Delivery phase: Let Ux = U{Uk ke KK C

k
[K],|K| = K — S} be the set of transmitting users and
let Sp = U{s(ks) : ks € K}. Let the demand vector

d = (d1,dsg,...,dk). By lines 10 to 12 of Algorithm 1,
user Uy, ks € K makes coded transmissions corresponding
to every element s(*<) given by é Ya,.j
pjr=sks) jE[F),kE[K]
By condition C4 of Definition 1, if p;, = s*<), then
Dj k., = *. That means, user U, has access to every Yg, ;
for which p; = s+), and therefore it can construct the
transmitted coded message. Since each user Uy, : ks € K do

transmissions corresponding to all elements s(*<) : 5 € Zt,
!/
o max{ St}
we have the transmission load R = e

Next, we show that every user can decode their demanded
file. An [F, F’] MDS code guarantees that any F’ out of
F coded symbols suffice to recover the original F’ subfiles.
Hence, any user U}, can reconstruct its demand Wy, from
F' distinct coded subfiles of W4, . By condition CI, each
user already stores Z coded subfiles of its demand in its
cache. Consider a transmission Yq,.; by

pjr=sFs) jE[F], k(K]

user Uy, . If the symbol s(ks) appears g times in Q, then by
condition C3 this transmission provides one coded subfile of
the demand to g users. Moreover, by condition C5, for any
set I C [K] with |K| = K — S, each column of Q contains
at least F' — Z entries s(*2) with ks, € K. Thus, from the
transmissions corresponding to these F’' — Z entries in each
column, each user Uy, gets F’' — Z additional coded subfiles
of Wy, . In total, each user has Z + (F' — Z) = F’ coded
subfiles, ensuring that W, can be decoded.

Remark 2. The objective of incorporating an MDS code
in the proposed scheme is not to provide error correction
capability, and therefore, the minimum distance of the code is
irrelevant in this context. Rather, we require the property that,
for a linear [n, k] MDS code with generator matrix G, every



k x k submatrix of G is full-rank. This guarantees that the
k information symbols can be reconstructed from any subset
of k coded symbols, which is the property exploited in our
construction.

APPENDIX B
PROOF THAT Q IN CONSTRUCTION 1 1S A PC-DPDA

By (2), Q is obtained by vertically concatenating the K; +
1 arrays Q%) : k, € [K; + 1]. By (1), each array Q%)
has F} rows and K; + 1 columns. Therefore, Q has K =
(K7 + 1) columns and F = (K; + 1)F; rows. Since P is
a (K1, Fy,71,51) PDA, each vector pg“) consist of Z7 *s.
Now consider a given column qg, where k € [K; + 1], of Q.
Then, by (2),

o)
2
of?
dr =
Q{1
From (1), it is clear that for j = kg, q,(fj ) = v which consist

of F; number of s, and for all j # kg, j € [K; + 1], qg) =
p§] ) for some i € [K1] which consists of Z; number of *s.
Therefore, the number of *s in a given column of Q is Z =
Fy 4+ K1 Z;. Thus, C1 of the PC-DPDA definition holds. C2
is obvious by construction.

From (1), all non-x entries in Q(¥s) belong to the set
{s(k) . 5 € [S']}. Hence, for any two arrays Q() and
QYY) with i # j, the set of non-x entries of Q) and QU)
are disjoint. Now consider two elements gq;, x, and gj, k,
such that g, 1, = Qjy. ks = s(ke), Then,q;, x, and gj, 1, are
entries of the array Q(¥<). Since P is a PDA, P*<) is also
a PDA, and Q(*+) is equivalent to [P(*s) v] up to column
permutation. Therefore, we must have j; # jo, k1 # ko, and
Qj1,ks = Qjo,k; = *. Thus, condition C'3 of the PC-DPDA
definition holds.

As shown before, a non-x entry gj, = s*s) : s € [S]
appears in exactly one array Q(*<). By (1), for the array
Q*+), we have q(Zf) = v. Therefore, for any q; » = s(*<), we
have g; , = x. Thus, C'4 of the PC-DPDA definition holds.

By (1) and (2), for any column index k € [K; + 1], the
column g, of Q contains exactly F) —Z; distinct non-* entries
g = s 1 s € (9,5 € [F], for each k, € [K; + 1]\{k}.
Choose an S < K; and consider any K C [K; + 1] such that
|K| = K7 +1—S. Thus, for any column q such that k& € I,
the number of distinct non-x entries q; 5 = stks) - ke K
is (K| = 1)(Fy — Z) = (K1 — S)(F1 — Zy). Also, for any
column qy, such that k ¢ /C, this number is (|K|)(F1 —Z;1) =
(K1 +1-=8)(Fy— Z1) > (K1 — S)(F1 — Z1). Therefore, by
choosing F' = (K1 — S)(F1 — Z1)+ Z = (K1 — S)(Fy —
)+ 1+ K1Zy = (K1 +1—S)F, + Z1.S, we ensure that
for any K C [K] : K| = K — S, every column of Q contains
at least F’ — Z entries s(ks) € S such that ks € K. Thus, C5
of the PC-DPDA definition holds. Therefore, the array Q is a
(Ki+1,S < Ky, (Kh+1)F, (K1 +1-S)F1+ 57y, K1 Z1 +
Fy, (K, +1)S;) PC-DPDA. [
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